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Abstract Considered here is the first initial boundary value problem for the two-dimension-
al g-Navier—Stokes equations in bounded domains. We first prove the existence and unique-
ness of strong solutions to the problem by using the Faedo—Galerkin method. Then we study
the finite time numerical approximation of the strong solutions by discretization schemes.
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1 Introduction

Let £2 be a bounded domain in R? with smooth boundary I". We consider the following
two-dimensional (2D) non-autonomous g-Navier—Stokes equations:

W _yAu+ w-Vu+Vp=f(x,t) in(0,T) x £2,

5 =

V.(gu)=0 in (0,T) x £2, (1.1
u=0 on (0,T) x I, '
u(x, 0) = up(x), x €82,
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C.T. ANH ET AL.

where u = u(x,t) = (uy, u) is the unknown velocity vector, p = p(x,t) is the unknown
pressure, v > 0 is the kinematic viscosity coefficient and u is the initial velocity.

The g-Navier-Stokes equations are a variation of the standard Navier—Stokes equa-
tions. More precisely, when g = const we get the usual Navier—Stokes equations. The 2D
g-Navier—Stokes equations arise in a natural way when we study the standard 3D prob-
lem in thin domains. We refer the reader to [13] for the derivation of the 2D g-Navier—
Stokes equations from the 3D Navier—Stokes equations and the relationships between them.
As mentioned in [12], the good properties of the 2D g-Navier-Stokes equations can lead
to an initial study of the Navier-Stokes equations on the thin three dimensional domain
2, = £2 x (0, g). In the last few years, the existence and long-time behavior of weak solu-
tions to 2D g-Navier—Stokes equations have been studied extensively in both cases without
and with delays (see e.g. [1, 2, 7, 8, 11-14] and the references therein). However, to the
best of our knowledge, little seems to be known about strong solutions of the 2D g-Navier—
Stokes equations. This is a motivation of the present paper.

The aim of this paper is to study the existence and numerical approximations of strong
solutions to the two-dimensional non-autonomous g-Navier—Stokes equations. To do this,
we assume that the function g satisfies the following hypothesis:

(G) g € Wh*(£) is such that

0 <mo<g(x)<M, forall x = (x;,x;) € £2, and |Vg|s < mor;”*,
where A > 0 is the first eigenvalue of the g-Stokes operator in £2 (i.e., the operator A
defined in Sect. 2).

Let us describe the contents of the paper. First, we prove the existence, uniqueness and
continuous dependence on the initial data of strong solutions to problem (1.1) by using
the Faedo—Galerkin method. Second, we study the convergence of a space and time dis-
cretization scheme for the 2D evolution g-Navier—Stokes equations. This scheme combines
a discretization in time by an alternating direction (or decomposition) method with a dis-
cretization in space by finite elements. The convergence problem is treated by energy meth-
ods (see [15, 16] for related results on the standard Navier—Stokes equations). We also refer
the reader to [4—6, 9, 10] for several other recent results on numerical approximations of the
standard Navier—Stokes equations.

It is noticed that in this paper we only consider the finite time approximation of strong so-
lutions to problem (1.1). The long-time behavior and long-time approximation of the strong
solutions are important questions because the problem of numerical computation of turbu-
lent flows is connected with the computation of the solutions for large time, and they will be
the subject of a forthcoming work.

The paper is organized as follows. In Sect. 2, for convenience of the reader, we recall
some auxiliary results on function spaces and inequalities for the nonlinear terms related to
the g-Navier—Stokes equations. In Sect. 3, we prove the existence and uniqueness of a strong
solution to the problem by using the Faedo—Galerkin method. The finite time approximation
of the strong solution is studied in the last section by using discretization schemes.

2 Preliminary results

Let L2(£2, g) = (L*(£2))* and H, (£2, g) = (H, (£2))* be endowed, respectively, with the
inner products

(u,v)g:/u-vgdx, u,veL*(£2,9),
2
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STRONG SOLUTIONS TO 2D g-NAVIER-STOKES EQUATIONS

and

2

((u,v))g=LZVuj-ijgdx, U=y, ur), v=_(v1,v2) € Hy(£2, g),
j=1

and norms |u|*> = (u, u), |lul* = ((u,u)),. Thanks to the assumption (G), the norms | - |
and || - || are equivalent to the usual ones in (L*(£2))* and in (H, (£2))?, respectively.
Let

V={ue(Cy)’:V-(gu)=0}.

Denote by H, the closure of V in L*($2, g), and by V, the closure of V in H, (£2, g). It
follows that V, C H, = H; C V,, where the injections are dense and continuous. We will
use || - [l for the norm in V;, and (-, -) for duality pairing between V, and V.

We now define the trilinear form b by

2
b(u,v,w) = i;] ./;2 u,-z—;jwjgdx,

whenever the integrals make sense. It is easy to check that if u, v, w € V,, then

b(u,v,w)=—b(u,w,v).
Hence

b(u,v,v)=0 VYu,veV,.
Set A: V, — V; by (Au, v) = ((u, v))g, B: Vg x Vg — V, by

(B(u,v), w)=bu,v, w),
and put Bu = B(u, u). Denote D(A) ={u € V, : Au € H,}, then

D(A)=H*(R,9NV,

and Au = — P, Au Yu € D(A), where P, is the ortho-projector from L*(£2, g) onto H,.
Using the Holder inequality, the Ladyzhenskaya inequality (when n = 2):

ulpa < clul"?|Vul'? Vu e H)(£2),
and the interpolation inequalities, as in [15] one can prove the following result.
Lemma 2.1 Ifn =2, then
crlul 2l olllw w7 Yu, v, w eV,

colul P lull 2] Av]' 2 lw| Yu € Vg, v € D(A), w € Hy,

|b(u, v, w)| < @2.1)

cslul | Aul ||| w] Yu e D(A),veV,,we H,,
calulllvlllw]|/?| Aw|'/? Yue Hy,veV,,we D(A),
where c¢;,i =1, ...,4, are appropriate constants.

con
P,
¢t
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C.T. ANH ET AL.

Lemma 2.2 Letu € L>(0, T; D(A)NL>®(, T; V,), then the function Bu defined by
(Bu(), v)g =b(u(®),u(t),v) VveH,, aetecl0,T],
belongs to L*(0, T; H,), therefore also belongs to L?*(0,T; H,).

Proof By Lemma 2.1, for almost every ¢ € [0, T], we have

1/2 1/2 172

u@) | |Au)| .

|Bu(t)| < cs|u@)| " |Au()|

Ju)] <<

Then

T T T
/0 |Bu(n)[*dr < c;/O lu@)|°|Au)|’ dr < c||u||§w(0‘r;vg)/0 |Au(t)|* dt < +oo.
This completes the proof. ]

Lemma 2.3 [3] Letu € L*(0, T; V,). Then the function Cu defined by

(Cu(t), v)g = ((E . V)u, v) :b(k,u, v) Yv e Vg,
g . g

belongs to L%, T; H,) and therefore also belongs to L*0,T; V&f). Moreover,

|Cu@)] < % Au@|  forae te,T)

and

v

lcu)], <! i'lj‘; Nuw)| forae te©,1).
moA,
Since
1 Vg
—;(V -gVu=—Au — <? . V)u,

we have

Vg Vg
(—Au,v)gz((u,v))g+<<?~V)u,v> =(Au,v)g+<(?-V)u,v> Yu,v eV,.
g g

3 Existence and uniqueness of strong solutions

Definition 3.1 Given f € L?(0, T; H,) and uy € V,, a strong solution on the interval (0, T')
of (1.1) is a function u € L>(0, T; D(A)) N L>®(0, T; V,) with u(0) = uy and such that

d
Z(u(r), v), +v((u@),v)), +v(Cu@®),v), +o(u@®),u@®,v)=(f®.v), G

forallve V, and fora.e.t € (0, 7).

@ Springer .



STRONG SOLUTIONS TO 2D g-NAVIER-STOKES EQUATIONS

Remark 3.1 Due to Lemmas 2.2 and 2.3 from the above definition we see that any strong
solution u must have the properties u € L*>(0, T; D(A)) and ‘fi—b; =f—vAu—Bu—Cuce
L*0,T; H,). By Lemma 1.2 in [15], we have u € C([0, T]; V,), which makes the initial
condition u#(0) = uy meaningful. It is also noticed that if u is a strong solution of (1.1), then
u satisfies the equation

L;—b:(t) +vAu(t) + Bu(t)+ Cu(t)= f(t) inH, forae.te(0,7T)

and satisfies the following energy equality forall 0 <s <t < T:

u(t) 2-|-2v [ u(r) 2dr+2v tb B,u(r),u(r) dr
juto) 4
:\u(s)|2+2/ (f (), u(), dr

We now prove some a priori estimates for the (sufficiently regular) strong solutions to

(1.1).

Lemma 3.1 Ifu is a strong solution of (1.1) on (0, T'), then we have

T
f lu)|*dr < K1, Ki=Ki(luol. I f 20, v T M), (3.2)
0
sup |M(S)’2 <Ky, Kr=Ks(luol, 1 fll20.7:0,5 V> Ts 1) (3.3)
s€l0,T]

Proof Replacing v by u(t) in (3.1) we get
— |u(t)| + 2w =2(f 0, u(t)), — 2vb< . Lu(1), u(z)> (3.4)

where we have used the facts that b(u(t), u(t), u(t)) = 0 and (Cu(t), u(t)), = b(%, u(t),
u(t)). Using Lemma 2.3 and the Cauchy inequality, we have

d 2 Vgloo
O 2 <260+ ST 20 B o
Hence
2
—|u(z)\ +2(—ou®|’ < 240l 3.5)

— 2e€v)

where yp =1 — 1 i > 0 and € > 0 is chosen so that yy — € > 0. By integrating in ¢ from 0

to T, after dropplng the unnecessary term, we obtain (3.2). Then by integrating in ¢ of (3.5)
fromOtos,0<s < T, we obtain

W[ = ol + 5 / \rof dr.

Hence we get (3.3). O

ox
K04,

2oy
¢y %
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Lemma 3.2 [f u is a sufficiently regular solution of (1.1) on (0, T), then

2
sup [ut)| < K3, K3 =K3(Ky, Ka), (3.6)
te€[0,T]
g 2
/ !AM(I)| dt < K4, Ki=K4(Ky, K»). 3.7
0

Proof Thanks to (3.1), replacing v by Au(t), we get

d
E(u(t), Au@®), +v((®), Au®))), +v(Cu®), Au(®), +b(u(®), u(®), Au(t))
= (f (1), Au®),. (3.8)

Since ((¢, ¥)), = (Ad, V) Vo, Y € V,, this relation can be rewritten as follows:

1d
5 7l I” + v]Au@)|* +v(Cu), Au(®), +b(u(), ut), Au(®))

v

1
= (f (), Au®), = J1Au®P + | f O (3.9)

~

By Lemmas 2.1 and 2.3, (3.9) implies that

172 32

d 1
T [+ auf = Z[au) [ + < FOF +eaue)]| | au) [ futo)|

N =

v
+ M||u(r)|||Au(t)|. (3.10)
mo
Using the Young inequality, we obtain
1d v 1
5 7l +vlau] < Jauo + S| o)

+ £|Au(t)‘2 AN TIG) ”4

VIVgleo

2 V|Vg|oo
+ 172 ’A“(t)‘ +
mokl

H . (3.11)

Then,

d [V&loo
P I (R ) L)

vIVgIoo

—\f(r)| + 20w Ju|* + || |’ (3.12)

Dropping the term v(1 — 'Vi’ '1°/°2 )| Au(t)|?, we obtain the differential inequality
mohy

Yy <a+0y,

4\ Springer e



STRONG SOLUTIONS TO 2D g-NAVIER-STOKES EQUATIONS

where

IVglooh;”
2m0 ’

2
v = atn =2 00 = & u) [ Ju) |+

from which, by applying the Gronwall inequality, we obtain

y() < y(0) exp(/te(r) dr) + /ta(s) exp(/te(r) dr) ds
0 0 0

or
Vgls
Juo” = o] exo [ (e fucor ) +%)d1>
0 mo
2 [t ! v 1/2
2 [l ew( [ (gl Pl + L0 ) as. @
v Jo 0 2my
By Lemma 3.1, we get (3.6). Integrating (3.12) from O to 7', we obtain (3.7). ]

Theorem 3.1 Suppose that f € L*(0, T; H,) and ug € V, are given. Then there exists a
unique strong solution u of (1.1) on (0, T). Moreover, the map uy +— u(t) is continuous on
V, for all t € [0, T, that is, the strong solution depends continuously on the initial data.

Proof (i) Uniqueness and continuous dependence. Assume that u and v are two strong so-
lutions of (1.1) with initial data u, vo. Setting w = u — v, we see that

w e L*(0, T; D(A)) N L®(0, T; Vy)

and

d
Ew—{—vAw—{—va:Bv—Bu,

U)(O) = Uy — Vg.

Taking the inner product with Aw, we have

d

E(w, Aw), +v(Aw, Aw), +v(Cw, Aw), =b(v,v, Aw) — b(u, u, Aw).
By the equality (A¢, ¥), = ((¢, ¥)), and the trilinearness of b(-, -, -) we have

d 2 2

E||w|| + 2v|Aw|” = -2v(Cw, Aw), — 2b(u, w, Aw) — 2b(w, v, Aw).

Hence, by Lemmas 2.1 and 2.3,
d \Y

—wl? 4+ 2v]Aw]* < 2vﬂ lwll|Aw]
dt mg

+ 2¢3|ul 2 Aul P wll| Aw] + 2¢3 w2 Aw] 2 v ]| Aw].

;h{m;ig @ Springer
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Since ||w||> < A1|Aw|?, by Cauchy’s inequality and Young’s inequality, we obtain

vIVgl%
2

myg

d
E||w||2+2v|Aw|2§v|Aw|2+ llwl?

v 2¢3
+ 1AWl + =2 ul| Aul|w]*

6¢ 4
IAWI +— e 2 vll*lwl).

Hence

d v|Vg|2 2c2 6¢ 4
d—||w||2§< +—3| [|Au |+ ||v|| llw|>.
t mg

Thus, one has

oo < P exp( [ (L2 4 2 o Jawco] + 52 oo ) as).
0 m()

or
t \v/ 2 2 2 6 4
) — ()| < ||u0_v0||2exp</0 (w}n—‘il"o-l-%|u(s)}|Au(s)|+U—§31||v(s)||4) ds).
0

This implies the uniqueness (if uy = vy) and the continuous dependence of the strong solu-
tion on the initial data.

(i) Existence. We split the proof of the existence into several steps.

Step 1: A Galerkin scheme. Let vy, vs, ... be a basis of V, consisting of eigenfunctions
of the operator A, which is orthonormal in H,. Denote V,, = span{vy, ..., v,,} and consider
the projector P,u =", (, v;)v,. Define also

W) = am (),

j=1

where the coefficients «,, ; are required to satisfy the following system:

d
E(um(,), U.f)g +v(Au" (@), v,-)g +v(Cu™ (1), vj)g +b(u" (1), u™ (1), v;)

=(f®.v), Yi=1....m, (3.14)

and the initial condition u” (0) = P,,u. This system of ordinary differential equations in the
unknown (&, 1(?), ..., &y, (¢)) fulfills the conditions of the Peano theorem, so the approx-
imate solutions u,, exist.

Step 2: A priori estimates. Using (3.14) and replacing v; by Au™ (t), we get

d
E(um @, Au’”(t))g +v((u" (@), Au™ (z)))g +v(Cu™ (1), Au™ (r))g
+b(u" (@), u" (), Au™ (D)) = (f (1), Au" (1)), (3.15)

@ Springer mee
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This relation is similar to (3.8). Doing exactly as in Lemma 3.2 for ™, with u, replaced by
ug , and noticing that

lug | = I Puoll < lluoll,
we conclude that
{u"} is bounded in L*(0, T; D(A)) N L0, T; Vp). (3.16)
Now, observe that (3.14) is equivalent to

du™
dt

=—vAu" —vCu™ — P,Bu™ + P, f.

Hence, by Lemma 2.2 we have
{(u'”)/} is bounded in L*(0, T; Hy).

Step 3: Passage to the limit. From the above estimates we conclude that there exist
ueL*0,T; D(A) N L®O,T; V,) with u’ e L*(0,T; H,), and a subsequence of {u™},
relabeled the same, such that

{u™} converges weakly-star to u in L*(0, T; V),
{u™} converges weakly to u in L*(0, T; D(A)) and (3.17)
{(u’")/} converges weakly to u’ in L*0, T; Hy).

Since 2 is bounded, we can use the Compactness Lemma (see e.g. [15, Chap. III, Theo-
rem 2.1]) to deduce the existence of a subsequence (still denoted by) u™ which converges
strongly to u in L*0,T; Vo).

Then we can pass to the limit in the nonlinearity b thanks to the following lemma whose
proof is exactly the proof of Lemma 3.2 in [15, Chap. III].

Lemma 3.3 [f u,, converges to u in L2(0,£; V,) strongly then, for any vector function w
with components belonging to C'([0, T] x £), we have

T T
/b(un,(t),um(t),w(t))dtﬁf b(u(r), u(®), w(t))dt.
0 0

Finally, we prove that u(0) = uy. Let ¥ be a continuously differentiable function on
[0, T'] with ¥ (T') = 0. Multiplying (3.14) by ¥ (¢) and integrating by parts the first term, we
get

T

T
—/ (um(r),vjw’(r))gdwrvf (Au™(®),v; ¥ (1)), dt
0 0
T T
+v/ (Cu’"(t),vjl//(t))gdt—l—/ b(u™ (1), u™ (1), vy (1)) dt
0 0
T
:(um(O),vj)gW(O)-f—/(; (SO, vy ®),dt.

e &\ Springer
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Passing to the limit and noting that the set {v;}3, is dense in V,, we have

T T
_/0 (u(z),vl/f’(t))gdt—l—vv/o (Au(), vy (1)), dr

T

T
+v/ (Cu(z),vw(t))gdt—irf b(u(r), u(r), vy (1)) dt
0 0

T
= (o, V) ¥ (0) +/ (fO.v¥®),dt (3.18)
0

holds for any v € V,. On the other hand, we can multiply (3.1) by v (¢), integrate on (0, T')
and apply the integration by part for the first term to get

T

T
—/O (u(t),mﬁ’(t))gdl—i—v/o (Au(®), vy (1)), dt

T

T
+v/ (Cu(t),vw(t))gdt—f-f b(u(), u(t), vip (1)) dt
0 0

T
= (u(0),v),¥(0) +/0 (f®O,v¥ @), dr. (3.19)
By a comparison with (3.18), we have

((0) = uo, v) ¥ (0) =0.

We can choose ¢ with ¥ (0) # 0, thus u(0) = u. This completes the proof. o

4 Finite time approximation of the strong solutions

In this section, we will study the finite time numerical approximation of the strong solutions
by using a space and time discretization scheme. This scheme combines a discretization in
time by an alternating direction method with a discretization in space by finite elements.

Denote by H a regular triangulation of §2 and by W), h € H, a family of finite dimen-
sional subspaces of HO1 (82, g) such that U, <4, W}, is dense in HO1 (£2,g). Forevery h, Vj, is a
subspace of W),. The family Vj,, h € H, constitutes an external approximation of V,. From
the results in [15, Chap. I], the preceding approximation is stable and convergent.

For every h, let ug, be the projection (in HOI (£2,g))of ugon V, ie.,

uon € Vi,

4.1
((uon, Uh))g = ((uo, Uh))g Vo, € V.

Let N be an integer, k = T /N . For every h and k, we now recursively define a family u;"“/ :

of elements of V;,,m=0,...,N —1,i =1, 2. We start with

0
I/th =Upp-

"
=00
ov

F
3
]
=]

vie
a 3
"o
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STRONG SOLUTIONS TO 2D g-NAVIER-STOKES EQUATIONS

m+1/2 m+1

Assuming that u}', m > 0, is known, we define u,, and u; " as follows:

m+1/2
U eV,

l m m m m m
) 3 (o), 4 S (R ) = (£ w), Yo e Vi

4.2)
where
1 oDk
:%/ f@)dt,
and
m+1 c Wh,
Lo st _ mb1)2 Vo(,m+l Vi mtl
L ) (), ), @)
+b(uzl+l uZlJrl h)=0 Vv, € Wy,
where

b(u, v, w) = Z / i[((Divj)w; —vi(Diw))]}g dx.

i,j=1

The existence and uniqueness of a solution umH/ 2 of (4.2) follows from the Riesz represen-

tation theorem. The existence of a solution u; " € W, of (4.3) follows from the Brouwer
fixed point theorem (see [15, Chap. II, Lemma 1.4]). We associate this family of elements

u;:m/ * of W, with the following functions defined on [0, T]:

m+1

. (’) is the pleceW1se constant function which is equal to u,,

1, 2 m=0,. —1.
° ii,(:) is the continuous function from [0, T'] into W, which is linear on (mk, (m + 1)k) and
equal to uzm/z atmk,i=1,2:m=0,...,N—1.

m+i/2

on [mk, (m 4+ 1)k), i =

By adding (4.2) and (4.3) we obtain a relation which can be reinterpreted in terms of these
functions as:

<d3?) t—k), v;,)g + %((u,i“(r) +ul (1), v)),
+ g(cu,ﬁ”(z) +Cu® @), w), + b 1), (1), )
= (fi(0), vh)g Yo, € Vi, (4.4)
where
fi)=f" fort € [mk, (m+ 1)k).

Similarly, by adding (4.3) to the relation (4.2) for m + 1, we arrive at an equation which is
equivalent to

diiy” Voo @
< i ) +§((uk (t+k) +u (D), vh)),
8
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v
+ E(CL‘/((])(I + k)4 Cul @), Uh)g +b(ud (), ul (1), vy)
= (fk(f + k), Uh)g Yv, € Vj,. 4.5)

‘We now discuss the behavior of these functions u,(c), u}c ), as h and k tend to 0.

Theorem 4.1 Under the above assumptions, the functions u,((), u,((),l = 1,2, belong to a
bounded set of L*(0, T; Hy(£2,8)) NL>(0, T; L*(£2, g)).

As k and h — 0, u,(:) and ﬁ',(f) converge to the strong solution u of (1.1) in L*0, T;
HO1 (2,8)) and L1(0, T; L*(2, ) forall 1 <q < co.

Proof (i) A priori estimates. Setting v;, = u}:'“/ Zin (4.2) and observing that

(a—b,a):%(mlz—|b|2+|a—b|2) Va,b € Hy,
we get
R T T
=2k(f"uy ), - uk(cu;j“/{ up ),
< vke|[ul?|? + |f’”| + k| '1/2}1/““/2 g (4.6)
whence
P o ko= o < S @

where yp=1— Vg ‘ffz > 0, and € is chosen such that yy — € > 0. Similarly, taking v, = uZ‘H
my.

in (4.3), we can deduce that

|MZ7+1|2 | m+1/2| +| m+l Z1+1/2|2+vk||u;ln+1||2_ |Vg|10/<; || m+l|| <0,

or
P = P P v <0 4

By adding all the relations (4.7), (4.8) form =0, ..., N — 1, we obtain

|uh | +Z |um+1 m+l/2| +‘ m+1/2 M?|2)
m=0
N—-1

+vk Y ((n—e)

m=0

PN
< fuonl* + i >
m=0

P ol )

"
=00
ov

F
3
]
=]

viE
a 3
"o
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5 kNl pemsnk 2
<luon|"+—— f (s)ds
O €EVAq MX:(:) mk !
1T 2
< |uon|* + J/ |f(s)| ds (by Schwarz’s inequality). 4.9)
1 Jo

Since ||uon || < ||luol|, we then conclude that

2

Z ml _ m+1/2|2 ’m+1/2 umz)sL, (4.10)

m=0

N—1
L
kZ ()/0 _6)”um+1/2“ + 7 ”Mm+1|| )E
m=0

=, @11
v

where
1 ) 1 r 2
=— — ds.
all + = [P s
By adding the relations (4.7) and (4.9) form =0, ..., p, after a simplification we obtain
') <L, p=0,...,N—1 (4.12)

Adding the relations (4.7) for m =0, ..., p and (4.9) for m =0, ..., p — 1, and dropping
unnecessary terms, we find that

)<L, p=0,...,N—1 (4.13)

The relations (4.11)—(4.13) imply that the functions u,((l), u,((l), i =1, 2, belong to a bounded
setof L=(0, T; L*(£2, g)) and that u,il), uy @ belong to a bounded set of L>(0, T; H (£2,2).
In order to show that 17,((’) also belongs to a bounded set of L2(0, T; H0 (£2, g)), we observe

by a direct calculation that

Ml(ci)_ﬁl(ci)ﬁz(OJ;Lz(QA,g)) Z| m+if2 m I+1/2|

< %L (by (4.10)). (4.14)

(ii) Convergence of u,(:) , u,({’)as k,h — 0. Due to the previous a priori estimates, there

exist a subsequence and ", u® in L*(0, T; H} (2, g)) N L>°(0, T; L*($2, g)) such that

u]((i) — u® weakly in L2(0, T; Hy (£2, g).
| | (4.15)
u’ — u” weakly-star in L®(0, T; Hy), i=1,2.

The relations (4.10) and (4.14) imply that the same is true for u(') i =1,2. Now we infer
from (4.10) that

2) (1)
|lu — uy L2070 <KL (4.16)
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and therefore
u? —ul” -0 inL*0,T;H) ask— 0,

so that u® = u). We also deduce from the properties of the V,'s (which constitute an
external approximation of V,) that u‘" belongs in fact to L*(0, T'; V,) N L>(0, T; H,):

u® =uY =u, € L*(0, T; V) N L™(0, T; H,). 4.17)
To prove that u, is a strong solution of (1.1), we need the following result.

Lemma 4.1 [16, Theorem 13.3] Assume that X and Y are two Banach spaces with the
property

Y C X, the injection being compact.

Let G be a bounded setin L'(0, T; Y) and L?(0,T; X),T >0, p > 1, such that

T—a
/ |g(a+s)—g(s)|;ds—>0 as a — O uniformly for g € G. (4.18)
0
Then G is relatively compact in L1(0, T; X) forany g,1 <q < p.

By integration of (4.5),
~(1) ~(1) Ty @
(i, +a) — T (t))g = —/ 5((uk (s +k)+u’(s), vh))g
t
v
+ 2 (Cu 6+ 0+ CuZ (5). va)  + b (), (5), 1)
= (fis +h), Uh)g}ds Y, € V.

We majorize the absolute value of the right-hand side of this equality as follows:

Vo in rra ) 2 12
< 2oV ||vh||</ 1 (s + o)) ds)
t

v T 1 172
sza“znvhn(/ ||u,£’(s+k)||2ds)
t

1/2
<cia'?|ull,

v

t+a
5/ ((u,((l)(s —l—k),vh))gds

where ¢; = ¢;(ug, f, v, T, £2). Similarly, we have

v t+a )
; f (4 ). 1)), ds

12
< ca'Plull.

1/2
<caul,

t+a
/[ (fils + k), vh)gds

Vv

t+a
3 / (Cu,(cl)(s + k) + Cu,(f) (s), vh)g ds
t

"
=00
ov

F
3
]
=]

viE
a 3
"o
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) t+a v t+a
< 5/[ (CM,((I)(S-Fk),Uh)gdS +‘§/; (Cu,(f)(S),vh)gds

v Vel v Velo |
SE/, mok}/ZH“k (s+k)||||vh||ds+§/t p 1/2 ’ (s )”I|vh||d€
< csa' vy,

where ¢4 = c4(uo, f,v, T, 82, mo, A1, |Vg|xo)-
For the term involving b, using Lemma 2.1, the Holder inequality, and the fact that u(z
is bounded in L>(0, T; L*(£2, g)), we have

)

t+a
2 2
/ b(ud (s), ul (5), vi) ds| < esa vy |-
t

Finally, we obtain the majorization
|7t +a) — T @), u),| <coa ol Yoy € V. (4.19)

Since u( )isa Vy,-valued function, we can take v, = i, )(t +a)— (])(t), and we find after

integration with respect to ¢ that

T—a T—a
/ |ﬂ§‘>(t+a)—a‘,i‘>(z)|2dt§c6a1/4/ |70 +a) -7 @) | de
0 0
T— ) 1/2
56601/4(T)1/2</ |7 +a) — 7o) df)
0
Then

T—
/ G0 +a) =7 )| dr < cra"*. (4.20)
0

We apply Lemma 4.1 as follows: G is the family of functions #" which is bounded
in L*(0,T; Hy($2,2) N L*0,T; L*(£2,2), (Y = HJ(2,8), X = L*(2,8),p = 2),
so that (4.18) follows from (4.20). We conclude that u,((l) is relatively compact in
Li(0,T; L*(£2,8)), 1 <g <2, and since u() converges weakly in L1(0, T; L?>(£2, g))

to u,, u,(( ) converges to u, strongly in L1(0, T; L*>(£2, g)), 1 < g < 2. As the sequence u(l)

is bounded in L>(0, T; L?(£2, g)), we conclude from the Lebesgue dominated convergence
theorem that

ﬁ,((l) — u, strongly in L9 (0, T: L*($2, g)), 1<g<oo. (4.21)
Combining (4.14), (4.16) and (4.21), we have
u,({’), u,(:) converge to u, strongly in L? (0, T: L*($2, g)), 1<g <oo. (4.22)

(iii) Passage to the limit in (4.5). Let ¥ be any C' scalar function on [0, 7] which van-
ishes near 7. We multiply (4.5) by v (¢), integrate in ¢ and integrate by parts the first term
to get

T
/O { —(@ O, vy’ 1), + %((u;“(r +K) +ud (0, up (1)),
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+ %(Cu,ﬁ”(z +) + Cud (0, vy 0) , +b(w? ), ud @), v Y () } dt

T
=/ (fet + k), vy (1)), dt + (uon, v) ¥ (0). (4.23)
0

Let v be an arbitrary element of V,. Choosing an approximation vj, of v, and passing to the
limit in (4.23) we get

T
/0 [~ (.0, 09’ ©),, + v (), 0¥ (0)),
+(Cun(), v (1), + b (), us (1), v¥ (1)) } dt

T
:/0 (fe®. vy (1), dt + (o, V)Y (0), (4.24)

where we have used the strong convergence (4.22) to pass to the limit in the nonlinear term.
We deduce from (4.24) that u, is a strong solution of (1.1) with the initial datum u, and
therefore, by the uniqueness, u, = u. This completes the proof. O
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