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Abstract The purpose of this paper is to examine the notion of completely random opera-
tors and to present some results on the existence of random coincidence points of completely
random operators. Some applications to random fixed point theorems and random equations
are given.
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1 Introduction

Let (£2, F, P) be a probability space, X, Y be separable metric spaces, and f: 2 x X - Y
be a random operator in the sense that for each fixed x in X, the mapping f(-, x): @ —
f(w, x) is measurable. The random operator f is said to be continuous if for each w in £2,
the mapping f(w,-): x — f(w, x) is continuous. An X-valued random variable £ is said to
be a random fixed point of the random operator f: 2 x X — X if f(w, &(w)) = &(w) a.s.,
and an X-valued random variable & is said to be a random coincidence point of the random
operators f,g: 2 x X - X if f(w,&(w)) = g(w, E(w)) as.

The theory of random fixed points and random coincidence points is an important topic
of stochastic analysis and has been investigated by various authors (see, e.g., [2-6, 8§—12]).
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164 D.H. THANG, P.T. ANH

For continuous random operators, in [14, Theorem 2.3], it was shown that if X,Y are
Polish spaces and f, g are continuous random operators, the random equation f(w,x) =
g(w, x) has a random solution if and only if the deterministic equation f(w, -) = g(w, -) has
a solution for almost all @. From this it follows that if X is a Polish space and f, g: 2 x X —
X are two continuous random operators, then f, g have a random coincidence point if and
only if for almost all w, the deterministic mappings f(w, -) and g(w, -) have a coincidence
point. Therefore, the results on the random coincidence points follow immediately from the
results on the corresponding deterministic coincidence points.

In this paper, we are concerned with a mapping @: L(’f (£2) — L(’)’ (£2). Since a random
operator f can be viewed as an action that transforms each deterministic input x in X into
arandom output f(x) in L} (§2), whereas @: LY (£2) — L} (§2) can be viewed as an action
that transforms each random input « in L¥ (§2) into a random output @u in L(‘; (£2), we call
@ a completely random operator. In Sect. 2, we present some properties of completely ran-
dom operators. Section 3 deals with the notion of a random coincidence point of completely
random operators and gives some conditions ensuring the existence of a random coincidence
point of completely random operators. It should be noted that the existence of a random co-
incidence point of completely random operators does not follow from the existence of the
corresponding deterministic coincidence point theorem as in the case of random operators.
In Sect. 4, some applications to random fixed point theorems and random equations are
presented.

2 Some properties of completely random operators

Let (§2, F, P) be a complete probability space, and X be a separable Banach space. A map-
ping &: £2 — X is called an X-valued random variable if £ is (F, B(X))-measurable, where
B(X) denotes the Borel o-algebra of X. The set of all (equivalent classes) X-valued ran-
dom variables is denoted by L} (£2), and it is equipped with the topology of convergence in
probability. For each p > 0, the set of X-valued random variables £ such that E||£||” < oo
is denoted by L;f (£2).

First, recall the following (see, e.g., [13]).

Definition 1 Let X, Y be two separable Banach spaces.

1. A mapping f: £2 x X — Y is said to be a random operator if for each fixed x in X,
the mapping w — f(w, x) is measurable.
2. The random operator f: §£2 x X — Y is said to be continuous if for each w in §2, the map-
ping x — f(w, x) is continuous.
3. Let f, g: £2 x X — Y be two random operators. The random operator g is said to be a
modification of f if for each x in X, we have f(w,x) = g(w, x) as.
Note that the exceptional set may depend on x.

The notion of a completely random operator is defined as follows.

Definition 2 Let X, Y be two separable Banach spaces.

1. A mapping @: L (£2) — L} (£2) is called a completely random operator.
2. A completely random operator @ is said to be continuous if for each sequence (u,) in
L¥(£2) such that limu, = u a.s., we have lim @u, = ®u as.
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ON RANDOM COINCIDENCE POINTS 165

3. A completely random operator @ is said to be continuous in probability if for each se-
quence (u,) in Lgf (£2) such that limu, = u in probability, we have lim @®u,, = @u in
probability.

4. A completely random operator @ is said to be an extension of a random operator
f:82 x X — Yifforeachx in X,

Dx(w) = f(w,x) a.s.,

where for each x in X, x denotes the random variable u in L(’f (£2) given by
u(w) =1x a.s.

Theorem 1 Let f : 2 x X — Y be a random operator admitting a continuous modification.
Then there exists a continuous completely random operator @ : Lé‘ (£2) —> Lg (82) such that
@ is an extension of f.

Proof Let g be a continuous modification of f. Define @: L(’f (£2) - Lg (£2) by
Pu(w) = g(w, u(w)) (1)
for each random variable u in L (£2). This mapping is well defined. Indeed, by [7, Theo-

rem 6.1], g: 2 x X — Y is measurable, and hence w — g(w, u(w)) is measurable. Next,
we have to show that if % is another continuous modification of f, then

g(a), u(w)) = h(a), u(a))) a.s.

By the separability of X there exists a sequence (x,) dense in X. For each x,, there exists a
set £2,, of probability one such that g(w, x,) = h(w, x,,) for all w in £2,. Let 2o =N, £2,.
Clearly, §2 has probability one, and we have

g(w, x,) =h(w,x,) Yo € 2y Vn. 2)

Fix o in £2y. By the density of (x,) in X, there exists a subsequence (x,,) converging to
u(w). By the continuity of the mappings x — g(w, x) and x — h(w, x) we have

lim g(@,x,) =g(0.u@),  lim h@, %) = h(o, u@). 3)

By (2) and (3) we conclude that h(w, £(w)) = g(w, §(w)) for all w in £2y, as claimed.
By (1) it is easy to show that the completely random operator @ is continuous and is an
extension of f. 0

Theorem 2 Let &, ¥ : L¥(2) — L} (£2) be probabilistic completely random operators,
and ¥ be continuous in probability. Assume that there exists a positive random variable
k(w) such that for each pair u, v in L(’f (£2) and all t > 0, we have

P(|@u — @v|| > 1) < P(k(w)|[¥u —¥v| >1). 4)

Then @ is also continuous in probability.
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166 D.H. THANG, P.T. ANH

Proof Forall u, v in L¥(£2), we have
P(||[®u— ®v|| > 1) < P(k(w)||[¥u —¥v| > 1)
=P(k()|Wu —@v| > 1, |Wu—Pv| <r)+ P(|¥u—¥v| >r)
< P(rk(a)) > t) + P(|¥u— ol > r)
=P(k(w)>t/r)+ P(I[¥u—Wv| >r).
Suppose that p-limu, = u. Then we have
P(||®Pu, — dul| > 1) < P(k(®) > t/r) + P(|¥u, — Wul| > r).
So, for each r > 0,
limsup P(||®Pu, — Pul > 1) < P(k(w) > t/r) + limsup P(|¥u, — Pul > 1)
= P(k(w) >1t/r).
Letting r — 0, we get
lim sup P(||d5un — Qu| > t) =0.

Therefore, @ is continuous in probability. O

3 Random coincidence points of completely random operators

Let f, g: 2 x X — X be random operators. Recall (see, e.g., [1, 2, 4, 12]) that an X-valued
random variable £ is said to be a random fixed point of the random operator f if

flw.§@) =£(@) as.

An X-valued random variable u* is said to be a random coincidence point of two random
operators f, g if

f(a), u*(a))) = g(a), u*(a))) a.s.

Assume that f, g are continuous. Then, by Theorem 1 the mappings @, ¥': Lg (£2) —
L (£2) defined respectively by

@u(a)):f(a),u(w)), l,l/u(a)):g(a),u(w))

are completely random operators extending f and g, respectively. For each random fixed
point & of f, we get

Pé(w) =E&(w) as.,

and for each random coincidence point #* of two random operators f, g, we have
Pu*(w) =VYu*(w) as.

This leads us to the next definition.
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ON RANDOM COINCIDENCE POINTS 167

Definition 3

1. Let &: L(’f (£2) — Lg (£2) be a completely random operator. An X-valued random vari-
able £ in L(’f (£2) is called a random fixed point of @ if

PE—E.
2. Let @1, @y, ..., P,: LY (2) - L (£2) be completely random operators. An X-valued
random variable u* in Lé( (£2) is called a random coincidence point of @, @,, ..., @, if
Out =Pt = = d,u". 5

We are going to present some conditions ensuring the existence of a random coincidence
point of completely random operators.

Theorem 3 Let @, ¥ . Lé((.Q) — L(’)((.Q) be random operators, and f : [0, co0) — [0, 00)
be a mapping such that f(t) =0 if and only if t =0 and f(t) <t for all t > 0. For each
t > 0, define

h(t) =in f& (6)

s>t
Assume that h(t) > 0 for all t > 0 and

(a) lI/(L(’)((.Q)) is closed in L(’f(.Q);
(b) @(L§(£2)) CW(LY(2));
(c) for each pair u, v in L())((.Q) and all t > 0, we have

P(|@ou—@vl| >1) < P(|Wu—¥v|| — f(I1¥u—Poll) >1). 7

Then @, ¥ have a random coincidence point if and only if there exist a random variable u
in L (£2) and p > 0 such that

M = E|®ug — Yuo||” < oo. ®)

Proof If @, ¥ have a coincidence point u*, then (8) holds with uy = u* for any p > 0.

Conversely, suppose that E||@uy — P uy||? < oo for some random variable u in Lg (£2)
and p > 0. By assumption (b) there exists a random variable u; in L} (£2) such that
Yu, = ®uy. Again, there exists a random variable u, in Lff(.Q) such that Yu, = du;,.
By induction, there exists a sequence (u,) in L(’)( (£2) such that

Yu,=Pu,_;, n=1,2,.... )

We will show that (§,) given by &, = Yu, = ®u, (n=1,2,...) is a Cauchy sequence in
L¥(£2). Define the function g(¢), > 0, by

(,)_I_M

So, we have

foy=(1-gm)r

;h{m;ig @ Springer



168 D.H. THANG, P.T. ANH

Since f(t) >0 forall t >0, we get g(¢) < 1 for all # > 0. For any u, v in Lg(.Q), we have
P(||@ou —@vl| >1) < P(|Wu— vl — f(I1¥u—Pv|) >1).
Equivalently,
P(||@ou — @v|| > 1) < P(g(I1¥u — Pvll)|¥u —¥v| >1). (10)

Fix t > 0. For all s >t > 0, we have

g(S)Zl—&<l—h(t)— (.

Since g(t) < 1, we get
{g(l¥u —wvl)|¥u —wv| >t} C{|Wu—wv| >t}
Hence,

P(l|lou—@v|| >1) < P(g(I1¥u — o) |¥u —¥v| > 1)

g(1vu —ol)|¥u — ol > ¢, |$u—Pv| >1)

P(
=P(
SP(gOIYu—wvll >t |¥u— | >1)
< P(g)|¥u— vl >1)

=P(

1Wu —wol >t/q®) = P(I¥u—¥vl >1/q),

where g = ¢g(t). Note that ¢ < 1 since h(t) > 0.
Thus, for each n, we obtain

P(||$n+l _Sn” >t) (”(p”n_(pun—ln >t)

IA

P
P(I1¥uy — Wyl > t/q)
P& — &l > 1).

By induction and the Chebyshev inequality we get

P(lgns1 =&l > 1) < P(160 — &urll > 1/4)

<
<P(l&—&l>1/¢4"")
=P(|Pu; — Puoll > /4" ")
< P(I%u; —Puol > 1/q")
= P(||Puo — Wuoll >1/q")

(q") M(q”)”.

— P
< E|Puo — Yuoll 7
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ON RANDOM COINCIDENCE POINTS 169

Letr:i,whereq <x<1.Thenr > 1 and

1 1 1 1
r—1 -+ S+t +—=1 Vm>1.

r r rin rin

Thus, for any # > 0 and m, n in N, we have

P(Ilgntm = Eall > 1) < P(Il5nsm — Eall > (1= 1/7")1)

=< P(”éner - $n+mf1|| > t(r - 1)/}"”) + -
+ P(||$II+1 _%—n” > t(r - 1)/r)

M ) n
< m[(rm)ﬂ(qrwﬂ:—l)l +...+rp(q )p]
— M n\P .p p(m—1) ) 1
= o= @) L@ e ) 1]
—L n\P M
NG (a")r" 1 —(gr)?

Mr? n
P
“— o)

which tends to 0 as n — oo. It follows that (£,) is a Cauchy sequence in Lé‘(.Q). Hence,
there exists £ in L(’f (£2) such that p-lim &, = £. By assumption (a), there exists u* in L(’)( (£2)
such that Yu* = &. So we have

(|1 — @u”|[ > 1) =

Consequently,

P(e — @u*|| > 1) < P(II§ = &usill > 1/2) + P(|&1s1 — @u*| > 1/2)
< Pl = &rill > 1/2) + P(I& — &1l > 1/2).

Letting n — oo, we get P(||§ — @u*|| >1¢) =0 for all ¢+ > 0, which implies that ®u* =
& =Yu*. Hence, u* is a random coincidence point of @, V. O

Corollary 1 Let @, ¥ be completely random operators satisfying conditions (a) and (b)
stated in Theorem 3. Assume that there exists a number q in (0, 1) such that

P(l|®u—®v|| > 1) < P(|¥u— vl >1/q) (11)

for all random variables u, v in L(’)( (82) and t > 0. Then @, ¥ have a random coincidence
point if and only if there exist a random variable u in Lg (£2) and p > 0 such that (8) holds.

ox
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170 D.H. THANG, P.T. ANH

Proof Consider the functions f(¢) = (1 —¢)t and h(t) =1 — g > 0. Then f(¢) satisfies the
conditions stated in Theorem 3. O

Remark 1 The next example shows that a random coincidence point of @ and ¥ in Theo-
rem 3 needs not to be unique.

Example 1 Define two completely random operators @, ¥: LE(£2) — L&(£2) by
Pu=qlu|+7, Yu = |ul,

where 7 is a positive random variable, and ¢ is in (0, 1). It is easy to check that @, ¥ satisfy
all assumptions of Theorem 3 with f(¢) = (1 — ¢)t. On the other hand, @ and ¥ have two
random coincidence points u} = ﬁn and uy = —7=1.

Theorem 4 Let f : [0, 00) — [0, 00) be a function such that f(0) =0 and f(t) <t. Put

h(t):ir;f@ vVt > 0. (12)

Assume that h(t) > 0 forallt >0, @, ¥, and O are three probabilistic completely random
operators satisfying the following conditions

(a) @)(L()f (£2)) is closed in L())‘ (£2);
(b) @(L§(£2)) COLF($2)), W(LY(2)) COLS(£2));
(c) for any random variables u, v in Lé( (82) and t > 0, we have

P(llou—wv| >1) < P(|1Ou—Ov| — f(lOu— Ov]) >1). (13)

Then @,¥, and ® have a random coincidence point if and only if there exist a random
variable ug in L()f(.Q) and p > 0 such that

M = E|®ug — Ouy||” < oco. (14)

Proof If @, ¥, and ® have a random coincidence point u*, then (14) holds with uy = u* for
any p > 0.

Conversely, suppose that E||@uy — Ouy||? < oo for some random variable u in Lg (£2)
and p > 0. By assumption (b) there exists a random variable u; in L(),( (£2) such that Ou; =
®u . Again, there exists a random variable u; in Lé‘(.Q) such that @u, = Y u,. By induction
there exists a sequence (u,) in L())( (£2) such that

@ul =Q>u0, @uzzlllul,..., @M2n+1 =<Du2,,,
(15)

@u2n+2:l11u2n+1, n= 1,2,....

We will show that (&§,) given by &, = Ou,_ (n =2,3,...) in (15) is a Cauchy sequence
in L¥(2). Define the function g(¢), ¢ > 0, by
(1)

gt)y=1-— fT

We have
f@O=(1-g®)r.
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ON RANDOM COINCIDENCE POINTS 171

Since f(t) > 0 for all # > 0, we get g(¢) < 1 for all # > 0. For any random variables u, v in
L¥(£2), we have

P(|@ou — vl > 1) < P(|Ou—Ov| — f(|Ou — Ov|) > 1).
Equivalently,
P(|@ou— vl >1) < P(g(|Ou — Ov|)||Ou — Ov|| > 1). (16)

Fix t > 0. For all s > ¢t > 0, we have

()—1—&<1—h(t)—61(t)

Since g(t) < 1, we get

{g(lOu — Ov|)|Ou — V|| >t} C {lOU—Ov| >1}.
Hence,

P(|ou— vl >1) < P(g(1Ou — O|)|Ou — Ov|| > 1)

=P(g(IlOu — Ov|)||Ou — Ov|| > 1, |Ou — OV|| > 1)
<P(g)Ou—Ov| >1t,[|Ou—Ov| >1)
<P(g®)||Ou—wv| >1)
= P(|lOu— Ov| >1/q(1t)) = P(|Ou — Ov|| > t/q),

where g = ¢ (). Note that g < 1 since h(t) > 0.
Then, for each n, we obtain

P (62042 — Eonrill > 1) = P(|@uuzy — Wutgy—y || > 1)
< P(IlOuzy — Ouzyy | > 1/q)
= P (1201 — &2l > 1/9)
and
P (52041 — &l > 1) = P(Puzn—r — Yuzu_i || > 1)
< P(|Ouzs—2 — Ouzsi|| > t/q)
= P (520 — Eanrll > 1/q).

By induction and by the Chebyshev inequality we get

P(llEns1 = &ull > 1) < P10 — &l > 1/q)

IA

<P(l& — &l >1/q"?)
= P(I¥u, — Puoll > /4" ")

e &\ Springer



172 D.H. THANG, P.T. ANH

< P(1Ouy — Buoll > 1/4"")
P(I®uo— Ouoll > t/q" ")

n—1\p n—1\p
< E|lduy— Oug? 42" — 4"
tP tP

Letr:i,whereq<x<1.Thenr>1and
1 1 1 1
r-D(-+5++—|+—=1  Vm=>1
r r rm rﬂl

Thus, for any # > 0, n > 2, and m in N, we have

1
P(1&nim —Eall > 1) < P<||§n+m — & > <1 _ _),)

rm
< P(Il&ntm = Entmrll > 1Gr = 1) /o)
+oF P51 = &l > 1(r = D/,)

" - p( n—
e o [ T (RS PR
— M n—1\P_.p p(m—1) » )
= L n—1\P w
INGEIE () 1—(gr)”

- MrP
[(r — Dt]P[1 — (gr)*]

(qp)n—17

which tends to 0 as n — oo. It implies that (&,) is a Cauchy sequence in Lé‘ (£2). Hence,
there exists £ in L()f (£2) such that p-limé§, = £. By assumption (a) there exists u™* in L(’f (£2)
such that ®u* = £. So we have

P(|uwsnis = wat| > 1) = P(|u, — wur| > 1)
< (|0 — Ou’] > 1)
< P(|Ouz = Ou"|| = f(|Ouz — Ou]) >1)
< P(|Ouz — Ou*| > 1/q)
= P(llE2n+1 — €1l > /).

Letting n — oo, we get P(||€ — Yu*|| >t) =0, which implies that Yu* = £ a.s. By the
same proof we have ®u* = & a.s. Hence, u* is a random coincidence point of @, ¥,
and ©. O

Theorem 5 Ler @, Y Lé((.Q) — Lé((.Q) be completely random operators, f: [0, 00) —
[0, 00) be a continuous, increasing function such that f(0) =0 and lim,_,, f () = 00, and
q be a positive number in (0, 1). Assume that
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ON RANDOM COINCIDENCE POINTS 173

(a) W(Lé((.Q)) is closed in L{,‘(Q);
(b) ®(LY(£2)) CW (LS (£2));
(¢) forany u,v in L())((.Q) and t > 0, we have

P(llou — @vll > f(1)) < P(I¥u — ¥l > f(t/q). a7

The following assertions are valid:

1. If @,¥ have a random coincidence point, then there exist a random variable uy in
L¥($2) and p > 0 such that

M =supt” P(|Pug — Puoll > f (1)) < co. (18)

t>0

2. If there exists a number c in (q, 1) such that

Y (e <o, (19)
then condition (18) is sufficient for @, W to have a random coincidence point.
3. Ifforallt,s >0,
fa+s)= f@)+ f(s), (20)

then condition (18) is also sufficient for @, ¥ to have a random coincidence point.

Proof Let g = f~! be the inverse function of f. Then g: [0, 00) — [0, c0) is increasing
with g(0) =0 and lim,_, », g(¢) = co. Condition (17) is equivalent to

P(g(llou —@vll) >1) < P(g(I¥u—wv|) >1/q). 1)

Let uy be a random variable in L())‘ (£2) such that (18) holds. By assumption (b) there exists a
random variable u; in Lg (£2) such that Yu; = ®u,. Again, there exists a random variable
uy in L(’f (£2) such that Yu, = ®@u;. By induction there exists a sequence (u,) in L(’f (£2)
such that

Yu,=ou,_,, n=1,2,.... (22)
Put§, =Wu, =ou,_,n=1,2,.... From (21) it follows that
P(g(llEnrs — &ll) > 1) = P(g(IPun — Puy1l) > 1)
P(g(”lpun - lIIMn—I”) > t/Q)
P

(g(I15: — &arll) > 7/4).

IA

By induction, for each n, we obtain

P(g(I6u1 = &all) > 1) < P(g(I1®ur — Puoll) > /")

= P(g(Ilouo — Wuoll) > 1/4"). (23)

e &\ Springer



174 D.H. THANG, P.T. ANH

1. Suppose that @, ¥ have a random coincidence point u#*. Then taking uy = u*, we obtain
M =0.
2. From (18) we have

M
P(g(llPuo — uoll) > 5) = P(g(IWur — Puoll) > s) < o (24)
From (23) and (24) we get
Mq™
P(g (101 —&ll) > 1) < ——. (25)
Taking t = ¢", from (25) we get
np
P(e(I&si — &) > ¢") < M‘i,w : (26)
ie.,
np
P16 —&all > £() =ML @7
Since

I‘l

Y P(lg =&l > f(c") <M Z
n=lI n=1

by the Borel-Cantelli lemma there is a set D with probability one such that for each w
in D, there is N (w) satisfying

||2;-n+l(w) - Sn ((,()) H < f(Cn) Vn > N(a))

By (19) we conclude that 2211 11 (@) — & (w)|| < oo for all  in D, which implies
that there exists lim&, (w) for all w in D. Consequently, the sequence (§,) converges a.s.
to £ in Lé‘(.Q). By assumption (a), there exists u* in L{f(Q) such that Yu* = &. So we
have

P(|¥upr — @u*|| > f@)) = P(|Pu, — Pu*| > f(1))

IA

P(||l1/un — llfu*“ > f(t/q))
P& =&l > f(t/q)).

Letting n — oo, we get P(||§ — @u*|| > f(t)) =0 for all # > 0; hence, Pu* =& =Vu*
a.s. Thus, u* is a random coincidence point of @, ¥.
3. Itis easy to see that, for any 7, s > 0,

gls+1) =g +g(s).

Hence, fora =)/ s;, we have

"
=00
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F
3
]
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@ Springer



ON RANDOM COINCIDENCE POINTS 175

P(g(I&nim — &) > a) ( (Z I&nsi — Entic 1||>>a>

< (Z ||sn+,-—sn+l-|||)>a)
Z g(IEnsi — Envictll) > 5:).
From (25) it follows that
P(g(I&msi — Ensitll) > 5;) < @ (28)

i
Put r = ?, where ¢ <x < 1 and s; = s(r — 1)/r’. An argument similar to that in

the proof of Theorem 3 yields

nlijgop(g(llfwm _%-n”) > S) =0 Vs>0,
SO

lim P(”ErH—m - Sn” > f(S)) =0 Vs>0.

n—o0

Thus, we obtain

lim P (& 4m — &l >1)=0 Vi >0.

n—o0

Consequently, the sequence (§,) converges in probability to £ in Lé( (£2). By assump-
tion (a), there exists u™* in L(’)((Q) such that Yu* = &£. So, we have

P(|Wunii = u*| > f ) = P(|Puy — Du*| > f (1))
P(|wu, —wu*| > ft/9)

P(ll& —&ll > f(t/9)).

Al

Letting n — oo, we get P(||€ — @u*|| > f(¢)) =0 for all > 0 implying ®u* = £ =
Yu* as. Hence, u* is a random coincidence point of @, ¥. g

Theorem 6 Let D, ¥, O: Lg (£2) — Lé( (82) be completely random operators,
f:10,00) — [0, 00) a continuous increasing function such that f(0) =0,lim,_. f(t) =
00, and q be a positive number in (0, 1). Assume that

(@) OLE(R)) is closed in L¥(£2);
(b) ®(LY(£2)) COLE(82)), ¥(LF(2)) C O(LY(£2));
(¢) for any random variables u, v in Lé((.Q) and t > 0, we have

P(llou—wo| > f(1) < P(|1Ou—Ov]| > f(t/9)). (29)
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1. If @, ¥, and ® have a random coincidence point, then there exist a random variable u
in L()f(.Q) and p > 0 such that

M =supt” P(|@ug — Ougll > f(1)) < o0. (30)

>0

2. Assume that there exists a number c in (g, 1) such that

> (") < o0 31

Then condition (30) is sufficient for @, ¥, and © to have a random coincidence point.
3. Assume that for any t,s > 0

fa+s)=f@)+ f(s). (32)

Then condition (30) is also sufficient for @, ¥, and © to have a random coincidence
point.

Proof Let g = f~! be the inverse function of f. Then, g: [0, c0) — [0, 00) is increasing
with g(0) =0 and lim,_, o, g(¢) = co. Condition (29) is equivalent to

P(g(|®u —wul) > 1) < P(g(lOu — Ovll) > t/q). (33)

Let u( be a random variable in L(’f (£2) such that (30) holds. By assumption (b) there exists a
random variable u; in L(’f (£2) such that Ou; = Puy. Again, there exists a random variable
uy in L (£2) such that ©uy = Yu,. By induction there exists a sequence (u,) in LY (£2)
with

Oui = duy,  Our=Puy,...,  Ougss = i,
Otignsn = Witogy1, n=1,2,.... GY
Put &, =Ou,_, n=2,3,.... From (33), for each n, we obtain
P(g(I&2n42 — Eonrill) > 1) = P(g (| Puzn — Wuzy1|) > 1)
< P(g(1Ouz — Ouzusll) > 1/q)
= P(g(IlE2041 — Exll) > 1/4)
and
P(g(I&2n41 — &ull) > 1) = P(g(I|Puzn—2 — Wuizy1 1) > 1)
< P(g(1Ouz—2 — Ouzyi|l) > t/q)
= P(g(lI&2n — &2n-1ll) > 1/q).
By induction we obtain that, for each n,
P(g(llgnr = &ill) > 1) < P(g(IOu1 — Ougll) > 1/4")
= P(g(IPuo — Ouoll) > 1/4"). (35)
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1. Suppose that @, ¥, and ® have a random coincidence point «*. Then taking uy = u*, we
obtain M = 0.
2. From (30) we have

M
P(g(I®uo = Ouol)) > s) = P(IlPuo = Ouoll > f(s)) = —-. (36)
From (35) and (36) we get
q"r
P(g(l&1 —&ll) > 1) < " (37)
Taking ¢t = ¢", from (37) we get
0 q"
P(g(lln+1 — &ull) > ") =M=, (38)
ie.,
np
P61 =&l > £(c") = ML (39)
Since

gp(usm —&ll> f(c") < M; an <

by the Borel-Cantelli lemma, there is a set D with probability one such that for each o
in D, there is N (w) with

|€ms1(@) — & (@) < f(c") ¥n> N(w).

By (31) we conclude that Y 2 [|&,41(w) — &, (w)|| < oo for all w in D, which im-
plies that there exists lim&,(w) for all w in D. Consequently, the sequence (§,) con-
verges a.s. to & in LY (£2). By assumption (a) there exists u* in LY (£2) with Ou* =§&.
So we have
P(|Esa — 0| > £©)) = P(| Guz — W' > £0)
< P(|Ouz, — Ou*| > f(t/9))

= Pl =&l > f(t/a).
Letting n — oo, we get P(||E —Wu*|| > f(¢)) =0 for all + > 0 implying Yu* =
& = Ou* a.s. By the same proof we have @u* =& a.s. Hence, u* is a random coinci-

dence point of @, ¥, and ©.
3. Itis easy to see that, for any 7, s > 0,

gl +1) =g +g(s).

Hence, fora =) s;, we have
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P(g(I&m —&l)) > a) < ( (Z [ . 1||> >a>
(Z ||sn+,-—sn+l-.||)>a)

| /\

Z ||§n+1 é;:n-%—i—l”) >Si).

From (30) we have

Mq(il+i—1)p
P(g(||§n+i - ‘5n+i—1||) > Si) =< — 7 (40)
Put r =%, where ¢ < x < 1 and 5; = s(r — 1)/r'. An argument similar to that in the
proof of Theorem 3 yields

lim P(g(HSrH»m - En”) > S) =0 Vs>0,

n—oo

)
nli)ngo P(”Sn-%—m =&l > f(?)) =0 Vs>0.
Thus, we obtain

lim P([[&4m — &l >1) =0 Vi >0.
n—oo

Consequently, the sequence (&,) converges in probability to & in L (£2). By assump-
tion (a) there exists u™ in L(’f (£2) satisfying Ou* = £. So, we have
P([620s2 = Wu*| > f(0) = P(|@uzy — Wu*| > f())
= P(|Ouz = Ow| > f(t/0)
= P(I62001 — €1l > f (/).

Letting n — oo, we get P(||E —Wu*|| > f(¢)) =0 for all + > 0, implying Yu* =
& = Ou* as. By the same proof we have ®u* = £ a.s. Hence, u* is a random coinci-
dence point of @, ¥, and ©.

0

4 Applications to random fixed point theorems and random equations

In this section, we present some applications of the obtained results to random fixed point
theorems and random equations.

Theorem 7 Let @: L (2) — L{(2) be a completely random operator, f: [0, 00) —
[0, 00) be a continuous, increasing function such that f(0) = 0,lim,_, o, f(t) = oo, and
q be a positive number. Assume that

P(ll@u —@v]| > f1)) < P(llu—vl > ft/q)) (41)

<oy,

-
P
5
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for each pair u, v in L¥(£2). Then

1. If @ has a random fixed point, then the random fixed point is unique. Moreover, there
exist a random variable ug in L(}f (£2) and p > 0 such that

M =suptpP(||<Du0 —up|l > f(t)) < Q. (42)

t>0

2. Assume that there exists a number c in (q, 1) satisfying
> F(e") < oo 43)

Then condition (42) is sufficient for @ to have a unique random fixed point.
3. Assume that, for any t,s > 0,

fa+s)=f@)+ f(s). (44)

Then condition (42) is also sufficient for @ to have a unique random fixed point.

Proof Let &, n be two random fixed points of @. Then, for each ¢ > 0, we have

P(I& —=nl > f©) = P19 — Pnll > f() < P(IE —nll > f(t/9)).

By induction it follows that

P(Ig —nll > f) < P(IE —nll > f(t/q")) Vn.

Since lim,,_,, f(¢t/q") = 400, we conclude that P (|| — n|| > f(z)) =0 for each t > 0.
Hence, g(]|€ — n]|) =0 a.s., with g being the inverse function of f. So we have £ =7 a.s.
as claimed.
Suppose that @ has a random fixed point €. Then, taking uo = &, we obtain M = 0.
Conversely, consider the completely random operator ¥ given by ¥ u = u. According to
Theorem 5, @ and ¥ have a random coincidence point £, which is exactly the random fixed
point of @. ]

Theorem 8 Let &,V : Lg £2) —> Lé‘ (£2) be completely random operators, and f :
[0, 00) — [0, 00) be a mapping such that f(t) =0 if and only if t =0 and f(t) <t for
all t > 0. For each t > 0, define

h) =int L2 4s)

s>t 8
Assume that h(t) > 0 for all t > 0 and
(a) W(Lg(.Q)) is closed in Lé‘(.Q);

(b) ®(LY(£2)) CW(L§(£2));
(¢c) for each pair u, v in Lg(Q) and all t > 0, we have

P(|@ou—@v|| > 1) < P(|Wu—¥v|| — f(I1¥u—Poll) >1). (46)

(d) @,¥ commute, i.e., ®Vu =W Du for any random variable u in Lg (£2).

ox

K04,
2oy

N
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Then @ and ¥ have a unique common random fixed point if and only if there exist a random
variable ug in LY ($2) and p > 0 such that

M = E|Pug— Puyll?’ < oo. 47)

Proof If @ and ¥ have a common random fixed point &, then (47) holds with uy = & and
any p > 0. Conversely, suppose that (47) holds. By Theorem 3 there exists u* such that
Qu* =vu*=E&. Fort > 0, we have

P(IPs —&ll > 1) = P(Il9§ — du| > 1) < P(I¥E —Wu™|| > t/q)
=P(l¥ou* —¢l>1/q) = P(I®¥u* —&| > t/q)
= P(|l®& — &1l > 1/q).

By induction it follows that P (|| @& —&|| > t) < P(||®& —&| > t/q") forany n € N. Letting
n — oo, we have P(||®& —&| > ) =0 for any r > 0. Thus, @& =¢£, i.e., £ is a random
fixed point of @. We have V& = ¥ Qu* = o¥u* = @& = £. Hence, & is also a random
fixed point of ¥.

Let & and &, be two common random fixed points of @ and ¥. For each ¢ > 0, we have

P(l& — &l > 1) = P95 — P& > 1) < P(|WE — W& >1t/q)
=P(l& — &l >t/q) <--- < P(l& — &I > t/q").

Letting n — oo, we have P(||§; — & || > t) =0 for all # > 0. Hence, & = &;. O

Corollary 2 Let @: L())( (2) —> Lé‘ (82) be a probabilistic q-contraction completely random
operator in the sense that there exists a number q in (0, 1) such that

P(l|ou—®vl| > 1) < P(lu— vl >1/q)

for all random variables u, v in Lé((.Q) and t > 0. Then @ has a unique random fixed point
if and only if there exist a random variable ug in Lé((.Q) and p > 0 such that

E|®uo — uoll” < 0.

Proof Consider the operator ¥: L (£2) — LY (2) given by Wu = u, the functions f () =
(1—¢g)tand h(t) =1—¢g > 0. Itis clear that @, ¥, and f(¢) satisfy the conditions stated in
Theorem 8 and @, ¥ commute. Thus, @ and ¥ have a common random fixed point &, i.e.,
@ has a random fixed point &. ]

Theorem 9 Let @,W: Ly (2) — L¥(£2) be probabilistic completely random operators
such that

P(l|Qu —®v| > f(1) < P(Il¥u—Wvl > f(t/q)) (43)

forallu,vin L()f(.Q), t > 0, where f:[0,00) — [0, 00) is a continuous increasing function
such that f(0) =0 and lim,_, o, f(t) = oo satisfying either (43) or (44), and q is a positive
number. Consider a random equation of the form

Qu—A\Wu=n, 49)

<oy,
-
P
5
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where M\ is a real number, and 1 is a random variable in Lg (£2).
Assume that

W (LY (82)) s closed in L (£2), (50
@ (L§(2)) C 2w (LY ($2)) +n, (ShH
[A] > su f(ft) (52)

= IION

where q' is in (0, 1). Then Eq. (49) has a unique random solution if and only if there exist a
random variable u in L(’f (82) and a number p > 0 such that

M = supt” P([|Pug — AW ug — nll > A £ (1)) < oo. (53)

>0

Proof Suppose that Eq. (49) has a solution &. Then condition (53) holds for uy =&.
Conversely, suppose that condition (53) holds. Define the completely random operator &
by
Du—n

Au = .
A

From (51) and (53) it follows that

O(L{(2)) c¥(LY(2)),  M=supt’P(||Ouo— Yuyl > (1)) < co.

t>0

Let g = f~! be the inverse function of f. Then g: [0, 00) — [0, 00) is a continuous in-
creasing function with g(0) =0 and lim,_, ,, g(z) = oco. For each t > 0, there exists ¢’ with
F@&)y=|Alf@),ie.,t'=g(r|f(t)). So we have

P(llou—0Ov| > f1)) |Pu — Pull > |1 £ (1))

P(
P([[®u—®vl| > f('))
P(

IWu—wv|l > £(I'/q))

t q't
=P<||11/u—l1/u||>f<—,q ))
q qt

From (52) we get |A| f(¢) > f(%t). Then we deduce that g(|A| f(r)) > %t. Sot > %t

.
and qq—i > 1. Hence, we get

IA

14!

t q't
q qt

P(Hw — W > f( )) <P(I%u—wv| > f(t/q)),

which implies
P(lOu—06v| > f(1) < P(I¥u—wv| > f(t/q)).

Consequently, @ and ¥ satisfy conditions (a)—(c) stated in Theorem 5. Thus, ® and ¥ has
a random coincidence point &, i.e., Eq. (49) has a random solution &. a

P,
¢t
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Corollary 3 Let @: L¥(2) — Lé< (82) be a completely random operator satisfying the
condition

P(llou —®v| > f(1)) < P(llu—vll > f(t/q)) (54

forallu,vin L()f (82),t > 0, where f:[0,00) — [0, 00) is a continuous increasing function
such that f(0) =0 and lim,_, o, f(t) = oo satisfying either (43) or (44), and q is a positive
number. Consider a random equation of the form

Qu —Au=n, (55)

where ) is a real number, and n is a random variable in L(}f (£2).
Assume that

|A] > su @ (56)
= o

where q' is in (0, 1). Then Eq. (55) has a unique random solution if and only if there exist a
random variable ug in L(’f (£2) and a number p > 0 such that

M=supt”P(||<Du0—Au0—n|| > |)L|f(t)) < Q. (57)

>0

Proof 1t suffices to apply Theorem 9 for the completely random operator ¥ given
by Yu =u. ]

Corollary 4 Let @, W: L (2) — L¥(2) be two completely random operators satisfying
the condition
P(||<Du—<1>v||>t)§P(||lI/u—lI/v||>t/q). (58)
Consider the random equation
Qu—A\Wu=n, 59)

where M is a real number, and 1 is a random variable in Ll}f (£2), p>0.
Assume that

W (LY (82)) s closed in L (£2),
@ (Ly(2)) C AW (LY () +n,
Al >g.

Then the random equation (59) has a solution if and only if there exists a random variable
ug in LY (§2) such that

E|[®ug — 2Wuq|l? < . (60)

Proof Suppose that Eq. (59) has a solution &. Then condition (60) holds for uy = £.
Conversely, suppose that there exists a random variable u in Lg (£2) such that (60) holds.
So @ and V¥ satisfy (54), where f(t) =t. Take ¢ < s < |A| and observe that ¢’ =¢q/s < 1,

|k|>s:2—f(%t)

g  f@
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ON RANDOM COINCIDENCE POINTS 183

Moreover, for each t > 0,

E||@ug — AW uo —n||?
<

1P P(|Puo — AP ug — | > |Alt) < ML

since
E([[®Puo — 2 ug —nll”) < CLE(I[Puo — AW uoll”) + C,Eln|l” < oo,

where C,, is a constant. Hence condition (53) is satisfied. By Theorem 9 we conclude that
Eq. (59) has a random solution. O

Considering the completely random operator ¥ given by ¥ u = u, we obtain the follow-
ing:

Corollary 5 Let &: L{f (£2) —» L())< (82) be a completely random operator satisfying the
condition

P(l|ou—®v|| >1) < P(llu —vll > t/q). (61)
Consider the random equation
du — Au=n, (62)

where A is a real number satisfying || > q, and n is a random variable in Lff(Q), p>0.
Then the random equation (62) has a unique random solution if and only if there exists a
random variable ug in L()f (£2) such that

E||@ug — Aug||” < oo. (63)
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