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ABSTRACT ARTICLE HISTORY

In the first part of this paper, we establish the well-posedness for Received 1 December 2020
solutions of Caputo stochastic fractional differential equations (for Accepted 22 September 2021
short Caputo SFDE) of order o€ (3,1) in L spaces with p >2

whose coefficients satisfy a standard Lipschitz condition. More pre- ;i:xgzofractional
cisely, we first show a result on the existence and uniqueness of sol- differential equations;
utions, next we show the continuous dependence of solutions on existence and uniqueness
the initial values and on the fractional exponent o. The second part of solutions; well-

of this paper is devoted to studying the regularity in time for solu- posedness; regularity

tions of Caputo SFDE. As a consequence, we obtain that a solution
of Caputo SFDE has a oJ-Holder continuous version for any o €
(0,00 —3). The main ingredient in the proof is to use a temporally
weighted norm and the Burkholder-Davis-Gundy inequality.

1. Introduction

In this paper, we consider a Caputo stochastic fractional differential equation of order
a € (3,1) on the interval [0, T] of the following form

dw;
b 1
I (1)

where b: [0, T] x R? = R%, ¢:[0,T] x RY — RY are measurable and (Wh)iefo, ) 18 @
standard scalar Brownian motion on an underlying complete filtered probability
space (Q, F,F 1= (Ft) (o, o0 P)-

The stochastic differential equations involving Caputo fractional time derivative oper-
ator as in (1) give good models to investigate the memory and hereditary properties of
various branches of physical and biological sciences more precisely (see [1-3]). The
main reason for this fact is that fractional derivatives provide an excellent instrument
for the description of memory and hereditary properties of various materials and proc-
esses. For more details we refer the reader to the monographs [2, 4, 5] and the referen-
ces therein.

According to the authors’ knowledge, the main achieved results for Equation (1) are
limited to problem of the existence and uniqueness of strong solutions [6-8] and mild

“Dy X(t) = b(t,X(t)) + o(t, X(1))

CONTACT Doan Thai Son @ dtson@math.ac.vn e Institute of Mathematics, Vietnam Academy of Science and
Technology, 18 Hoang Quoc Viet, Ha Noi, Viet Nam.
© 2021 Taylor & Francis Group, LLC
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solutions [9] in L* spaces. A proof of coincidence of strong and mild solution of (1) in
L? spaces under some natural assumptions on the coefficients has recently been proved
in [10]. An Euler-Maruyama type scheme for Caputo stochastic fractional differential
equations and the convergence rate of this scheme have been established in [11]. Very
recently, several results on well-posedness and continuity on fractional exponent o for
solutions of (1) in L* spaces have been developed in [12]. However, the well-posedness
as well as the regularity of solutions of Equation (1) in L” spaces with p > 2 were not
investigated systematically in any article. Thus, in this paper, we are trying to fill this
gap. Precisely, our first aim in this paper is to establish the well-posedness for the solu-
tions of Caputo stochastic fractional differential equations with generalized Lipschitz-
type coefficients driven by general multiplicative noise in L? spaces. Secondly, we are
interested in the Holder continuity of the solutions for Equation (1) in L spaces.

The paper is organized as follows: In Section 2, we introduce briefly about Caputo
SEDE and state the main results of the paper. The first main result is about global exist-
ence and uniqueness of solutions (Theorem 1(i)), continuous dependence of solutions
on the initial values (Theorem 1(ii)) and on the fractional exponent (Theorem 1(iii)).
The second main result is about regularity in time of solutions (Theorem 2). The proof
of the first main result and the second main result are given in Sections 3 and 4,
respectively.

2, Preliminaries and main results
2.1. Caputo fractional stochastic differential equations and standing assumptions

For p > 2,t € [0,00), let ¥/ := [P(Q, F,,P) denote the space of all F,-measurable, p
integrable functions f = (fi,f,...fa)" : @ — R? with

d
A, = <ZE(D§I"))

A measurable process X : [0, T] — LP(Q, F,P) is said to be F-adapted if X(t) € ¥
for all £+ > 0. For each n € Xﬁ, a [F-adapted process X is called a solution of (1) with
the initial condition X(0) = # if X(0) = and the following equality holds on X! for
te (0,7]

1
P

t

X(t) =0+ (j (t =0 b(e x(@) de+ | (6= o(nX(0) dwf>, @

() \ Jo 0

where T'(a) := [, 1 exp (—7) dr is the Gamma function, see [7, p. 209].

2.2. Well-posedness and regularity of solutions
In this article, we assume that the coefficients b and ¢ of (1) satisfy the follow-

ing conditions:

(H1) Global Lipschitz continuity in R? of the drift and diffusion term: For all x,y €
R% t € [0, T], there exists L > 0 such that
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[b(t,x) = b(t,y)|, + |o(t:x) = a(ty)], < Llx =],

(H2) Essential boundedness in time for drift and diffusion term: o(-,0) is essentially
bounded, i.e.

esssup |b(z,0)[, <M, esssup|a(z,0)], <M.
TG[O, T] ’EE[O, T]
Note that the contents of assumptions (H1) and (H2) are independent on the choice of
the norm on R?. However, for a convenience in several estimates below, we equip R?
with the p norm, ie. for any vector x = (x1,...x5)" € R% the p norm |x[, of x is
d 1
defined by [x|, := (3 i, |x:[P)e.
The first main result in this article is the well-posedness of solutions of
Caputo SFDE.

Theorem 1. (Well-posedness of solutions of Caputo SFDE). Suppose that (HI) and (H2)
hold. Then the following statements hold:

i. Existence and uniqueness for solutions of Caputo SFDE: for any n € Xb, the ini-
tial value problem (1) with the initial condition X(0) = n has a unique solution
on [0, T] denoted by ¢, (-, 7).

ii. Continuous dependence on the initial values for solutions of Caputo SFDE: for
any (,n € Xb, the solution ¢, (-, n) depends Lipschitz continuously on 1, i.e. there
exists Ly > 0 such that

l02(8:8) = @u(t:m)ll, < LallC—nll,  for all £ €[0,T].

iii. Continuous dependence on the fractional exponent o for solutions of Caputo
SEDE: The solution ¢,(-,n) depends continuously on w, i.e.

lim esssup ||, (t,1) — @5 (t, n)]|, = 0.

= tefo, T)
The second main result in this article is the regularity of solutions of Caputo SFDE.

Theorem 2. (The regularity of solutions). Suppose that (HI) and (H2) hold. Then, there
exists D > 0 depending on o, p,L,M, T such that

loa(t.n) = @u(s,m)ll, < Dt = s for all st € [0,7], (3)

Corollary 3. For all 6 € (0,00 — 1), there exists a modification Y of X with 6-Holder con-
tinuous paths, i.e.

P(Xt - Yt) - 1 fOr all t S [0, T]
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Proof. Thanks to (3) and using Kolmogorov test, see e.g. [13, Theorem, p. 51], X(¢) has
an J-Holder continuous modification for any ¢ € (0, o — %) 0

3. Well-posedness of solutions
3.1. Existence and uniqueness of solutions

Our aim in this subsection is to prove the result on existence and uniqueness of solu-
tions to the Equation (1). For this purpose, let HF([0, T]) be the space of all the proc-
esses X which are measurable, Fr-adapted, where Fr := (F) ¢, 1) and satisfies that

X[ = esssup [|X()]|, < oc.
t€[0, T)

Obviously, (H?([0, T]), || - ||l ) is a Banach space. For any 5 € X5, we define an oper-

ator T, : HF([0, T]) — HF([0, T]) by 7,£(0) :=# and the following equality holds for
te (0,T]

t

T,E(t) =n+ %oc) (Jo (t— 1) 'b(z, (1)) dr + J

0

t

(t—1)" "a(1, &(1)) dWT> @

The following lemma is devoted to show the well-defined property of this operator.
In the proof of this result and also several results below, we use the following elemen-
tary inequality

|x —|—y|§ < 2P71(|x|§ + |y|§) for all x,y € RY. (5)

Lemma 4. For any n € X5, the operator T, is well-defined.

Proof. Let ¢ € HP([0,T]) be arbitrary. From the definition of 7,¢ as in (11) and the
inequality (13), we have that for all t € [0, T]

22p—2 t vl p
IT O < 2l + g | |, =07 e )
gy yoo ©
+FP—@1) L (t—1)" o(z.&(z))dW, ;
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By the Holder inequality, we obtain that

\ [[6= 0 b e

0

p

p

¢ P
E(J (t—1)" bz, f(‘[))|d1’>
p-1r
E( (t—1) P I dr) J0|b,-(r,f(r))|pd‘c>

T 1) Pl t
< T L0 [ tbte ot

M& HM:L

IN

i

AH

From (H1), we derive

b(o @)l < 27 (1b(x,¢(1) ~ b(nO)f, + [b(x, )15
< PR+ 2 @Ol

Therefore,

J Ib(z.&(x) e < 22712 (esssup I56; )||p)"r 1dt + 20~ Jt b(z,0)[2 dr
0 0

€0, T]
T
< 2T, 4 2! J b(z,0)[% de
0

which together with (7) implies that

p T(otpfl) 2 _2P*1 T
\ < “’l)p_f (LPTHéII{;wJ |b<r,o>§dr>. ®)
0

Jt (t — r)‘x*lb(r, &(n))dr

0 p (op —
Now, using the Burkholder-Davis-Gundy and the Holder inequalities, we obtain
t p
| j (t — 1 o(x E(2)) AW
0 p

p

Jl (t—1)" ,(r &(1))dwW,

Jt 20! 2
B[ (-0 otaco)Pas (J (i - r>2“dr>

< (TM )_ " (e (o)l

200— 1

0i(%.&(0))Pdef

IN

p—2
2

IN

i

/\

where C, = ( ) From (H1) and (H2), we also have
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jo(v,E()fp < 27Ol + 2 o(r 0)lp < 27 LPIE(D)l + 22 M.

Therefore, for all ¢ € [0, T] we have

L (£ = 0% o (z.&(0)) | de

t
< op-lpp J (t—1)*? (esssup ||f(r)||p>p dt + 2071 P J (t—1)" ?dt
0

€0, T] 0
2p—1T20<71
- 2a-—1
This together with (6), (8) and (H2) implies that ||7 || < co. Hence, the map 7,
is well-defined.

(2N, + 7).

To prove existence and uniqueness of solutions, we will show that the operator 7,
defined as above is contractive under a suitable weighted norm (cf. [14, Remark 2.1] for
the same method to prove the existence and uniqueness of solutions of stochastic differ-
ential equations). Here, the weight function is the Mittag-Leffler function Ep, ()
defined as follows

Eyy 1 (t for allt € R.

[e%e} tk
%:g;H@a—Uk+U

For more details on the Mittag-Leffler functions we refer the reader to the book [2,
p. 16].
We are now in a position to prove Theorem 1(i).

Proof of Theorem 1 (i). Choose and fix a positive constant y such that

y > k22T (200 — 1), 9)
where
p-11p pp+1 §< 201 >pzz T(P—2)a+1
= — . 10
* I'?(a) 20— 1)) \2a—1 + ((pfz)aﬂ)f’_l (10)
p—1
On the space HP([0, T]), we define a weighted norm || - [|, as below
| X]|, := esssup w " for all X € HP([0, T]) (11)
T et \Ea1 (871)

Obviously, two norms || - [ and |- ||, are equivalent. Thus, (HF([0,T]),[-|,) is
also a Banach space. Choose and fix 1 € X5. By virtue of Lemma 4, the operator 7, is
well-defined. Now, we will prove that the map 7, is contractive with respect to the
,- For this purpose, let & & € HP([0,T]) be arbitrary. From (4) and the

inequality (5), we derive the following inequality for all ¢ € [0, T] :

norm || - ||
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p—1 p

~ IP(9)

L (t = 0" (o(r. (1)) — o(x.E())) AW,

IT4E(0) = Tye()l <
2!
+rp—m

jo (t— 1 (b(r. E(2)) — b(n. E(x)))ds

p
p

p
Using the Holder inequality and (H1), we obtain

t R »
L (£ — 1" (b(n. (1)) — b(x.E()))de

p

d t p
<>k (J b (0)) — b <r>>|dr>
d
2

t +-1)(p—2) P .
((] (- dr) (L(t—rf“‘ﬂbiu,au))—b,-<r,s<r>>|f’dr>)

[PT(E=22+1) (5 _ 1)P~1 pt ) A
= (OCP—Zoc—(il—)l)p)l Jo(t_f)za 16 — <@lde.

| AN

On the other hand, by the Burkholder-Davis-Gundy inequality and (H1), we have

t . P
jo (t— 0" (o(x.(0)) — oz &(2)))dW,

p
p

L (t— 1) Yoi(r, &(x)) — 03(7, & (1)) AW,

< GBI [ (- 9" (s £0) — (s E(0)) P

(t = 0" oi(5. () — i, () Pae (j (t- r>2“dr>T

0

<16y () [ = e -t
Thus, for all £ € [0, T] we have
IT600 - T
<[ (=0 e - E s

where « is given as in (10). This estimate with the definition of || - ||, as in (11) implies
that
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ITye(t) = THE)I]
Ep 1 (pt271)
; s IE@) = E@IIP
B R o)
- Epy 1 (yt271)

160 = E@IENY [ (¢ = B (v
EZa 1

E2a—1(7}f2a_1) _ (yt29( 1)

Ep 1 (7% Nde

< k| ess sup
7€(0, T]

KF(Zoc 1)

e = &JIE.

where in the final step, we used the inequality

t
V4 20—2 20—1 20—1
ey —— t— Ey 10y dt < Ep,_(yt

see [6, Lemma 5]. Consequently,

. (20 — 1)\ .
17,6~ T,20, < (%) e &l

By (9), we have M < 1 and therefore the operator 7, is a contractive map on

(EP([0, T]), | - [I,)- Usmg the Banach fixed point theorem, there exists a unique fixed
point of this map in HP([0, T]). This fixed point is also the unique solution of (1) with
the initial condition X(0) = 5. The proof of this theorem is complete. O

Remark 5. (i) Results about the existence and uniqueness of solutions of Caputo SFDE
in case p=2 have been shown in [6].
(i) In [8], the author considered the following form in L?

X(t) =X(0) + J

0

t

(t—1)""b(t,7, X(1)) dt + J:) (t—1) 2a(t, 7, X(1)) dW,, (12)

where X(0) e R, o: Ry x Ry x R = R x R",b: R, x Ry x R = R? are Borel
measurable functions and o; € (0,1),%, € (0, 1). He obtained the existence and unique-
ness of solutions with non-Lipschitz coefficients in LP with p > max( -, 15,
this paper, we prove that the result still holds for all p>2 and random initial condi-

tion X(0) = n € X5.

. In

3.2. The continuous dependence of the solutions on the initial values

Our next result is to evaluate the distance between two different solutions. As a conse-
quence, we obtain the Lipschitz continuity dependence of solutions on the initial values.

Proof of Theorem 1 (ii). Choose and fix { € Xb. Let # € X% arbitrarily. Since ¢, (-, #) and
@4+, {) are solutions of (1) it follows that
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0.l = 00) == s [ P
L[ oln0u(mm) - ono,(5.0)
T L (t—0) " AW

Hence, using (5), the Holder and the Burkholder-Davis-Gundy inequalities and (H1)
(see proof of Theorem 1(i)), we obtain

t
loutm) — o, (b OIE < zp-lxj (t = " o (0) -yl I de
0
I

Applying the Gronwall inequality for fractional differential equations, see [15, Lemma
7.1.1] or [16, Corollary 2], we arrive at

[ @u(t. 1) = @ (8 OIb < 277! Epyr (227 T (200 = 1)) [l = L[5,
Hence,

}7in} . (t.n) — @, (t, O], = 0.
-

The proof is complete. O

Remark 6. A result about the continuity dependence of solutions of SFDE on the ini-
tial values in case p =2 has been shown in [6].

3.3. The continuous dependence of the solutions on the fractional exponent «
In this part, we shall prove the continuous dependence on « of the solution.

Proof of Theorem 1 (iii). Let o,& € (3,1) be arbitrarily but fixed. Choose and fix # €
XP. Since ¢,(-, 1) and @, (-, 1) are solutions of (1) it follows that

@, (t1) — @5 (tn)

= | = 0 e ) - b oum) e

I'(a) Jo

* J; <(t ;(2;1 & }(2)1 >b(r, 03 (x,m)) dr

* ﬁjg (t =) (0(z. y(t.1)) — (T, 05 (T, 1)) AW,
" J; ((t ;(72;1 -t 1:(2;1 )ff(@ 0;(t, 1)) dW:.

Using the inequality (5), the Holder and the Burkholder-Davis-Gundy inequalities
and (H1) (see proof of Theorem 1(i)), we obtain
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o, (tn) = @s(tm)IIp

t
< 2P1KJ (t =0 [, (t.n) — @5 (z.0)|IF de
0

I 2 Gl ’
o [ (Y- e e myas p
2p—2 ! (t— 1)“_1 (t— _C)&—l P
v L ( @) T )"(T’ @3 (t. 1)) dW- p
Now, let
N (t — ’L’)OHI (t _ ,L_)&fl
gt t,0,0) = ‘ T TH
Applying the Holder inequality, (5), (H1) and (H2), we obtain that
t (t_r)aﬁl (t—’[)&fl p
‘ Jo ( Ta)  I(%) >b(f> @ (T, 1)) dt )

¢ p
E(j g(t.7.0,8)|bi(z. @ (= n))df>

t ) =t
E ( <L (g(teo, a))p—ldf> L 1bi(x, 05 (1, 7)? dr)

)4 p—2

g<0<g<r,r,a,a>>2dr> (Lm) j bz, 0 (m )| de

P
t 2

(g(t.m m&))zdr) 7% | 27 (Lol + b 0 )t

0
)4

t 2
g( <g<t,r,a,ac>>2dr> 1420 (17 esssup |y () [ + M?).

0 €0, T

On the other hand, using the Burkholder-Davis-Gundy inequality, (H1) and (H2), we
have
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Jt <<t ;(2“1 - (t;(;);l >0(f, @5 () AW,

p

P

p

t
J 2(t.7.2.8)|oi(z. @5 (x.1))| AW,

2

j (g(t7.2.8))2 ou(5. 03 (1)) P s

[ ttn ) oty df)% (]

0
P2

2

-6, [t rn ot osenipac ([ ee o)

t 2
<G (j (g(t.28))’ dr) 2771 (LP esssup |y (v, ) [5 + MP).
0 7€[0, T

Combining the above calculations and by the definition of || - ||, yields the estimate

o, (t.n) — @501}
Epy 1 (pt2*71)

2z 102 () — o5 (T )15

—1 rt
K2P fo (t—1) oy (772 1)

EZoc—l ('))szil )dT

<
- EZa—l(ytzail)
P
t 2
+ 23 (W esssup gy e+ 30) [ (g(0.5.2.8) | 78
7€[0, T) 0
4
¢ 2
2P0 s () + MG | | (gle e e
7€(0, T 0
K20 1T (20 — 1
<D o) - gunl

t
+ 277312 esssup s (5, )| + M?) (j gtz &>>2dr> 1

€0, T]
b
b

t
+ 2773 (1P esssup ||@; (u?])”ﬁ +MP)C, (J (g(t.. %8))° df) ]

€0, T] 0

where in the finall step, we have used Lemma 5 in [6]. Thus, we have
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K2P71T (200 — 1)
(1= =2 Yoo~ eaCeml
P
2

t
< 27312 essoup | o, (5, )| + M?) (j (glt.zo &>>2dr> 1t
0

€0, T]
g

t
+2%73 (L2 esssup ||q)&(f,"l)||§ +MP)C, (J (g(t.1.0.8))* dT) .
0

€0, T]

By (9) and p > 2, therefore to complete the proof it is sufficient to show that

t
lim sup J (g(t, 7, 0,8))* dr = 0.

=% ¢elo, 1] JO

Indeed, we have

21 tz&fl 2to<+&71

20— (@) 2a—1)@) (@+a-DI@rGE)

Thus, we conclude that

¢

lim sup J (g(t, 7, 0,8))* dr = 0.
=% ¢efo, 1] JO

The proof is complete. O

Remark 7. To prove Theorem 1(i) and Theorem 1(ii), we only require the assumption

(H1) and the following assumption (weaker than (H2)):

(H3) LP-integrable in time for drift term and essential boundedness in time for diffu-
sion term:

T
J b(,0)dr < oo, esssup |o(z,0)], < M.
0 TE[O>T]

4. Regularity of solutions

This section is devoted to proving the regularity of solutions to Caputo SFDE.
Proof of Theorem 2. Choose and fix t,s € [0, T| with ¢ >s.
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(o)
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S5 7 192(61) — @u(s )l
t P t P
. H b(z, %(f{_@) e +‘ J G(T,(pm(?_n%)) AW
s (t—1) p s (t=1) p
[ Lot o]
- 7,¢,(T. T
I A L MG
] L ooy aw|
— — — |o(t. @, (T f
ol (t=1"" (s—1) P
Now, applying the Holder and the Burkholder-Davis-Gundy inequalities, we arrive at
I'?(a)
o outm) — o,
S
< b(t, ¢, (T, n))|[Pdx
e PR LA
p-2
Hlo(z @, (t.m)ly 1 B
+C J L dr J ; dt
P S _ T)z 20 ; (t _ 1)2721
12_7
+TLJ bz, 0, (M) d J O S P
’(poc 4 P 0 (t_l_)lfzx (S_T)lfat

1 1

+C"E ((t—r)l_“ (s—1)

S 1 1 2
X J < T—o 1%) dr
A= -1
On the other hand, since ¢,(-,n) € H?([0,T]), there exists M; >0 such that
€ss Sup;c g 71 o, (2, n)||§ < M,. This together with (H1) and (H2) implies that
16(z> @, (T M)l < 27 (L2l (o m) I + 16(7, 0)[I]) < 2271 (LP My + MP),
lo (. @,(c, n))Hp < 27N (Lo, (. n)lp + lo(z,0)[I7) < 207 (LPM; + MP).

Moreover, we have

2
) oo oo ) de

p—2
2

s 1 1 2 g 1 1
— dr < — d
JO ((t_l_)l—x (S_‘L_)l—o:> T JO <(S_T)2—2<x (t_T)Z—Za) T
g2o—1 __ g20—1 (t _ S)sz—l
200—1 + 200—1
_ (t _ S)2%71

200—1
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Combining the above calculations yields the following estimate

()
S 10a(6:0) = @u(s )7
20 — VY IPM, + MP)TS ey Cp2PY(IPMy + MP (2-1)
S(p ) | pl,jr )Z(t—s)ZP-F 2 — )(t—s) =
(0p — 1) (20— 1)
2T (LM, + MP ey CPY(LPMy + MP (i)
L TOHEM 4 M) (g | G2 (DML ME) (e
(200 —1)2 (200 —1)2

Thus, we have

lou(tm) = @u(sm)ll, < D=5

where
oo 227 (@p— 27N (1P My + MP)TE N Cp2P (L’ M, + MP)
BRN(C) (ap — 1) (20 — 1)}
e i (T)(LPM; + MP) L G2 My + M)
I (o) (200 — 1)} (20— 1)} ’

which together the fact that « € (1,1) and p > 2 implies that

lim [, (£,1) = @4(s:m)ll, = 0.

The proof is complete.

Remark 8. When p=2, then result of Theorem 2 coincides with the result in [17] in

the special case that b(t,X(t)) := AX(t) + g(t) and o(t,X(t)) := f(t).
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