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Abstract-The model-based iterative reconstruction methods
have recently found its popularity in X-ray CT reconstruction
due to its ability in providing improved image quality (than
analytical methods) especially in low-dose condition where it
requires less radiation dose delivering through the patient body.
However, the application of iterative methods in practice is still
limited due to its expensive computation time. In particular, the
iterative methods require time-consuming calculations for
repeated projection and backprojection operations. This
requirement is more severe in reconstruction from low-dose scan
where more iterations are required to regularize the high noise
due to low detected counts. While the computational speed of
projection and backprojection has been dramatically increased
by using GPUs (graphics processing units), efforts to improve the
accuracy of modeling a projector-backprojector pair have been
hindered by the needs for approximations to maximize the
efficiency of the GPU. The unmatched projector-backprojector
pairs often used for GPU-accelerated methods also cause
additional errors in iterative reconstruction. For low-dose CT
reconstruction, the degradation due to these errors becomes
more significant as the number of iterations is increased. Despite
the appearance of many recent advanced methods to perform
projection and backprojection, the ray-tracing method (RTM) is
still popular due to its accurate representation of the physics of
the Beer’s law as well as the ease of use. In this work, we propose
a GPU-accelerated RTM. Unlike the previous works that used
the RTM in forward projection and the pixel-driven method in
backprojection, this work develops a new GPU-accelerated
method for a RTM projector-backprojector pair which does not
use any approximations for parallelizing the projection and
backprojection. Since our method is exact, the results are as
accurate as those obtained from the non-accelerated method.

I. INTRODUCTION

VER the last three decades, efforts have been made to

develop efficient methods of projection and
backprojection for tomographic reconstruction. [1-3]. The
traditional ray-tracing method (RTM) [1] measures the
intersecting lengths between the ray and the voxel. The
recently proposed distance driven method (DDM) [2] and
separable footprint method (SFM) [3] take into account the
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finite width detector and try to approximately measure the
intersecting volume between the square-based pyramid
formed by the x-ray source and the detector cell with the
voxel.

Though the recent methods, such as the DDM and SFM,
have proven useful for CT reconstruction by providing better
accuracy than the traditional line integral model, the RTM is
still popular [4-6] due to its accurate representation of the
physics of the Beer’s law as well as the ease of use .
Furthermore, in some practical circumstances, it has its own
advantage. For example, when the detector plane is slightly
tilted in vertical direction and/or positioned unparallel to the
rotation axis, the advanced DDM and SFM require an
additional interpolation step that might degrade its accuracy [3,
p.1849]. In other cases, where the detector has ultra high
resolution (e.g., dental CT imaging) with the relatively small
detector bin size while the voxel size in reconstruction is not
necessarily up to the detector bin size, the difference between
the RTM and the other advanced methods becomes minor
since the RTM already models many rays passing through the
voxels.

In this work, we propose a GPU-accelerated ray-tracing
method. Unlike the previous works that used the RTM in
forward projection and the pixel-driven method in
backprojection [5,7,8], here we develop a new GPU-
accelerated method for an RTM projector-backprojector pair
which does not use any approximations for parallelizing the
projection and backprojection. Since our method is exact, the
results are as accurate as those obtained from the non-
accelerated method.

The remainder of this paper is organized as follows.
Section II presents exact, parallelizable method to efficiently
perform RTM projections and backprojections for CT image
reconstruction. Section III presents our simulation studies to
compare the computational performance of the proposed
GPU-based method with that of the conventional CPU-based
method. Section IV summarizes our work and concludes.

II. METHODS

In this work we consider the axial cone-beam geometry
with the flat panel detector as shown in Fig. 1. The source
moves along a circular trajectory centered at the rotation
center on the plane y=0 The source position is

parameterized by (x,,,,z,) = (D, sin8,0,D, . cosd) where
D, is the distance between the source and the center of

rotation (CoR) and & is the rotation angle.
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Fig. 1. Cone-beam geometry with a flat panel detector.

The local coordinate of the detector is denoted by (s,?)
where s-axis is perpendicular to the y-axis and the f-axis is
parallel to the y-axis. The numbers of detector bins are N, and
N, along the s- and -axes, respectively, and the physical size
of each detector cell is B, x B,. The distance from the center
of rotation to the detector is D,,. When & =0, the detector is

parallel to the x-y plane, and the physical position of the lower

left corner of the detector is (x,,,,,D,,) -
Mathematically, forward

projection is given by g(s,t,60) = z a(s,t,0,x,y,z)u(x,y,z)

X, 0.z

the general expression for

where u is the 3D object, u(x,y,z) denotes the object voxel
located at (x,y,z), g(s,t,6) is the projection measured in the
bin (s,?) at projection angle 8, and a(s,t,6,x,y,z) denotes

the element of the forward projection matrix which weights
the contribution of the voxel (x,y,z) to the detector bin (s,1)
at angle 0. The backprojector is the adjoint of the projector
and given by #(x,y,2) = D a(s,1,0,x,,2)g(5,1,0).
5,t,0
In the RTM, a(s,t,0,x,y,z) is modeled by the intersecting

chord length of the ray which is defined by the line connecting
the source located at (x,,y,,2,) and the center (x,,y,,z,) of

the detector bin (s,7) at angle € and passes through the voxel
located at (x, y,z) . In this work, we will adopt this model and

aim to accelerate both the forward projection and the
backprojection operations.

To efficiently calculate the intersecting chord length of a
ray that passes through a 3D object, we employ the method
developed in [9] which is an improved version of the well-
known Siddon’s method [1]. In GPU-accelerated forward
projection, each thread of the GPU independently and
simultaneously computes the ray-integral for one ray. The
object u is stored in the global memory or texture memory of
the GPU and is accessed by all GPU threads.

One straight way to perform backprojection is to use the
RTM as in the forward projection. In that case each GPU
thread will perform backprojection for one ray by updating
every voxel intersected by the ray that passes through the
image space. Unfortunately, this method is not optimal for

parallelization since (i) many writing operations are performed
within a thread (since one ray intersects many voxels) and (ii)
more than one thread can simultaneously update a voxel.

In this work, we consider a new method to perform
backprojection in the GPU. Our method is not only
parallelizable and optimized for the GPU but also free from
unwanted approximations. Therefore, it results in an exactly
matched projector-backprojector pair.

To perform backprojection into a voxel (x,y,z), for each
projection angle &, a set of detector bins, which is hit by the
projection rays passing through the sphere that encloses a
voxel, is considered to contribute to the backprojection into
the voxel. For each ray (connecting the source and the center
of a detector bin) in the set, the intersecting chord length in
the voxel is calculated by the RTM and used as a weight for
the backprojection quantity along the ray. Note that the ray-
tracing method in this case is simplified so that only one chord
length is calculated.

In general, when @ # 0, the detector plane is not parallel to
the x-y plane, therefore it is more complicated to find the set
of bins contributing to the voxel for backprojection. To
overcome this problematic issue, the source and the center of
the voxel being considered are virtually rotated by —€ so that
the detector plane remains parallel to the x-y plane. The
rotated positions of the source and the center of the voxel are
now denoted as (x,,,,,,2,)and (x,,,,z2,), respectively.
In this case the set of detector bins contributing to the voxel
corresponds to the elliptical area formed by projecting the
sphere that encloses the voxel centered at (x,,,y,,z,) onto
the detector plane (See Fig. 2).

Note that the elliptical area formed at the z=z" = D, plane

is a cross section of the cone defined by its vertex positioned
at (x,,,¥,,-2, ), a half of the opening angle « , and the cone

axis (x,, —X,,.,¥,, — Yo%, —Z,,) as indicated in Fig. 2. The
ellipse equation can be derived from the following dot product
of a ray vector SX , which is tangential to the sphere that
encloses the voxel, with the cone-axis vector SV :

SX-SV = "S?""W"cosa (D)

where SX = (x=Xp,, Y= Y0,,2—2,.) 5
- —12
SV =(x,, —Xo»Vor = VorsZo — Zo,) » @nd cos” @ =1—77 /"SV"

with 7 indicating the radius of the sphere enclosing the voxel.
Equation (1) can be rewritten as

(6, =% )& =%, )+ (0, =7 ) =20, )+ (2, =20, )z =2, )
1 ||Si; 2 ><"W"2 ><|:(x_x0r)2 +(y_y0r)2 +(Z_20r)2:|

(|57 -7 L2+ 0= 12207 @

By rearranging the above equation and setting z==z", the
ellipse equation is given by



The detector bins within the
elliptical area contribute to t
backprojection into voxel V.

(xdoﬂyd(;’Dcd)

Detector ~L['B

Fig. 2. Projection of the sphere enclosing a voxel onto the detector plane.
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In order to find the set of detector bins falling inside the
ellipse, we may need the following procedure to find the
elliptical area from the implicit ellipse equation in (3).

To ensure that the quadratic equation of the variable x in (3)
has real roots, the discriminant of (3) for the variable x must
be positive as follows

A, =(B*-44C)y* +(2BD—4A4E)y+ D’ —44F >0  (4)

Equation (4) is now a function of y and its discriminant is

given by
A, =(2BD-44E)’ —4(D* —4AF)(B* -4 A4C) Q)

Since the general ellipse equation in (3) holds only when

B*-44C<0, A, >0ifand only if A, >0.

The outline of our ray-tracing backprojection is summarized
in Table I where ij denotes the largest integer which is not

greater than x. The procedure described in Table 1 is
performed independently and simultaneously by each thread
of the GPU.

III. SIMULATION STUDIES

To evaluate the performance of our proposed method, we
acquired the data from an offset flat-panel X-ray CT system
(VOLUX21™, Genoray Co., Ltd., S. Korea) with a detector
size of N x N, =784x964 . The size of each detector bin was

0.15mmx0.15mm . The number of projection angles was 420

over 360° . The distance from the source to the center of
rotation was 414mm . The distance from the detector to the
center of rotation was 236mm . Since the detector was offset
tangentially to the trajectory, a central overlap region of
11.6mm diameter was covered by all projections [10]. The
reconstructed volume was of 512x512x512 with the voxel
size of 0.272mm x0.272mm x0.272mm .

We deployed our accelerated RTM projector/backprojector
to the GPU using CUDA program model. We also
implemented the unmatched projector/backprojector where the
projector was modeled by the RTM and the backprojector was
modeled by the pixel-driven method (PDM). For the
reconstruction algorithm, we used the ordered subsets convex
(OSC) algorithm which was previously applied to offset flat-
panel CT system in [10]. The number of subsets was set to
105 and the number of iterations was set to 6.

Our simulations were performed on a PC with an Intel
Core™ 17-3820 3.60GHz processor (only one core was used).
The graphic card used in our simulations was an NVIDIA
GeForce GTX680 GPU with 2GB of RAM and 1536
processor cores operating at 0.71GHz.



TABLE [ OUTLINE OF EXACT RAY-TRACING BACKPROJECTION
for each projection angle 6

Calculate source position (x,, ¥,,2,)

Rotate the center of voxel (x,,y,,z,) and source (x,,y,,z,) by —€
around the center of rotation and denote the rotated positions as

(X V2 2,,) and (X, ¥y, 2o,) , TeSpectively.

Solve A, =0 and denote solutions as y,,y, where y, <y,

for 1= (3, =Yi0) /B, | oo |y = ¥00)/ B, |
Compute y* = (¢ +0.5)B, + y,
Solve (3) with y = y" and denote the solutions as x,,x, where
X, <Xy
for s=| (x, = x;)/B, |.....| (x4 —=x,0)/ B, |
Calculate position of center of bin (s,f) and denote as
(x> 3152)
Use RTM to calculate intersecting chord length / of ray
directing from (x,, y,,z,) to (x,,,,z,) and passing through
voxel centered at (x,,y,,z,) .
Backproject g(s,t,6) into voxel u(x,y,z) using

H(x,,2) = pu(x, y,2) +1x g(s,1,60)
end
end
end

The computation time per iteration for the proposed method
was 8.9 minutes, whereas the computation time for the CPU-
based method was 315 minutes. The computation time for the
conventional GPU-based method using an unmatched
projector-backprojector pair was 2.3 minutes. (Note that the
computation time for GPU-based methods can be decreased as
the number of subsets is decreased [11].)

Figure 3 shows the axial slices and zoomed-in regions of
the reconstructed images where the conventional RTM/PDM
method resulted in noisy reconstruction even at low-iterations.
Meanwhile, the proposed method resulted in exactly the same
reconstruction as the CPU-based method (not shown here).

IV. CONCLUSION

We have developed GPU-accelerated methods for the RTM
which is a popular projection and backprojection model. To
maximize the performance of GPU-based parallel computing,
projection was parallelized by the “bin-based” operation,
while backprojection was parallelized by the “voxel-based”
operation. Since there was no approximation involved in the
parallelization of both projection and backprojection, our
method resulted in a matched projector-backprojector pair.
According to our simulation result using the OSC algorithm
with 105 subsets, the GPU-based method was roughly 35
times faster in computation time per iteration than the CPU-
based method. The reconstructed images using our GPU-
based method were identical to those using the conventional
CPU-based method.

(2) (b)

Fig. 3. OSC reconstructions (axial slices and their zoomed-in regions) with
105 subsets and 6 iterations: (a) GPU-accelerated reconstruction using
RTM/PDM,; (b) GPU-accelerated reconstruction using RTM/RTM.
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