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Abstract. The purpose of this paper is to examine the notion of completely random op-
erators and to prove some random fixed point theorems for such operators. Unlike many
random fixed point theorems for random operators, it seems to be impossible to obtain
them from deterministic fixed point theorems.
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1 Introduction

Let (2, ¥, P) be a probability space, let X, Y be separable metric spaces and let
f Q2 x X — Y be arandom operator in the sense that for each fixed x in X, the
mapping w — f(w, x) is measurable. An X -valued random variable £ is said to
be a random fixed point of the random operator f : Q2 x X — X if

f(@,§(w)) =§(@) as.

Random fixed point theory is an important topic of the stochastic analysis. In re-
cent years, many random fixed point theorems have been proved (see, e.g., [1-4]).
Some authors (see, e.g., [2,6—8]) have shown that under some assumptions the ran-
dom operator f : 2 x X — X has a random fixed point if and only if for almost
all @ the deterministic mapping f,, : x +— f(w, x) has a fixed point. Therefore,
the existence of a random fixed point follows immediately from the existence of
corresponding deterministic fixed point.

A random operator f : Q2 x X — Y may be considered as an action which
transforms each deterministic input x in X into a random output f(w,x) with
values in Y. Taking into account many circumstances in which the inputs are also
subject to influence of a random environment, an action which transforms each
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random input with values in X into random output with values in Y is called a
completely random operator from X into Y.

In Section 2, we give some definitions concerning completely random operators
and some properties of such operators. Section 3 involves some results about ran-
dom fixed points of weakly contractive and ( f, ¢)-contractive completely random
operators. It should be noted that the existence of random fixed point of a com-
pletely random operator does not follow from the existence of the corresponding
deterministic fixed point theorem as in the case of random operator. In the last
section, some applications to random equations are presented.

2 Some properties of completely random operators

Let (2, ¥, P) be a complete probability space and B be a separable Banach space.
A mapping & : Q@ — B is called a B-valued random variable if £ is (¥, 8)-meas-
urable, where 8 denotes the Borel o-algebra of B. The set of all (equivalent
classes) B-valued random variables is denoted by LOB (2) and it is equipped with
the topology of convergence in probability. For each p > 0, the set of B-valued
random variables & such that E ||||? < oo is denoted by Lg ().

At first, recall that (see, e.g., [9]):

Definition 2.1. Let X, Y be two separable Banach spaces.

(1) A mapping f : 2 x X — Y is said to be a random operator if for each fixed
x in X, the mapping  — f(w, x) is measurable.

(2) The random operator f : 2 x X — Y is said to be continuous if for each w
in Q the mapping x — f(w, x) is continuous.

(3) Let f,g: Q2 x X — Y be two random operators. Then g is said to be a modi-
fication of f if for each x in X, we have f(w, x) = g(w, x) a.s. Note that the
exceptional set can depend on x.

The following is the notion of the completely random operator.

Definition 2.2. Let X, Y be two separable Banach spaces.
(1) A mapping & : LOX Q) — Lg (R2) is called a completely random operator.

(2) The completely random operator @ is said to be continuous if for each se-
quence (1) in Lé‘(Q) such that limu, = u a.s., we have lim ®u, = du a.s.

(3) The completely random operator @ is said to be continuous in probability if
for each sequence (u) in Lé( (€2) such that lim u,, = u in probability, we have
lim ®u,, = ®u in probability.
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(4) The completely random operator @ is said to be an extension of a random
operator f : Q2 x X — Y if foreach x in X

Px(w) = f(w,x) as.,
where for each x in X, x denotes the random variable u in L(})( (2) given by

u(w) = x a.s.

Theorem 2.3. Let f : Q x X — Y be a random operator admitting a continuous
modification. Then, there exists a continuous completely random operator

@ LF(Q) > Ly (Q)

such that ® is an extension of f.

Proof. Let g be a continuous modification of f. Define @ : L()f (Q) — Lg (2) by
Pu(w) = g(w, u(w)) (2.1)

for each random variable u in L(})( (2). This definition is well-defined. Indeed,
by [5, Theorem 6.1], g : Q2 x X — Y is measurable, hence w — g(w,u(w)) is
measurable. Next, we have to show that if /4 is another continuous modification
of f, then

glw,u(w)) = h(w,u(w)) as.

By the separability of X, there exists a sequence (x,) dense in X. For each x,,
there exists a set 2, of probability one such that g(w, x,) = h(w, x,) for all @
in 2,.Let Qo = ﬂzozl Q. Clearly, 2 has probability one and we have

g(w,xp) = h(w, x,) forallw e Qy, forall n. 2.2)

Fix w in Q. By the density of (x;) in X, there exists a subsequence (x5, ) con-
verging to u(w). By the continuity of the mapping x — g(w, x) and the mapping
X — h(w, x), we have

lim g(w,xn,) = g(w, u(®)),
k—o00 2.3)
klim h(w, xp,) = h(w, u(w)).

By (2.2) and (2.3), we conclude that
h(w, £(w)) = g(w,E(w)) forallw € Qo

as claimed.
From (2.1), it is easy to show that the completely random operator ® is contin-
uous and is an extension of f. |
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Proposition 2.4. Let O : LOX (Q) —> Lg (2) be a completely random operator.
Then, the continuity of ® implies the continuity in probability of ®.

Proof. Let (uy) be a sequence in L())( (2) such that p-limu, = u. We have to
show that p-lim ®u, = Pu. On the contrary, suppose that ®u, does not converge
to ®u in probability. Then, there exist t > 0, & > 0 and a subsequence (1, ) such
that for all u,,

P(||Pupn, — ul| > t) > e.

Since p-limuy,, = u, there is a subsequence (u;k) converging a.s. to u. By the
continuity of @, (du), k) converges a.s. to ®u, so converges to Pu in probability.
Hence,

0= lilzn}P’(HCI)u;lk — Qu| >1t) > e

We get a contradiction. o

Definition 2.5. Let ® : L())( (Q)—L g (£2) be a completely random operator.

(1) The operator @ is said to be k (w)-Lipschitz if there is a positive random vari-
able k(w) such that for each pair u, v in L(})( (2)

[Pu(w) — Pv(w)| < k(@)|lu(w) —v(@)]| as.

Note that the exceptional set depends on u, v in general.
(2) The operator & is said to be probabilistic k(w)-Lipschitz if there is a real-
valued random variable k (w) such that for each pair u, v in Lé( (R)andz >0
P(l|Pu(w) — Pv(w)| > 1) < P(k(w)|u(w) —v(w)| > 1).
(3) The operator @ is said to be a (probabilistic) k(w)-contraction if & is (proba-
bilistic) k (w)-Lipschitz with k(@) < 1 for all .
(4) The operator @ is said to be a (probabilistic) non-expansive completely ran-
dom operator if ® is (probabilistic) 1-Lipschitz.
Clearly, if ® is k(w)-Lipschitz, then ® is probabilistic k(w)-Lipschitz.

Proposition 2.6. The following hold:
) If & L())((SZ) — Lg(Q) is a k(w)-Lipschitz completely random operator,

then @ is continuous.

Q) Ifd: LOX () — Lg (R2) is a probabilistic k(w)-Lipschitz completely random
operator, then ® is continuous in probability. In particular, a probabilistic
non-expansive completely random operator is continuous in probability.
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Proof. The first assertion is easy to prove. We prove the second assertion. For each
u,vin L(})((Q), we have

P(||®u — Qv > 1) < P(k(w)|lu —v| > 1)
= Pk(@)llu — vl > 1. lu —vl| < r) + P(Ju —v]| > r)
<P@rk(w)>1t)+P(u—v|>r)
=Pk(w)>t/r)+P(u—v|| >r).
Suppose that p-limu, = u. Then, we have
P(||Pu, — Qu|| > t) < P(k(w) > t/r) + P(|lup —ul| > r).
So, foreachr > 0

limsup P (|| Quy, — Qu|| > t) < P(k(w) > t/r).
n

Leting r — 0, we get

limsup P (|| ®u, — du|| > t) = 0. o
n

3 Random fixed points of some completely random operators

Let f:Q x X — X denote a random operator. Recall that (see, e.g., [1,2,4])
an X -valued random variable £ is said to be a random fixed point of the random
operator f if

fw.§(@) =§(@) as.

Assume that the operator f is continuous. Then, by Theorem 2.3, the mapping
@ : LY (Q) — LY (Q) defined by

Pu(w) = f(w,u(w))

is a completely random operator extending f. For each random fixed point £ of f,
we get

Pé(w) = E(w) as.
This leads us to the following definition:

Definition 3.1. Let & : Lé" () — L(}f (2) be a completely random operator. An
X -valued random variable £ in Lé( (2) is called a random fixed point of ® if

P& =£ as.
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Definition 3.2. Let f : Q x [0, 00) — [0, 00) be a mapping such that for each @
in Q, f(w,t) =0ifand only if = 0.

(1) The completely random operator
O LY (Q) > LF(Q)
is said to be f(w, t)-weakly contractive if for each pair u, v in LOX ()
[Pu(w) = Pv(w)] < [u(@) —v(@)| - fo. lu(w) —v@)]) as. (3.1
(2) The completely random operator
@ LF(Q) > LF(Q)

is said to be probabilistic f(w, t)-weakly contractive if for each pair u, v in
L¥(Q),and? >0

P([[®u(w) — Pv(w)]| > 1)

(3.2)
< P(Jlu(w) —v()|| = f(o, [[u(w) = v(@)[) > ).

Clearly,

« If the operator @ is probabilistic f(w, t)-weakly contractive, then it is proba-
bilistic non-expansive, so it is continuous in probability.

e If the operator @ is a (probabilistic) k(w)-contraction, then ® is a (probabilis-
tic) f(w, t)-weakly contractive completely random operator where

flw.1) =1 —k(@)r.

Theorem 3.3. Let O : LOX(Q) — LOX(Q) be an f(w,t)-weakly contractive com-
pletely random operator where for each w in 2, the function t — f(w,t) is non-
decreasing. Then, ® has a unique random fixed point.

Proof. Let ug be an arbitrary X -valued random variable. We define the sequence
(un) C L (2) by
Up+1 = du,, n=0,1,.... 3.3)

By (3.1), for each pair (i, j), we have
[@u; — Puj|| < [lui —uj| — flo, |lui —ujl) as.

Hence, there is a set D of probability one such that for each @ in D and for all
pairs (i, j)

[®ui(w) = Puj(w)|| < [lui(w) —u;j(@)|| = fl@, [[ui(w) —uj(@)[). (3.4
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In particular, for each w in D and for all pairs (i, j)
[Pui(w) — Puj(w)|| < [[ui(@) —uj(@)]. (3.5)
Claim 1. For each w in D, we have
lim [|uj 41 (@) — ui(@)| = 0.
By (3.5), we receive

[ui+1(@) —ui(@)|| = [|Pu; () = Pu;i—1 ()]
=< llui(@) —ui—1(@)].
This implies that
lim | +1 (@) —uj(w)|| = L(w) >0 forallw € D.

We have to show that L(w) = 0 for all @ in D. On the contrary, suppose that
there exists @ in D such that L(w) > 0. Then, ||u;+1(w) —u;(w)| > L(w) and
f(w, |uj+1(w) —u;(w)|]) > f(w, L(w)) = L > 0. Hence, for each i

[ui+2(@) —uit1(@)| = [[Pu;it1(w) — Pu; ()|
< ui+1(0) —ui(@)|| = f(o, [ui+1(0) — ui(@)]])
< ui+1(w) —ui(@)| - f(o, L(®))

= [[uj+1(w) —ui(w)|| - L.
Adding the above inequalities fori =0, 1,...,n — 1, we get for all n
[un+1(@) —un(@)| = llur(®) —uo(®)|| —nL
which is a contradiction.
Claim 2. There exists & in L())( (2) such that
limu, =£& as.
Fix w in D. Given ¢ > 0. By Claim 1, there exists N such that
lun+1(@) —un(@)|| <minfe, f(w.e)}.

We shall show that for eachn > N,

[un (@) —un(@)| = 2e. (3.6)
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Prove by induction. For n = N + 1, inequality (3.6) holds. Suppose that (3.6)
holds forn > N.If |Ju,(w) —uy(w)| < e, then by (3.5)

[unt1(@) —un (@) = [Pun(w) — Pun(@)| + [|[Pun (@) —un (o)
< lun(@) —un @)l + [un+1(@) —un(@)| < 2e.
If ¢ < |up(w) —upy(w)| <2e,then

unt1(w) —un(@)| < [|Pun(w) — Puy (@)| + [|Puy (@) —un (@)

=< lun(@) —un (@) = f(@.[|un(@) —un (@)
+ lun+1(@) —un(@)]

< un(@) —un(@)|| = f(@. ) + [[un+1(@) —un ()]
< un(@) —un ()| = 2e,

i.e. (3.6) holds for n + 1. Hence (3.6) is proved. From this, (1, (®)) is a Cauchy
sequence for each @ in D, which implies Claim 2.

Since @ is continuous in probability, from (3.3), let n — oo we get § = D& a.s.
Therefore, £ is a random fixed point of .

Suppose that 1 is another random fixed point of ®. There is a set D’ of proba-
bility one such that for all @ in D’

1€ (@) = n(w)|| = [P (w) — Pn(@)]| < [|§(@) —n(@)]| - f(@. [|§(@) —n(@)]).

Hence, f(w, ||&(w)—n(w)]||) = 0 which implies ||£ (w)—n(w)| = 0 forall w in D’,
ie.&E =nas. |

As a consequence of Theorem 3.3, we get

Theorem 3.4. If the completely random operator ® is a k(w)-contraction, then ®
has a unique random fixed point.

Theorem 3.5. Let ® be a probabilistic f(t)-weakly contractive completely ran-
dom operator where the function f(w,t) = f(t) <t forallt > 0. Foreacht > 0,

define
ney = inf 2.

s>t s

Assume that h(t) > 0 for all t > 0. Then,

(1) @ has a random fixed point if and only if there exist a random variable u in
Lé((Q) and p > 0 such that

E || ®ug —upl|? < oo. 3.7)

In this case, ® has a unique random fixed point.
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(2) Let (uy) in L())((Q) be a sequence given by
Up+1 = du,, n=0,1,..., (3.8)
and & be the random fixed point of ®. Then, we have the following estimation:
(qP)"
qﬁ)lﬂy tp

where M = E | Qug —ugl||?, g = 1 —h(z).

P(llun —&ll > 1) <

Proof. (1) If ® has a random fixed point &, then (3.7) holds with ug = & for any
p > 0.

Conversely, suppose that E || ®ug — ug||? < oo for some ug € LOX(Q), p>0.
We will show that (u,) given by upy4+1 = Qu, (n =0,1,...) is a Cauchy se-
quence in Lé‘ (£2). Define the function g(¢), ¢t > 0, by

si=1-1©

So, we have
f@)=(1-g@)r.

Since f(¢) > Oforallt > 0, we get g(¢t) < 1 forallz > 0. For any u, v in LOX(Q),
we have

P(|Pu(w) — Pv(w)|| > 1) < P(Ju(@) — v(o)|| - f(lu(w) —v(@)]) > 1).
Equivalently,
P([Pu(w) — Pv(w)]| > 1) < P(g(u(w) —v(@)Dlu(w) —v@)]| >1). (3.9)

Fixt > 0. Foreach s >t > 0, we have

g =1-1D <1y = g0

Since g(¢) < 1, we get
{g(lu —vIDlluw — vl > 1} C{{ju —v] >1}.
Hence,
P(|Pu — @v|| > 1) < P(g(lu —vDlu —v] > 1)
=P(g(lu —vIDlu — vl > 2. lu—v] > 1)
<P@®lu—vl >t llu—-v]>1)
< P(g@)[lu —v] >1)
=P(lu—vl| >1/q(t)) = P(lu—vl >1/q)
where ¢ = g(t). Note that ¢ < 1 since A(¢) > 0.
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From this for each n, we obtain
P(lun+1 —unl > 1) = P(|QPup — Pup—1| > 1) < P(|un —un—1l > 1/9).
By induction and Chebyshev’s inequality, we get
Plun+1 —unll > 1) = P(lun —un—1ll > 1/q)
<. < P(flur —uol > t/9")
= P(||Duo —uol > t/q")

@"? _,@nH”

< El|®uo — uol 7L -

Letr = g where ¢ < x < 1. Then, we have r > 1 and

( 1) 1—i— ! 4+ 4 ! + ! 1 forallm >1

r— -t =+ — — = or all m .
roor2 rm rm -

Thus, for any # > 0 and m, n in N, we have

P([untm —unl > 1) < P(|ttntm —unl > (1 —1/r")1)

= P(luntm —ungm—1ll > t(r = 1)/r™)

+ o+ P(lluntr —unl > 1(r = 1)/r)

< m[(rm)P(qn+m—l)p bt P (@M
M
= m(q”)l’rl’[(qry’(m—l) Foet (qr)? +1]
= M n 1— (qr)mp
S o T e
Mr?

b [(r — Dt]P[1 — (gr)P] (”)" (3.10)

which tends to 0 as n — oo. It implies that (1) is a Cauchy sequence in L(}f ().
Hence, there exists £ in L())( (£2) such that p-limu, = £.Letn — oo in (3.8). Since
® is continuous in probability, we get that £ = &£ a.s.

Let n be another random fixed point of ®. Then, for any # > 0, we have

P(I§ =nll > 1) = P(| P& — ®nl| > 1)
<PE—-nll>1t/q) <--- <P —nl >1t/q")

foralln > 0. Let n — oo, we have P(||E — || >¢) =0forany ¢ > 0,ie. £ =
a.s. Thus, ® has a unique random fixed point.
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(2) From (3.10), letting m — oo, we have

@) (_r \"_ 1
P(lun — £l > 1) = M= (r—]) 1—(gqr)?

gt (x N
tP \x—¢q) 1—xP

for any x in (¢, 1). Let f(x) be a function defined in (g, 1) by

x \? 1
Jx) = (x—q) 1 —xP’

By a standard argument, we get

1
min f(x) = —————.
xe(g,1) (1—qT¥p)l+p

Hence,
(q?)"

P(u, =&|| >1) <
(hen =811 > ) = o

Ifd: LOX (Q) > LOX (2) is a probabilistic k-contraction, then ® is a probabilis-
tic f(t)-weakly contractive completely random operator where f(¢) = (1 — k)t.
In this case, 0 < h(t) =1 —k < 1 for all + > 0. Hence, we get the following
corollary:

Corollary 3.6. Let @ : L(})( (RQ) — L(})( (R2) be a probabilistic k-contraction. Then,
® has a unique random point if and only if there exist a random variable ug in
L(})((Q) and p > 0 such that

E | ®ug — ugl|? < oo.
Definition 3.7. Let f : [0, 00) — [0, 00) be a continuous, increasing function such
that f(0) = 0,lim;— o f () = 0o and let ¢ be a positive number.
(1) The completely random operator & : L())( (Q) — L())( (£2) is said to be proba-
bilistic ( f, ¢)-Lipschitz if for each pair u, v in LaX ()
P(|Pu(w) — Pv(w)|| > f(1)) < P(lu(w) —v(w)| > f(/q). (3.11)

(2) The completely random operator @ : LOX (RQ) — L(})" (£2) is said to be proba-
bilistic ( f, ¢)-contractive if ® is probabilistic ( f, ¢)-Lipschitz with ¢ < 1.

Remark. If ® is probabilistic g-Lipschitz, then it is probabilistic ( f, ¢)-Lipschitz
for f(z) = t. In particular, if ® is probabilistic g-contractive, then it is probabilis-
tic (f, g)-contractive for f(¢) = t.
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Proposition 3.8. If O : LOX (Q) —> Lg (R2) is probabilistic ( f, q)-Lipschitz, then ®
is continuous in probability.

Proof. Lett > 0,and let g = f~! be the inverse function of /. Puts = g(¢). For
each u, v in LOX(Q), we have

P(|Pu — dvf| > 1) = P(||Pu — v > f(s))
<P(ju—vl > f(s/q) =P(g(u—vl)>s/q). 3.12)
Let r > 0 be sufficiently small such that s/r > ¢. Then,

P(g(lu —vl) > s/q) = P(g(lu —vl) > r) = P(Ju—v| > f(r)). (3.13)

From (3.12) and (3.13), we obtain
P(||®u — Qv > 1) = P(Jlu —v| > f(r)).
Suppose that (uy) is a sequence in LOX (£2) such that p-limu, = u. Since
P(||®un — Pul| > 1) < P(lun —ull > f(r)),
we get that
lim P(||®u; — dul|| >1t) =0.
n

Hence, @ is continuous in probability. o
Theorem 3.9. Let & : Lg( (RQ) — L())( (R2) denote a probabilistic ( f, q)-contractive
completely random operator.

(1) If ® has a random fixed point, then it has a unique one. Moreover, there exist
a random variable ug in L(‘;( () and p > 0 such that

M = sup tPP(||Pug — ug| > f(t)) < oco. (3.14)
t>0

(2) Assume that there exists c in (q, 1) such that

> fe") < 0. (3.15)

n=1
Then, condition (3.14) is sufficient for ® to have a unique random fixed point.

(3) Assume that for each t,s > 0

ft+s)= f@)+ f(5). (3.16)

Then, condition (3.14) is also sufficient for ® to have a unique random fixed
point.
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Proof. Let g = f~! be the inverse function of f. Then, g : [0, 00) — [0, 00) is
increasing with g(0) = 0,lim;— g(¢) = oo. Condition (3.11) is equivalent to
the following:

Pg(®u — Dvl) > 1) < P(g(llu —vl) > 1/q). (3.17)
Let ug in LOX(Q) such that (3.14) holds. Define a sequence (1) in LOX(Q) by
Upt1 = Pup, n=0,1,.... (3.18)
From (3.17)
Pg(lun+1 —unll) > 1) = P(g(|Pup — Pup—1]) > 1)
= P(g(lun —un—1l) > t/9).
By induction, we obtain for each n
P(g(lun+1 —unll) > 1) = P(g(llur —uoll) > 1/4"). (3.19)
(1) Let &, n be two random fixed points of ®. Then, for each # > 0, we have
PIE —nll > () = P(®§ — nl > f() = PIE —nl > f(/q)).
By induction, it follows that

P(I§ —nll > f@) = P(I§ —nll > f(t/q")) foralln.

Since lim,, oo f(t/q™) = 0o, we conclude that P (|| — n|| > f(t)) = 0 for each
t > 0. Hence, g(||€ — n||) = 0 a.s. So, we have £ = n a.s. as claimed.

Suppose that @ has a random fixed point £. Then take ug = & and we obtain
M =0.

(2) From (3.14), we have

M
P(g(lur —uoll) > s) < 7 (3.20)
From (3.19) and (3.20), we get
q"r
P(g(lun+1 —unl) > 1) < P (3.21)
Taking ¢ = ¢", from (3.21) we get
np
P(g(lunt1 —unl) > ¢") < M2 (3.22)
chp
ie.
q"r
P(lun1 —unl > f(c") =M (3.23)

cnp’
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Since

00 > q’”’
> Pllunts —unll > f() =M Zl o <%
n=

n=1
by the Borel-Cantelli Lemma, there is a set D with probability one such that for
each w in D there is N(w)

[unt1(@) —un(@)| < f(c") foralln > N(w).
By (3.15), we conclude that

> Juns1(@) = un (@) < o

n=1
for all @ in D which implies that there exists limu,(w) for all  in D. Conse-
quently, the sequence (uy) converges a.s. to £ in Lé( (£2). Since @ is continuous in
probability, from (3.18), letting n — oo, we get £ = O£ a.s.
(3) It is easy to see that for each 7,5 > 0
gls+1) =g(r) +g(s).

m
Hence, fora = ) ;. s;, we have

P(g(ltnsm —unll) > a) < P(g(z i = noria ||) > )

i=1

m
< P(Z glunti —unti-1l) > a)

i=1

m
< D P@(ltn+i —tnyi-1l) > 50),
i=1
From (3.21), we have

Mq(n+i—1)p
P(g(lun+i — un+i-1l) > si) < — 7 (3.24)

i
Putr = X where ¢ < x < 1 ands; = s(r — 1)/r’. An argument similar to that in
the proof of Theorem 3.5 yields

lim P(g(||un+m —unll) >s) =0 foralls >0,
n—oo

SO
lin;O P(lupnt+m —un| > f(s)) =0 foralls > 0.
n—

Thus, we obtain

lim P(||lup+m —unl|| >1t) =0 forallz > 0.
n—oo
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Consequently, the sequence (1) converges in probability to £ in LOX (£2). Since
® is continuous in probability, letting n — oo in (3.18), we get £ = ®f as. O

4 Applications to random equations

In the last section, we will give some applications of above results to random
equations.

Theorem 4.1. Let ® : L(})((Q) — Lé((Q) be a probabilistic ( f, q)-Lipschitz com-
pletely random operator where f is a function satisfying either (3.15) or (3.16).
Consider a random equation of the form

du — Au =, 4.1)

where A is a real number and 1 is a random variable in L(})( ().

Assume that e
=t
Al = sup —2Z

>0 f(t)

where q' € (0, 1). Then equation (4.1) has a unique random solution if and only if
there exist a random variable ug in L())( () and a number p > 0 such that

M = sup tPP(||Pug — Aug — 1| > |A] f(1)) < co. 4.3)
t>0

4.2)

Proof. Define a completely random operator ¥ by
du —n
A
Let g = f~! be the inverse function of f. Then, g : [0, 00) — [0, c0) is continu-
ous, increasing with g(0) = 0, lim;—o0 g(¢) = co. For each ¢ > 0, there exists 1’

sothat f(t') = |A| f(2),ie.t' = g(|A]| f(¥)). So, we have

P([%u —Wv| > f(1)) = P(||[®u — Dv|| > |A[ £ (1))
=P(|Pu - ®v| > f(t)
<P(lu—vll> f('/9)
=P(Jlu—vll > f((t/q") 't /q1)).
From (4.2), we receive || /(1) > f(%t). Then, we deduce g(|A| f(1)) > %t.
So, t' > %t and qq—; > 1. Direct computation shows that
P(|%u — Wl > f(t)) < P(lu—v| > f(t/q")
which implies that W is ( f, ¢’)-contractive.

By Theorem 3.9, ¥ has a unique random fixed point £ which implies that equa-
tion (4.1) has a unique solution &. |

Yy =
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Corollary 4.2. Let ® : Lg‘ (Q) - Lé( (R2) denote a probabilistic q-Lipschitz com-
pletely random operator. Consider the random equation

du — Au =1, 4.4)

where A is a real number satisfying |A| > q and n is a random variable in Ll),( (),
p > 0. Then, the random equation (4.4) has a unique solution if and only if there
exists a random variable u in L())( (2) such that

E || ®ug — Augl|? < oo. 4.5)

Proof. Suppose that equation (4.4) has a solution . Then, condition (4.5) holds
forug = §.

Conversely, suppose that there exists a random variable u¢ in L gf (£2) such that
(4.5) holds. So, @ is (f,q)-Lipschitz where f(¢) =t is the function satisfying
(3.15). Take ¢ < s < |A|. Then ¢’ = ¢/s < 1 and

f (&)
W>s=L a7
q f()
Moreover, for eacht > 0
E|®ug — Aug — nl|?
(PP (|| Dug — Auo — 5| > A1) < [ ®uo = Auo —nll” _

A2
since
E(|®uo — Aug — n||”) < CpE(||Puo — Auol|?) + Cp E [|n]|” < oo,
where Cj, is a constant. Hence, condition (4.3) is satisfied. By Theorem 4.1, we

conclude that equation (4.4) has a unique random solution. |

Theorem 4.3. Suppose that | : [0, 00) — [0, 00) is a function such that f(0) = 0,
f(@) <tand
S (s)

h(t) = inf =—= >0 forallt > 0.
s>t s

Let ®, W : LOX (RQ) — LOX () be two completely random operators satisfying the
following conditions:

(a) W(LE(RQ)) is closed in LE (),
(b) ®(LE(Q)) C W(LF(Q)),
(c) @,V are continuous in probability,

(d) foranyu,v in LOX(Q) andt > 0, we have

P(|®u — dvf| > 7) < P(|Wu — Yo — f([[Vu —Wv]) > 0).
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Then, the random equation
du = Yu (4.6)

has a solution if and only if there exist a random variable uq in L()f (Q)and p >0
such that
E ||d>u0 — \IJU()HP < Q. (47)

Proof. 1f (4.6) has a solution &, then (4.7) holds with ug = & and any p > 0.
Conversely, suppose that (4.7) holds. By condition (a), there exists an X -valued
random variable u; such that Yu; = ®ug. By induction, there is a sequence of
X -valued random variables (uy) such that Vu, = ®u,_;,n > 1. Let §, = Yu,
(n=1,2,...). We will show that (&,) is a Cauchy sequence in probability.

Set ,
s=1-12,

We have f(t) = (1 — g(¢))t and g(¢) € (0, 1) forallz > 0.
For any u, v € L())((Q), we have

t > 0.

P(||Qu — dv|| > t) < P(|Yu — Y| — f(||Yu — Yvl) > 1).

Equivalently,
P([|®u — dv| > 1) < P(g(||Yu — o) ||Yu — Yv| > 1). 4.8)
Fix ¢t > 0. For each s > ¢, we have
f(s)
gls) =1-===<1-h(t) =q0.

Since g(t) < 1, we get {g(||Yu — V)| VYu — Yv| >t} C {||VYu — WYv| > ¢}.
Hence,

P(|Pu — ®v|| > 1) < P(g(|Wu — W) [|Wu — W] > 1)
= P(g(|VYu — W) |Yu — Yo > ¢, || VYu — Yv| > 1)
<P@®)||Yu —Yv| > 1, ||Yu — Y| > 1)
= Pg)lVu — Yo >1)
= P([[Yu — Yo >1/q()) = P(|Vu — Vol > 1/g),
where ¢ = ¢(t). Note that ¢ < 1 since h(¢) > 0. We obtain
P(ln+1 = &nll > 1) = P(|Pup — Pup—1] > 1)
< P([Yup — Yvp_1| > t/q)
= P(lEn — &n—1l) > 1/9).
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By similar arguments as in the proof of Theorem 3.5, it implies that (&) is a
Cauchy sequence in probability. Hence, there exists & in L(})( (£2) such that
p-limé&, = &.

From the assumption (a), there exists u™ in Lé( (2) such that Yu™ = £. So, we
have

P([Wuupt1 — Qu*| > 1) = P(||Pup — du™|| > 1)
= P(Wup — Wu™[| = f([Wup — Yu™|) > 1)
=P - &l >0).
Let n — oo. We receive P(||§ — ®u™| > ¢) = 0 implying ®u™* = & a.s. Hence,

u* is a solution of the random equation (4.6). O

Remark. The following simple example shows that the random equation (4.6)
needs not to have a unique solution.

Example 4.4. Define two completely random operators ®, W : L1§ Q) — L](I){ ()
by ®u = k|u| + n, Yu = |u|, where 7 is a positive random variable, k € (0, 1).
It is easy to check that @, W satisfy all assumptions of Theorem 4.3 with

f@t)=k't, k' €(0,1—k),
and the random equation (4.6) has two solutions
1 1
S1=1_7" L=y

Corollary 4.5. Let ®, W be two completely random operators satisfying the condi-
tions stated in Theorem 4.3 and ®, V commute, i.e. DVu = VOu for any random
variable u in Lé( (2). Then, ® and ¥V have a unique common random fixed point
if and only if there exist ug in L())((Q) and p > 0 such that (4.7) holds.

Proof. 1If ® and ¥ have a common random fixed point &, then (4.7) holds with
uop = & and any p > 0.

Conversely, suppose that (4.7) holds. By Theorem 4.3, there exists & such that
dE = WE. Put § = & = WE. For ¢t > 0, we have

P(|®0 = 0] > 1) = P(||®0 — | > 1)
= P(|¥0 — V&[> 1/q)
=P(|¥®s 0] >1/q)
=P([|®VE - 0] >1/q) = P(|®0 -0 > 1/q).
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By induction, it follows that P(||®6 — 8| > t) < P(||®0 — 6| > t/q") for any
n in N. Letting n — oo, we have P(||®6 — 6| > ¢) = 0 for any ¢ > 0. Thus,
®0 = 0, i.e. O is a random fixed point of ®. We have

U = UOE = OUE = DI = 6.

So 0 is also a random fixed point of V.
Let 61 and 6, be two common random fixed points of ® and W. For each ¢ > 0,
we have
P61 — 621l > 1) = P(||P0y — PO2|| > 1)
< P(||w0; — W6 | > t/q)
=P(|61 — b2l > t/q) <--- < P(||01 — 02|l > t/q").
Letting n — oo, we have

P(||61 — 62| >t) =0 forallt > 0.

Hence 6; = 05 a.s. O

Acknowledgments. The authors would like to thank Dr. Ta Ngoc Anh for helpful
discussions and suggestions.

Bibliography

[1] 1. Beg and N. Shahzad, Random fixed point theorems for nonexpansive and con-
tractive-type random operators on Banach spaces, J. Appl. Math. Stochastic Anal. 7
(1994), no. 4, 569-580.

[2] T.D. Benavides, G.L. Acedo and H. K. Xu, Random fixed points of set-valued oper-
ators, Proc. Amer. Math. Soc. 124 (1996), no. 3, 831-838.

[3] A.T. Bharucha-Reid, Random Integral Equations, Academic Press, New York, 1972.

[4] A.T.Bharucha-Reid, Fixed point theorems in probabilistic analysis, Bull. Amer. Math.
Soc. 82 (1976), no. 5, 641-657.

[5] C.J. Himmelberg, Measurable relations, Fund. Math. 87 (1975), 53-72.

[6] N.Shahzad, Some general random coincidence point theorems, New Zealand J. Math.
33 (2004), no. 1, 95-103.

[71 N. Shahzad, Random fixed points of discontinuous random maps, Math. Comput.
Modelling 41 (2005), 1431-1436.

[8] D.H. Thang and T.N. Anh, On random equations and applications to random fixed
point theorems, Random Oper. Stoch. Equ. 18 (2010), no. 3, 199-212.

[9] D.H. Thang and T. M. Cuong, Some procedures for extending random operators, Ran-
dom Oper. Stoch. Equ. 17 (2009), no. 4, 359-380.



20 D.H. Thang and P. T. Anh

Received November 7, 2011; accepted October 12, 2012.

Author information

Dang Hung Thang, Department of Mathematics, Hanoi National University,
No 334 Nguyen Trai Str., Thanh Xuan dist., Hanoi, Vietnam.
E-mail: thangdh@vnu.edu.vn

Pham The Anh, Department of Information technology, Le Qui Don technical University,
No 100 Hoang Quoc Viet Str., Cau Giay dist., Hanoi, Vietnam.
E-mail: phamtheanhhn@gmail.com


mailto:thangdh@vnu.edu.vn
mailto:phamtheanhhn@gmail.com

