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This paper for first time proposes an isogeometric analysis (IGA) for free vibration response of bi-
directional functionally graded (BDFG) rectangular plates in the fluid medium. Material properties of
the BDFG plate change in both the thickness and length directions via power-law distributions and Mori-
Tanaka model. The governing equation of motion of BDFG plate in the fluid-plate system is formulated
basing on Hamilton's principle and the refined quasi three-dimensional (3D) plate theory with improved
function f(z). The fluid velocity potential is derived from the boundary conditions of the fluid-plate
system and is used to determine the added mass. The discrete system of equations is derived from
the Galerkin weak form and numerically analyzed by IGA. The accuracy and reliability of the proposed
solutions are verified by comparing the obtained results with those published in the literature. Moreover,
the effects of the various parameters such as the interaction boundary condition, geometric parameter,
submerged depth of plate, fluid density, fluid level, and the material volume control coefficients on the
free vibration behavior of BDFG plate in the fluid medium are investigated in detail. Some major findings
regarding the numerical results are withdrawn in conclusions.
© 2021 China Ordnance Society. Publishing services by Elsevier B.V. on behalf of KeAi Communications

Co. Ltd. This is an open access article under the CC BY-NC-ND license (http://creativecommons.org/
licenses/by-nc-nd/4.0/).
1. Introduction

In recent years, thanks to superior properties such as light-
weight, high stiffness, capable of resisting high-temperature envi-
ronments or extremely large temperature gradients, the
functionally graded material (FGM) has been widely used in many
engineering fields including mechanical, automotive, aero-space,
civil engineering, and defense industry. Due to the above-
mentioned advantages and ample applications, the analysis of the
mechanical behavior of the structures using the FGM has been
investigated worldwide by many investigators [1e3]. For example,
Tahir et al. [4,5] and Menasria et al. [6] proposed the simple four-
unknown theory to investigate the behavior of FG porous plates.
Chakraverty and Pradhan [7] developed the Rayleigh-Ritz method
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basing on classical plate theory to investigate the free vibration of
functionally graded plates with various boundary conditions. Zaoui
et al. [8] used the novel shear strain shape function based on 2D and
quasi 3D theories to study the free vibration of FGM plates resting
on elastic foundations. Karami et al. [9] applied the second-order
shear deformation theory to analyze the dynamic and buckling
response of functionally graded carbon nanotube-reinforced com-
posite plates on elastic foundation. Also, studying the FG plates
resting on elastic foundation using an analytical approach was
introduced in documents [10e12]. Hachemi et al. [13] developed a
new refined quasi-3D shear deformation theory and the concept of
the neutral surface position to investigate the bending behavior of
FG plates. Bakoura et al. [14] proposed a higher order shear defor-
mation theory (HSDT) in conjunction with the stress function
method to study the buckling behavior of FG plates. Bekkaye et al.
[15] used the refined trigonometric shear deformation theory to
analyze the mechanical response of FG porous plates. Rezaei et al.
[16] presented the free vibration of FG plates based on the simple
first-order shear deformation theory. Li et al. [17] proposed the new
five-variable shear deformation theory to analyze the static
of KeAi Communications Co. Ltd. This is an open access article under the CC BY-NC-
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bending behavior of FG plates. Nguyen et al. [18] developed the
polygonal finite element method to investigate the static bending
and vibration responses of FG porous plates with graphene plate-
lets reinforcement. Kumar et al. [19] used the nonlinear FEM to
study the vibration and transient response of FGP skew plates.
Recently, Tran et al. [20e22] used the edge-based smoothed finite
element method to study the static bending, vibration and dynamic
behavior of FG porous plates. Also, Pham et al. [23] investigated the
nonlinear static bending response of FGM shell and Tran et al. [24]
studied the static and vibration behaviors of FG porous plates
reinforced by graphene platelets.

Nevertheless, the structures made from the transverse FGMs or
axial FGMs are not efficient enough for the applications in the
aerospace, defense industry, or nuclear reactors when the tem-
perature distributes differently along different directions. Thus, the
multi-directional FGMs (MDFGMs) was proposed to meet these
demands. To study the properties of MDFGMs, Karamanli and Vo
[25] investigated the static bending behavior of two-dimensional
FG microbeams under uniformly distributed loads using the
quasi-3D model and modified couple stress theory. Li et al. [26]
proposed the isogeometric analysis (IGA) based on the first-order
shear deformation theory (FSDT) to analyze the static bending,
free vibration and buckling responses of bi-directional FG porous
plates. Also, Lieu et al. [27,28] employed the IGA based on NURBS to
investigate the static bending, vibration and buckling responses of
bi-directional FG plates and variable thickness plates. Wu and Yu
[29] developed a finite annular prism method to analyze the free
vibration response of bi-directional FG annular plates.

The structures in the fluid medium have been applied in various
fields such as nuclear, ocean, naval engineering and defense in-
dustry. Therefore, a clear understanding of the behavior of the
structures in the fluid medium is necessary and has been studied
widely by many researchers. Cho et al. [30,31] proposed an
analytical approach to study the free vibration and forced vibration
of plates and stiffened panels contact with fluid on one side.
Hashemi et al. [32] developed the Ritz method to analyze the free
vibration of vertical plates resting on the foundation in contact with
fluid on one side. Watts et al. [33] proposed the semi-analytical
method that relied on the Galerkin to investigate the vibration
response of the non-rectangular bottom of tanks filling with liquid.
Bendahmane et al. [34] employed the hierarchical finite element
method based on the higher-order shear deformation theory to
study the natural frequency of composite plates with variable
stiffness submerged in fluid. Khorshidi et al. [35e37] used the
Rayleigh-Ritz method with finite Fourier series to determine the
natural frequencies of square plates in contact with a bounded
fluid. In this study, they examined different materials of plates such
as isotropic, laminate composite, and functionally gradedmaterials.

The isogeometric analysis (IGA) proposed by Hughes et al. [38],
which combines computer-aided design and finite element anal-
ysis, has been developed by many researchers for its advantages
and effectiveness. The essential idea of the isogeometric analysis is
to employ the same basis functions to exactly describe the geom-
etry domain, as well as to approximate the unknown fields. Since
the geometry is exactly modelled and the number of unknown
terms does not increase, it is expected that the IGA would yield
more accurate results with lower computational cost for plate
problems using HSDT or refined higher-order shear deformation
plate theory (RPT) in the comparison with other numerical
methods such as finite trip method, finite element method, or
meshfree method, etc. The IGA has been developed for analyzing
many different structures such as analysis beams [39e46], plates
[47e55] and shells [56e63]. Most of the works have given the
conclusion that the IGA has high accuracy and can be extended
relatively easily for complex structures. In particular, thanks to
2

satisfying higher-order derivatives of NURBS functions and the
suitability to use the elasticity nonlocal theory, the IGA has been
applied in many nanostructures such as nanobeams [64,65],
nanoplates [66e74] and nanoshells [75,76]. However, based on the
updated knowledge of the authors, the analysis of the structures in
the fluid medium by using the IGA is still limited.

As observed from the above literature reviews to the authors'
best knowledge, the investigation on the free vibration of the FGM
plates in the fluid medium using the IGA has not yet been studied.
This paper is hence performed to fill in this research gap by pro-
posing an IGA for free vibration analysis of bi-directional func-
tionally graded (BDFG) rectangular plates in the fluid medium. The
plates are considered in the fluid medium including the cases of the
plate in horizontal or vertical positions and the plate in full or
partial contact with fluid. The material properties are assumed to
change continuously in both the thickness and length directions
according to a power-law distribution and using Mori-Tanaka
model. Hamilton's principle and the refined quasi three-
dimensional (3D) plate theory with improved function f(z) are
used to set up the governing equation of the BDFG plate in the fluid
medium. The discrete system of equations is derived from the
Galerkin weak form and numerically analyzed by the IGA. The ob-
tained numerical results are compared with other published works
in literature to demonstrate the accuracy and reliability of the
proposed method. In addition, the influences of the various pa-
rameters such as the interaction boundary condition, geometric
parameter, and material volume control coefficients on the free
vibration response of BDFG plates in the fluid medium are also
examined. The present work helps to add physical data and laws in
the design andmanufacture of structures in engineering fields such
as maritime and aviation. Further more, the results of present work
can be applied in the defense fields such as fuel tanks, submarines,
warships, underground structures in the ocean, military structures
on the seas and islands, cooling areas of furnaces nuclear reactions,
etc.

For the convenience of readers, the sections of the article are
arranged as follows: Section 1 is a general introduction. Section 2
introduces the theoretical formulation. Section 3 presents the
NURBS functions and IGA for free vibration of BDFG plates in the
fluid medium. Section 4 presents the numerical results to demon-
strate the accuracy and reliability of the proposed method. Finally,
some major conclusions are withdrawn in Section 5.

2. Theoretical formulation

2.1. Model of bidirectional functionally graded rectangular plates

We consider a rectangular BDFG plate has the length a, the
width b and the thickness h, which is made from a mixture of ce-
ramics and metals as shown in Fig. 1. The material properties are
assumed to change continuously from a top surface (z ¼ þ h=2) to
the bottom surface (z ¼ � h=2) according to a power-law distri-
bution. The volume fraction of ceramic Vc and metal Vm varies in
both the thickness and length directions according to the law of:

Vc ¼
�
1
2
þ z
h

�pz�x
a

�px

;Vm ¼1� Vc (1)

where pz and px are the non-negative axial and transverse power-
law indexes, which determine the material distribution in the
length and thickness directions of the plate, respectively.

Two micromechanical models, namely the Voigt model and
Mori-Tanaka scheme are employed herein to evaluate the effective
material properties of the BDFG plate. An effective property Pðx; zÞ
such as elastic modulus and mass density evaluated by the Voigt



Fig. 1. Model of a bi-directional functionally graded (BDFG) rectangular plate.
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model is of the form:

Pðx; zÞ¼ Pm þ ðPc � PmÞVc (2)

where P is the effective material property such as Young's modulus
E, mass density r, and Poisson's ratio v; subscripts m and c denote
the metallic and ceramic constituents, respectively.

According to the Mori-Tanaka scheme (Mori and Tanaka [77]),
the effective bulk modulus Κp and shear modulus Gp at any point of
the plate are given by:

Κp ¼ Κm þ VcðΚc � ΚmÞ
1þ VmðΚc �ΚmÞ=ðΚm þ 4Gm=3Þ

Gp¼Gmþ VcðGc�GmÞ
1þVmðGc�GmÞ=ðΚmþGmð9Κmþ8GmÞ=ð6Κmþ12GmÞÞ

(3)

where

Κc ¼ Ec
3ð1� ycÞ;Κm ¼ Em

3ð1� ymÞ;Gc ¼ Ec
2ð1þ ycÞ;Gm ¼ Em

2ð1þ ycÞ
(4)

The effectiveness of Young's modulus E and Poisson's ratio y are
computed via the effective bulk modulus and shear modulus as
follows.

Eðx; zÞ ¼ 9KpGp

3Kp þ Gp
; yðx; zÞ ¼ 3Kp � 2Gp

6Kp þ 2Gp
(5)

Noting that the effective mass density r is defined by Voigt
model according to Eq. (2)

rðx; zÞ ¼ rm þ ðrc � rmÞVc (6)

with pz ¼ px ¼ 2; the Young's modulus E by Mori-Tanaka and the
mass density r through the thickness z and the length x of BDFG
plate are shown in Fig. 2.
2.2. The refined BDFG plates model

According to the refined higher-order shear deformation theory
(HSDT), the displacement field of the plates by (Mantari and Soares
[78]) is defined by:
3

8>>>>>>><
>>>>>>>:

Uxðx;y;z; tÞ¼U0ðx;y;tÞþz

 
k1

vWs

vx
þk2

vq

vx
�vWb

vx

!
þ f ðzÞvW

s

vx

Uyðx;y;z;tÞ¼V0ðx;y; tÞþz

 
k1
vWs

vy
þk2

vq

vy
�vWb

vy

!
þ f ðzÞvW

s

vy

Uzðx;y;z; tÞ¼WbþWsþgðzÞq
(7)

k1 ¼ � f 0
�
h
2

�
� 1; k2 ¼ �g

�
h
2

�
(8)

where Ux;Uy;Uz are the displacements in the x, y, and z directions,
respectively; U0 and V0are respectively the in-plane displacements
of the middle surface; WbandWsare the bending and shear com-
ponents of the transverse displacement, respectively; f ðzÞ and gðzÞ
are the functions in the form of

f ðzÞ ¼ K
h
p
sin
�pz
hK

�
; gðzÞ ¼ K cos

�pz
hK

�
; with K ¼

ffiffiffiffiffiffi
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p

4
(9)

The linear strain components of the BDFG plate are written
based on the displacements field in Eq. (7) by:

εxx ¼ vUx

vx
¼ vU0

vx
þ z

 
k1
v2Ws

vx2
þ k2

v2q

vx2
� v2Wb

vx2

!
þ f ðzÞ v

2Ws

vx2

¼U0;x þ z
�
k1W

s
;xx þ k2q;xx �Wb

;xx

�
þ f ðzÞWs

;xx

(10)

εyy ¼ vUy

vy
¼ vV0

vy
þ z

 
k1
v2Ws

vy2
þ k2

v2q

vy2
� v2Wb

vy2

!
þ f ðzÞ v

2Ws

vy2

¼V0;y þ z
�
k1W

s
;yy þ k2q;yy �Wb

;yy

�
þ f ðzÞWs

;yy

(11)

εzz ¼ vUz

vz
¼ g0ðzÞq (12)

εxy ¼ vUx

vy
þ vUy

vx
¼ vU0

vy
þ vV0

vx
þ 2z

 
k1

v2Ws

vxvy
þ k2

v2q

vxvy
� v2Wb

vxvy

!

þ 2f ðzÞ v
2Ws

vxvy
¼U0;y þV0;x þ2z

�
k1W

s
;xy þ k2q;xy �Wb

;xy

�
þ 2f ðzÞWs

;xy

(13)

gxz ¼
vUx

vz
þ vUz

vx
¼ðk1 þ 1Þ vW

s

vx
þ k2

vq

vx
þ g0ðzÞ vq

vx
þ f 0ðzÞ vW

s

vx

¼ ðk1 þ1ÞWs
;x þ k2q;x þ g0ðzÞq;x þ f 0ðzÞWs

;x (14)

gyz ¼
vUy

vz
þ vUz

vy
¼ðk1 þ1Þ vW

s

vy
þ k2

vq

vy
þ g0ðzÞ vq

vy
þ f 0ðzÞ vW

s

vy

¼ ðk1 þ1ÞWs
;y þ k2q;y þ g0ðzÞq;y þ f 0ðzÞWs

;y (15)

In Eqs. (14) and (15), it can be seen that the components of the
transverse shear strains gxz, gyz are equal to zero on top ðz¼ h=2Þ
and bottom surfaces ðz¼�h=2Þ of the BDFG nanoplate. The strain
fields of BDFG plate can be briefed in vector forms as follows:



Fig. 2. Variation of Young's modulus Mori-Tanaka (a) and mass density (b) through the thickness and the length of the plate for pz ¼ px ¼ 2.
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ε
b ¼

8>><
>>:

εxx
εyy
εxy
εzz

9>>=
>>; ¼ ½1 z f ðzÞ g

0 ðzÞ �

8>><
>>:

ε
0

ε
1

ε
2

ε
3

9>>=
>>;

¼ ½1 z f ðzÞ g
0 ðzÞ �ε;

g¼
�
gxz
gyz

�
¼ ½1 g0ðzÞ f 0ðzÞ �

8<
:

g0

g1

g2

9=
; (16)

where:

ε¼

8>>><
>>>:

ε
0

ε
1

ε
2

ε
3

9>>>=
>>>;
; ε0 ¼

8>>><
>>>:

U0;x

V0;y

U0;y þ V0;x

0

9>>>=
>>>;
;

ε
1 ¼

8>>>>>>>>>>><
>>>>>>>>>>>:

k1W
s
;xx þ k2q;xx �Wb

;xx

k1W
s
;yy þ k2q;yy �Wb

;yy

2
�
k1W

s
;xy þ k2q;xy �Wb

;xy

�
0

9>>>>>>>>>>>=
>>>>>>>>>>>;

; ε2 ¼

8>>>>>>>>>><
>>>>>>>>>>:

Ws
;xx

Ws
;yy

2Ws
;xy

0

9>>>>>>>>>>=
>>>>>>>>>>;
;

ε
3 ¼

8>>><
>>>:

0
0
0
q

9>>>=
>>>;
;g0 ¼

8<
:

ðk1 þ 1ÞWs
;x þ k2q;x

ðk1 þ 1ÞWs
;y þ k2q;y

9=
;;g1 ¼

�
q;x

q;y

�
;

g2 ¼
8<
:

Ws
;x

Ws
;x

9=
;

(17)

The linear elastic constitutive relations can be written by:

s ¼

8>>>>><
>>>>>:

sxx
syy
sxy
szz
sxz
syz

9>>>>>=
>>>>>;

¼

2
6666664

C11 C12 0 C13 0 0
C12 C22 0 C23 0 0
0 0 C66 0 0 0
C13 C23 0 C33 0 0
0 0 0 0 C55 0
0 0 0 0 0 C44

3
7777775

8>>>><
>>>>:

εxx
εyy
εxy
εzz
εxz
εyz

9>>>>=
>>>>;
(18)

in which Cmn are given by:
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C11 ¼C22 ¼C33 ¼
ð1� vðx; zÞÞEðx; zÞ

ð1� 2vðx; zÞÞð1þ vðx; zÞÞ;

C12 ¼C13 ¼C23 ¼ vðx; zÞC11;

C66 ¼C55 ¼C44 ¼
Eðx; zÞ

ð1� 2vðx; zÞÞð1þ vðx; zÞÞ (19)

2.3. Fluid model

In the present work, the fluid dynamic pressure acting on the
plate is expressed as a function of acceleration with the following
assumptions (Soni et al. [79]):

1. The fluid flow is homogeneous, incompressible, inviscid and no-
rotation motion.

2. The fluid flow is small and hence the amplitude of vibration
complies with the small deflection theory.

3. The fluid is assumed to be non-viscous, and hence the fluid
pressure impacting on the plate is completely normal to the
plate surface.

4. The influence of boundary conditions on the number of a plane
wave is neglected.

5. The length of the plate is smaller than the level of fluid below
the plate, and hence the rigid bottom of the fluid container does
not affect the dynamics of fluid-plate.

6. The plate in-plane dimensions are smaller than the length and
width of the container, and hence the walls of the container do
not participate in the vibrations of the plate in contact with the
fluid.

7. The effect of the non-linearity at the interface of the fluid-plate
is neglected.

8. The thickness of the plate is thin, and hence the formulation of
in-plane forces can neglect the effect of fluid forces.

The BDFG rectangular plateswith the fluid dynamic pressure are
modelled for the case of the horizontally submerged plate as shown
in Fig. 3, and for the case of the vertically immersed plate as shown
in Fig. 4. For both the horizontal and vertical configurations, this
section derives a general differential equation governing the ve-
locity potential as

V2f¼ v2f

vx2
þ v2f

vy2
þ v2f

vz2
¼ 0 (20)



Fig. 3. Plate-fluid model bounded by a rigid wall.

Fig. 4. Vertical plate partially submerged in a fluid tank.

Q.-H. Pham, P.-C. Nguyen, V.K. Tran et al. Defence Technology xxx (xxxx) xxx
The boundary conditions for the horizontal and vertical plates
are then dealt with separately. Using Bernoulli's equation and
neglecting its nonlinear terms, the fluid pressure at any point of the
fluid-plate interface can be expressed as:

Pupper ¼ Pright ¼ Pz¼0 ¼ �rf

�
vf

vt

�
z¼0

(21)

Plower ¼ Pleft ¼ Pz¼�h ¼ �rf

�
vf

vt

�
z¼�h

(22)

where rf is the fluid mass density.
The following separate variable relation is assumed for the po-

tential velocity function:
5

fðx; y; z; tÞ¼ FðzÞQðx; y; tÞ (23)

where FðzÞ and Qðx; y; tÞ are two separate functions needing to be
determined from fluid boundary conditions. It is assumed that for a
permanent contract that exists between the plate surface and pe-
ripheral fluid layer, the out-of-plane velocity component of the
fluid on the plate surface should match the instantaneous rate of
change of the plate displacement in the transverse direction. So at
the fluid-plate interfaces, the upper/right plate-fluid interface and
lower/left plate-fluid interface, can be expressed, respectively, by
the following kinematic boundary conditions

�
vf

vt

�
¼0

¼ vUz

vt
(24)
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�
vf

vt

�
z¼�h

¼ vUz

vt
(25)

Substituting Eq. (23) into Eqs. (24) and (25), one obtains the
relationship between two separated functions of the velocity po-
tential as:

Qðx; y; tÞ¼ 1�
dFðzÞ=dz

�
z¼0

vUz

vt
(26)

Qðx; y; tÞ¼ 1�
dFðzÞ=dz

�
z¼�h

vUz

vt
(27)

The velocity potential on fluid-plate interfaces can be expressed
by substituting Eqs. (26) and (27) into Eq. (23) as

fðx; y; z; tÞ¼ FðzÞ�
dFðzÞ=dz

�
z¼0

vUz

vt
(28)

fðx; y; z; tÞ¼ FðzÞ�
dFðzÞ=dz

�
z¼�h

vUz

vt
(29)

Eq. (20) can now be recast in terms of the lateral deflection of
the plate by introducing Eqs. (28) and (29). The resulting second-
order general differential equation can be written as

d2FðzÞ
dz2

�g2FðzÞ ¼ 0 (30)

The horizontal plate submerged in the fluid medium, g ¼
p

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
a2 þ 1

b2

q
(Soni et al. [79]). The case of vertical plate, when partially

submerged in fluid medium ðZ2 < bÞ, g ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
a2 þ 1

Z2
2

q
and completely

submerged in fluid medium ðZ2 � bÞ, g ¼ p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1
a2 þ 1

b2

q
. The readers

can refer more detail in (Kerboua et al. [80]). The general solution of
Eq. (30) is given as

FðzÞ¼C1e
gz þ C2e

�gz (31)

Substituting Eq. (31) into Eqs. (28) and (29), one obtains the
expression for the velocity potential function on the fluid-plate
interface as follows:

fðx; y; z; tÞ¼ C1egz þ C2e�gz�
dFðzÞ=dz

�
z¼0

vUz

vt
(32)

fðx; y; z; tÞ¼ C1egz þ C2e�gz�
dFðzÞ=dz

�
z¼�h

vUz

vt
(33)

where C1;C2 are the integral constants determined according to
contact boundary conditions between the fluid and the plate.
2.3.1. Dynamic pressure for horizontally submerged plate
For the case of the horizontally submerged plate (Fig. 3), the

fluid extreme boundary conditions include the free fluid surface at
z ¼ h1 and the rigid bottom surface at z ¼ hþ h2: Thus, the po-
tential function corresponding to the boundary conditions is
determined by:
6

For the free fluid surface:

�
vf

vz

�
z¼h1

¼ � 1
g

 
v2f

vt2

!
z¼h1

(34)

For the rigid bottom of the tank :

�
vf

vz

�
z¼hþh2

¼0 (35)

where g represents the gravity acceleration.
Considering the velocity potential fas a function of sinusoidal

time dependence:

fðx; y; z; tÞ¼ FðzÞQ1ðx; yÞe�iut (36)

Substituting Eq. (36) into Eq. (34), we obtain

�
vFðzÞ
vz

�
z¼h1

¼u2

g
ðFðzÞÞz¼h1

(37)

Substituting Eq. (31) into Eq. (37), we obtain

C2 ¼Xe2gh1C1 (38)

where X ¼ gg�u2

ggþu2 (Kerboua et al. [80]; Haddara and Cao [81])

demonstrated that the value of X tends asymptotically towards �1
using the graphical approach. In the present work, the approximate
value of X ¼ �1 is used in order to avoid the effect of nonlinearity
on the fluid-plate interface.

Similarly, substituting Eq. (32) into Eq. (24), one finds

C1 �C2 ¼ 1
g

�
vFðzÞ
vz

�
z¼0

(39)

From Eqs. (38) and (39), we obtain the results

C1 ¼
1

g
	
1� Xe2gh1


�vFðzÞ
vz

�
z¼0

;C2 ¼
e2gh1

g
	
1� Xe2gh1


�vFðzÞ
vz

�
z¼0

(40)

Substituting Eq. (40) into Eq. (32), we get the required relation
for the potential function of the fluid on the upper portion of the
plate as

fðx; y; z; tÞ¼ egz þ Xe�gðz�2h1Þ

g
	
1� Xe2gh1


 vUz

vt
(41)

Similarly, by substituting Eq. (33) into Eqs. (35) and (25), we get
the required relation for the velocity potential function of the fluid
in the lower portion of the plate as

fðx; y; z; tÞ¼ egz þ e�gðzþ2hþ2h2Þ

g
	
e�gh � e�gðhþ2h2Þ
 vUz

vt
(42)

Substituting Eq. (41) into Eq. (21), the fluid dynamic pressure
acting on the upper surface of the plate can be expressed as

Pupper ¼ � rf
g

1þ Xe2gh1	
1� Xe2gh1


 v2Uz

vt2
(43)

Similarly, substituting Eq. (42) into Eq. (22), the fluid dynamic
pressure acting on the lower surface of the plate is expressed as

Plower ¼ � rf
g

1þ e�2gh2

�1þ e�2gh2

v2Uz

vt2
(44)

Now, the difference of the fluid dynamic pressure between the
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upper and lower surfaces (ðDPÞ for the horizontally submerged
plate can be written as

DP¼ Pupper � Plower ¼ � rf
g

 
1þ Xe2gh1	
1� Xe2gh1


� 1þ e�2gh2

�1þ e�2gh2

!

v2Uz

vt2
¼madd

v2Uz

vt2

(45)

wheremadd ¼ � rf
g

 
1þXe2gh1
ð1�Xe2gh1 Þ � 1þe�2gh2

�1þe�2gh2

!
is the virtual added mass

due to the fluid in the case of a horizontally submerged plate.When
a plate vibrates in a fluid medium then its mass is increased by the
mass of the virtual layer of vibrating fluid and this phenomenon is
called the added virtual mass effect.

2.3.2. Dynamic pressure for vertical submerged plate
For the case of vertical plate partially immersed in fluid as

shown in Fig. 4, the difference of the dynamic pressure DP of sur-
rounding fluid may be expressed as:

DP¼ Pright � Pleft (46)

where Pright;Pleftare the fluid dynamic pressures acting to the right
and left surfaces of the plate. The boundary conditions for the fluid-
plate interface on left and right ends are given by:�
vf

vt

�
z¼d1

¼0 (47)

�
vf

vt

�
z¼�h�d1

¼0 (48)

From Eqs. (24), (32) and (47), the expression for velocity po-
tential function on the right side of the plate becomes

fðx; y; z; tÞ¼ egz þ e�gðz�2d1Þ

g
	
1� e2gd1


 vUz

vt
(49)

Similarly, from Eqs. (25), (33) and (48), the expression for ve-
locity potential function on the left side of the plate becomes

fðx; y; z; tÞ¼ egz þ e�gðzþ2hþ2d2Þ

g
	
e�gh � e�gðhþ2d2Þ
 vUz

vt
(50)

From Eqs. ((22), (46), (49) and (50), the total difference of the
dynamic fluid pressure DP for vertically submerged plate condi-
tions is expressed as

DP¼ Pright � Pleft ¼ � rf
g

 
1þ e2gd1	
1� e2gd1


� 1þ e�2gd2

�1þ e�2gd2

!

v2Uz

vt2
¼madd

v2Uz

vt2

(51)

where madd ¼ � rf
g

 
1þe2gd1
ð1�e2gd1 Þ � 1þe�2gd2

�1þe�2gd2

!
is the virtual added mass

due to fluid when the plate is vertical and partially submerged in
the fluid medium.

2.4. The governing equation

The equations of motion of the BDFG plate in the fluid medium
are based on the refined three-dimensional plate theory derived
7

from Hamilton's principle by:

ðt2
t1

ðdUþ dW � dTÞdt¼0 (52)

where dU; dW and dT are the variation of the strain energy, external
work and kinetic energy. The variation of the strain energy can be
given by:

dU¼
ð
S

ðþh
2

�h
2

sijdεijdzdxdy¼
ð
S

�
ε
TDbdεþgTDsdg

�
dxdy (53)

where

Db ¼

2
664
A B Bb X
B F Fb Y
Bb Fb H Yb

X Y Yb Hb

3
775;Ds ¼

2
4As Bs Bb

s
Bs Fs Fb

s
Bb

s Fb
s Hs

3
5 (54)

�
A;B;Bb; F; Fb;H

�
¼
ð
�h
2

h
2 Q b

�
1; z; f ðzÞ; z2; zf ðzÞ; f ðzÞ2

�
dz

�
X;Y ;Yb;Hb

�
¼
ð
�h
2

h
2 Q b

�
g0ðzÞ; zg0ðzÞ; f ðzÞg0ðzÞ; g0ðzÞ2

�
dz

�
As;Bs;Bb

s; Fs; Fb;Hs

�
¼
ð
�h
2

h
2 Q s

�
1; z; f ðzÞ; z2; zf ðzÞ; f ðzÞ2

�
dz

(55)

Qb ¼

2
664
C11 C12 0 C13
C12 C22 0 C23
0 0 C66 0
C13 C23 0 C33

3
775 ; Q s ¼

�
C55 0
0 C44

�
(56)

The variation of external work can be expressed as:

dW ¼ �
ð
S

DPdUzdxdy (57)

where DP is the hydrodynamic pressure of fluid, perpendicular to
the plate surface and presented in sections 2.3 and Eq. (57) can be
written as

dW ¼ �
ð
S

madd
v2Uz

vt2
dUzdxdy (58)

The variation of kinetic energy is given by:

dT ¼
ð
S

ðþh=2

�h=2

rðzÞ	 _Uxd _Ux þ _Uyd _Uy þ _Uzd _Uz


dzdS¼

ð
S

	
€uTHmdu



dxdy

(59)
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u¼
(
U0 V0 Wb Ws q vWb

vx
vWs

vx
vWb

vy
vWs

vy
vq
vx

vq
vy

)T

(60)

Hm ¼
ðþh
2

�h
2

rðx; zÞLTmLmdz (61)

Lm ¼
2
41 0 0 0 0 �z f þ zk1 0 0 zk2 0
0 1 0 1 0 0 0 �z f þ zk1 0 zk2
0 0 1 1 g 0 0 0 0 0 0

3
5

(62)

where (_), (.__.) are the first and second-order derivatives over time,

respectively. Then integrating through the thickness of the plate,
the coefficients in Eqs. (55) and (61) are obtained as a function of
length variable x.

Substituting Eqs. (53), (57) and (59) into Eq. (52), a weak form of
the plate in fluid medium can be described as:

ð
S

�
ε
TDbdεþgTDsdg

�
dxdy¼

ð
S

madd
v2Uz

vt2
dUzdxdy

þ
ð
S

	
€uTHmdu



dxdy (63)
3. NURBS e based IGA for free vibration analysis of plates in
the fluid medium

3.1. NURBS basis functions

In the IGA, the knot vector kðzÞis defined as the nondecreasing
numbers between zero and one
kðzÞ ¼ fz1 ¼ 0;…; zi;…; znþpþ1 ¼ 1 g; where i represents the knot

index; ziis called the ith knot; n is the number of basic functions,
and p is the order of the polynomial. The univariate B e spline basis
function Ni;pðzÞ; is defined recursively by (Hughes et al. [38]):

Ni;pðzÞ¼
�
1
0

if zi � z � ziþ1
otherwise

for p ¼ 0 (64)

and

Ni;pðzÞ¼
z� zi

ziþp � zi
Ni;p�1ðzÞ þ

ziþpþ1 � z

ziþpþ1 � ziþ1
Niþ1;p�1ðzÞ for p � 1

(65)

Two-dimensional NURBS basis functions can be constructed by
taking the tensor product of the univariate B e spline basis func-
tions in two parametric dimensions z and h
8

Rp;qi;j ðz; hÞ¼
Ni;pðzÞNj;qðhÞwi;jPn

i¼1
Pm

j¼1Ni;pðzÞNj;qðhÞwi;j
(66)

where wi;jare the weight; Ni;pðzÞ and Nj;qðhÞ represent the B e

spline basis functions of order p in the z and order q in the h di-
rection, respectively; Nj;qðhÞ follows the recursive formula shown in
Eq. (65) with knot vector kðhÞ;which is defined in the samemanner
as kðzÞ.
3.2. NURBS based formulation

The displacements in the middle plane of the plate are
approximated as follows:

qh ¼
XNN
I¼1

RIqI (67)

with

qI ¼
h
U0I;V0I;W

b
I ;W

s
I ; qI

i
(68)

where NN ¼ ðpþ1Þðqþ1Þ is the number of control points per
physical element; RI and qI denote the shape function and the
unknown displacement vector at control point I, respectively.

The displacements U0;V0;Wb;Ws; q are written in matrices as
follows:

U0 ¼
XNN
I¼1

½RI 0 0 0 0 �qI ¼
XNN
I¼1

NuIqI (69)

V0 ¼
XNN
I¼1

½0 RI 0 0 0 �qI ¼
XNN
I¼1

NvIqI (70)

Wb ¼
XNN
I¼1

½0 0 RI 0 0 �qI ¼
XNN
I¼1

NwbIqI (71)

Ws ¼
XNN
I¼1

½0 0 0 RI 0 �qI ¼
XNN
I¼1

NwsIqI (72)

q¼
XNN
I¼1

½0 0 0 0 RI �qI ¼
XNN
I¼1

NqIqI (73)

Substituting Eqs. (69)e(73) into Eq. (17), the in-plane, shear and
normal strains can be rewritten as

ε
0 ¼

XNN
I¼1

B0
I qI; ε

1 ¼
XNN
I¼1

B1
I qI; ε

2 ¼
XNN
I¼1

B2
I qI; ε

3 ¼
XNN
I¼1

B3
I qI;

g0 ¼
XNN
I¼1

Bs0
I qI;g

1 ¼
XNN
I¼1

Bs1
I qI;g

2 ¼
XNN
I¼1

Bs2
I qI (74)

in which



Table 1
Mechanical properties of the BDFG plate ([26,82]).

Materials E/GPa n r/(kg/m�3) Materials E/GPa n r/(kg/m�3)

Al 70 0.3 2700 SUS3O4 201.04 0.24 2370
Al2O3 380 0.3 3800 Si3N4 348.43 0.3 8166

Fig. 5. The mesh of 20 � 20 control points for a square plate.

Table 2
Comparison of dimensionless frequency U1of the Al=Al2O3 rectangular plate with
the SSSS boundary condition.

a=h Method pz

Control points 0 1 10

5 Present 12 � 12 5.3119 4.1670 3.3102
20 � 20 5.3128 4.1676 3.3104

Quasi 3D-IGA [82] 14 � 14 5.3090 4.1521 3.3126
RPT-IGA [82] 14 � 14 5.2813 4.0781 3.2519
TSDT-Navier's [83] 5.2813 4.0781 3.2514

20 Present 12 � 12 5.9302 4.6050 3.8153
20 � 20 5.9304 4.6048 3.8153

Quasi 3D-IGA [82] 14 � 14 5.9235 4.5919 3.8129
RPT-IGA [82] 14 � 14 5.9199 4.5228 3.7623
TSDT-Navier's [83] 5.9199 4.5228 3.7622

100 Present 12 � 12 5.9797 4.6397 3.8588
20 � 20 5.9798 4.6397 3.8588

Quasi 3D-IGA [82] 14 � 14 5.9723 4.6263 3.8533
RPT-IGA [82] 14 � 14 5.9712 4.5579 3.8058
TSDT-Navier's [83] 5.9712 4.5579 3.8058
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B0
I ¼

2
6664
NuI;x

NvI;y

NuI;y þ NvI;x

0

3
7775;B1

I ¼

2
6664
k1NwsI;xx þ k2NqI;xx � NwbI;xx

k1NwsI;yy þ k2NqI;yy � NwbI;yy

2
�
k1NwsI;xy þ k2NqI;xy � NwbI;xy

�
0

3
7775;

B2
I ¼

2
6664
NwsI;xx

NwsI;yy

2NwsI;xy

0

3
7775;Bs0

I ¼
"
ðk1 þ 1ÞNwsI;x þ k2NqI;x

ðk1 þ 1ÞNwsI;y þ k2NqI;y

#
;

Bs1
I ¼

"
NqI;x

NqI;y

#
;Bs2

I ¼
"
NwsI;x

NwsI;y

#
;B3

I ¼

2
6664
0
0
0
NqI

3
7775

(75)

Substituting Eqs. (69)e(73) into Eq. (60), the displacement field
u is obtained as:

u¼
XNN
I¼1

NmIqI (76)

where

NmI¼


Nu Nv Nwb Nws Nq Nwb;x Nws;x Nwb;y Nws;y Nq;x Nq;y

�T
;

(77)

The displacement Uzis written by

Uz ¼
XNN
I¼1

½0 0 RI RI 0 �qI ¼
XNN
I¼1

BwIqI (78)

Substituting Eqs. (76)e(78) into Eq. (63), the matrix form of the
global equilibrium equations for the free vibration analysis of the
BDFG plates in the fluid medium is determined by

�
K�u2M

�
q¼0 (79)

in which the stiffness matrix K ¼ PNN
I¼1

KI is calculated by

KI ¼Kb þKs (80)

where

Kb ¼
ð
S

8>><
>>:

B0

B1

B2

B3

9>>=
>>;

T2
664
A B Bb X
B F Fb Y
Bb Fb H Yb

X Y Yb Hb

3
775
8>><
>>:

B0

B1

B2

B3

9>>=
>>;dxdy (81)

Ks ¼
ð
S

8<
:

Bs0

Bs1

Bs2

9=
;

T2
4As Bs Bb

s
Bs Fs Fb

s
Bb

s Fb
s Hs

3
5
8<
:

Bs0

Bs1

Bs2

9=
;dxdy (82)

and the mass matrix M ¼ PNN
I¼1

MI is computed by

MI ¼Mp þMl (83)

whereMp; Mlare the mass matrix of the plate and the mass matrix
of fluid-plate:
9

Mp ¼
ð
S

ðNmÞTHmNmdxdy (84)

Ml ¼ madd

ð
S

ðBwÞTBwdxdy (85)

in which, u is the natural frequency value.
4. Numerical examples

In this section, some numerical results are performed by using



Table 3
Comparison of the natural frequencies u(Hz) of the horizontally FG plate (with the
SFSF boundary condition) in a vacuum and submerged in fluid.

Mode no. In vacuum Plate horizontally
submerged in fluid

Present MPT [84] Present FEM [80]

1 51.066 51.005 31.229 31.28
2 205.923 205.530 125.945 126.40
3 230.988 228.131 141.613 141.78
4 466.124 464.979 285.158 285.98
5 495.677 490.227 303.938 304.57

Table 5
Comparison of the first non-dimensional frequency U1 of the Si3N4=SUS3O4square
BDFG plates with the SSSS and CCCC boundary conditions ða ¼ 1; h =a ¼ 0:1; pz ¼ 1Þ.

BC Theory px ¼ 0 px ¼ 2 px ¼ 5

SSSS FSDT-IGA [26] 1.1066 0.8604 0.8082
Present 1.1371 0.8726 0.8179

CCCC FSDT-IGA [26] 1.9720 1.5170 1.4256
Present 1.9851 1.5190 1.4291
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Matlab's codes based on the proposed theoretical formulation for
BDFG plates submerged in the fluid medium. The ðp þ 1Þðq þ
1ÞGaussian quadrature is adopted for two-dimensional elements,
where p and q represent the orders of the NURBS basis function
along the zand h directions in the parametric domain, respectively
(Hughes et al. [38]). In order to demonstrate the accuracy of the
present IGA models, the comparative analyses of vibration are
given as

Um¼um
a2

h

ffiffiffiffiffi
rc
Ec

r
;Um¼um

a2

p2

ffiffiffiffiffiffiffiffi
rch
Dc

s
;bm¼uma2

ffiffiffiffiffiffiffiffi
rch
Dc

s
;Dc¼ Ech3

12
	
1�n2




in which m is the m-th natural frequency; and the material prop-
erties of BDFG plate are given in Table 1.

The obtained numerical results of the present work are
compared with the following approaches:

� Quasi 3D e IGA: The higher-order Quasi 3D and isogeometric
analysis (Nguyen et al. [82]).

� RPT e IGA: Refine higher-order shear deformation plate theory
and isogeometric analysis (Nguyen et al. [82]).

� TSDT-Navier's: Third-order shear deformation plate theory and
Navier's method (Thai and Kim [83]).

� MPT: Mindlin's plate theory and exact-closed form character-
istics equation (Hosseini-Hashemi et al. [84]).

� FEM: Classical plate theory and finite element method (Kerboua
et al. [80]).

� FSDT-IGA: First-order shear deformation plate theory and iso-
geometric analysis (Li et al. [26]).

� Present: refined quasi 3D plate theory and isogeometric
analysis.
4.1. Validation study

In order to validate the present theoretical formulation, we
Table 4
Comparison of the first two frequencies of the plate horizontally submerged in a fluid w

BC Mode Theory In vacuum Plate ho

h1=a ¼
SSSS 1 MPT [84] 48.3006 41.4293

Present 48.3753 41.4296
2 MPT [84] 76.3360 64.5257

Present 76.4678 65.5536
CSCS 1 MPT [84] 88.6635 79.6484

Present 90.3925 78.5004
2 MPT [84] 106.9478 93.4901

Present 109.7650 94.3950
SCSS 1 MPT [84] 66.3511 58.3467

Present 66.9685 58.0735
2 MPT [84] 89.7039 77.0089

Present 90.6334 77.9443
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compare the obtained results with those of the published works.
We first consider the FG plate using Al=Al2O3 material with the
SSSS boundary condition; the thickness of plate changes from
a=h ¼ 5 to a=h ¼ 100; the variation of FG material through-
thickness of the plate has complied with the Voigt model with
the power-law index pz ¼ 0; 1; 10. The FG plates are modelled with
12 � 12 and 20 � 20 control points, in which the mesh of 20 � 20
control points is plotted in Fig. 5. The dimensionless frequency
results U1 of the present method by the mesh of 20 � 20 control
points are presented in Table 2 and compared to the numerical
results of published work in Refs. (Nguyen et al. [82]; Thai and Kim
[83]). It is seen that the obtained results illustrated convincingly the
computational convergence and precision of the current IGA
model.

Next, let us consider the FG plates horizontal submerged in the
fluidmedium. The dimensional parameters andmaterial properties
of FG plates include Young's modulus E ¼ 207 GPa, material den-
sity r ¼ 7850 kg=m3; Poisson's ratio ¼ 0:3, a ¼ 0:655; b ¼ 0:20165
and thickness h ¼ 9:36 mm. The fluid density is taken by 1000
kg=m3. The plate is horizontally submerged in a rectangular
reservoir tank with dimensions of 1.3 m � 0.55 m � 0.8 m. Table 3
presents the natural frequencies of two opposite sides of the FG
plates (with the SFSF boundary condition) in a vacuum and hori-
zontally submerged in fluid. It is seen that the obtained numerical
results by the proposed method agree well with the results of the
exact solution obtained by Mindlin's plate theory (Hosseini-
Hashemi et al. [84]) in the vacuum and by the finite element
method (Kerboua et al. [80]) when completely submerged in fluid.

Table 4 presents the numerical results of the first two fre-
quencies of FG plates horizontally submerged in a fluid with
different fluid levels of the present method compared with the
exact solution (Hosseini-Hashemi et al. [84]). It can be found that
the obtained results of the present method agree well with those
obtained by published work (Hosseini-Hashemi et al. [84]). In
particular, in view of Table 4, it is observed to gain the expected
results for all boundary conditions: the increase of submerged fluid
levels leads to the decrease of frequencies of FG plates. It is also
noted that the frequencies of FG plates only decrease slightly when
ith various fluid levels.

rizontally submerged in a fluid with various fluid levels

0 0:1 0:3 0:5 2

38.4638 36.9582 36.8523 36.8455
38.4813 36.9829 36.8776 36.6373
59.9367 57.1981 56.9347 56.9111
60.9194 58.5615 58.3957 58.0174
74.4777 72.9584 72.9222 72.9214
72.9172 70.0794 69.8799 69.4247
87.1999 84.2839 84.1148 84.1058
87.7253 84.3314 84.0928 83.5482
54.3177 52.7481 52.6826 52.6801
53.9450 51.8464 51.6989 51.3623
71.6786 68.8209 68.6026 68.5873
72.4380 69.6360 69.4390 68.9894



Table 6
The non-dimensional frequency U1 of the Al=Al2O3square BDFG plates (with the
SSSS boundary condition) horizontally submerged in the water.

a=
h

px pz In vacuum Horizontally submerged in water ðh1 =aÞ
0 0:3 0:5 1 2

5 0 0 1.7785 1.5781 1.4495 1.4358 1.4329 1.4329
0.5 1.3424 1.1775 1.0746 1.0637 1.0614 1.0614
1 1.2355 1.0766 0.9788 0.9686 0.9664 0.9664
2 1.1585 1.0020 0.9074 0.8975 0.8955 0.8954
10 1.0391 0.8881 0.7992 0.7901 0.7881 0.7881

1 0 1.2014 1.0448 0.9489 0.9389 0.9368 0.9368
0.5 1.0752 0.9297 0.8417 0.8325 0.8306 0.8306
1 1.0374 0.8938 0.8077 0.7988 0.7969 0.7969
2 1.0092 0.8661 0.7811 0.7723 0.7704 0.7704
10 0.9602 0.8190 0.7363 0.7278 0.7260 0.7260

10 0 0.9598 0.8177 0.7346 0.7261 0.7243 0.7242
0.5 0.9367 0.7979 0.7167 0.7084 0.7066 0.7066
1 0.9291 0.7913 0.7108 0.7026 0.7008 0.7008
2 0.9232 0.7861 0.7061 0.6979 0.6961 0.6961
10 0.9139 0.7780 0.6986 0.6905 0.6888 0.6887

10 0 0 1.9370 1.5431 1.3443 1.3248 1.3207 1.3207
0.5 1.4549 1.1369 0.9826 0.9677 0.9646 0.9645
1 1.3449 1.0396 0.8947 0.8808 0.8779 0.8778
2 1.2725 0.9720 0.8328 0.8195 0.8167 0.8167
10 1.1512 0.8625 0.7338 0.7216 0.7191 0.7191

1 0 1.3089 1.0085 0.8669 0.8533 0.8505 0.8504
0.5 1.1679 0.8909 0.7629 0.7507 0.7481 0.7481
1 1.1291 0.8563 0.7317 0.7199 0.7174 0.7174
2 1.1032 0.8315 0.7088 0.6973 0.6948 0.6948
10 1.0533 0.7860 0.6678 0.6566 0.6543 0.6543

10 0 1.0464 0.7789 0.6612 0.6501 0.6478 0.6478
0.5 1.0197 0.7588 0.6440 0.6332 0.6309 0.6309
1 1.0117 0.7526 0.6387 0.6280 0.6258 0.6257
2 1.0059 0.7481 0.6348 0.6242 0.6220 0.6220
10 0.9964 0.7407 0.6285 0.6179 0.6157 0.6157

100 0 0 2.0021 0.7610 0.5762 0.5617 0.5587 0.5587
0.5 1.5010 0.5461 0.4123 0.4018 0.3997 0.3996
1 1.3905 0.4940 0.3723 0.3628 0.3609 0.3609
2 1.3211 0.4575 0.3443 0.3355 0.3337 0.3337
10 1.1995 0.3990 0.2996 0.2919 0.2903 0.2903

1 0 1.3531 0.4773 0.3596 0.3504 0.3486 0.3485
0.5 1.2058 0.4164 0.3133 0.3053 0.3036 0.3036
1 1.1669 0.3980 0.2993 0.2916 0.2900 0.2900
2 1.1424 0.3846 0.2890 0.2816 0.2800 0.2800
10 1.0923 0.3604 0.2705 0.2635 0.2621 0.2621

10 0 1.0822 0.3552 0.2665 0.2597 0.2582 0.2582
0.5 1.0539 0.3457 0.2593 0.2527 0.2513 0.2513
1 1.0456 0.3428 0.2572 0.2506 0.2492 0.2492
2 1.0400 0.3408 0.2557 0.2491 0.2477 0.2477
10 1.0304 0.3374 0.2531 0.2466 0.2452 0.2452

Table 7
The non-dimensional frequency U1of the Al=Al2O3square BDFG plate (with the SSSS
boundary condition) vertically immersed in the water (d1 ¼ d2).

px pz In vacuum Vertically immersed in water ðZ2 =bÞ
a=h 0:1 0:3 0:5 0:7 1

5 0 0 1.7785 1.7146 1.6105 1.5354 1.4829 1.4329
0.5 1.3424 1.2892 1.2038 1.1431 1.1012 1.0614
1 1.2355 1.1838 1.1017 1.0438 1.0039 0.9664
2 1.1585 1.1072 1.0265 0.9701 0.9316 0.8954
10 1.0391 0.9891 0.9114 0.8580 0.8218 0.7881

1 0 1.2014 1.1504 1.0695 1.0126 0.9736 0.9368
0.5 1.0752 1.0276 0.9525 0.9000 0.8642 0.8306
1 1.0374 0.9902 0.9162 0.8647 0.8297 0.7969
2 1.0092 0.9620 0.8883 0.8373 0.8027 0.7704
10 0.9602 0.9133 0.8408 0.7910 0.7573 0.7260

10 0 0.9598 0.9125 0.8395 0.7895 0.7557 0.7242
0.5 0.9367 0.8905 0.8192 0.7703 0.7373 0.7066
1 0.9291 0.8833 0.8125 0.7640 0.7312 0.7008
2 0.9232 0.8776 0.8072 0.7590 0.7264 0.6961
10 0.9139 0.8687 0.7988 0.7510 0.7187 0.6887

10 0 0 1.9370 1.7969 1.5988 1.4735 1.3930 1.3207
0.5 1.4549 1.3396 1.1808 1.0824 1.0201 0.9645
1 1.3449 1.2331 1.0812 0.9883 0.9297 0.8778
2 1.2725 1.1612 1.0123 0.9225 0.8663 0.8167
10 1.1512 1.0423 0.9003 0.8164 0.7645 0.7191

1 0 1.3089 1.1986 1.0493 0.9583 0.9011 0.8504
0.5 1.1679 1.0652 0.9280 0.8453 0.7936 0.7481
1 1.1291 1.0274 0.8926 0.8119 0.7616 0.7174
2 1.1032 1.0013 0.8673 0.7876 0.7382 0.6948
10 1.0533 0.9521 0.8208 0.7436 0.6959 0.6543

10 0 1.0464 0.9449 0.8137 0.7367 0.6892 0.6478
0.5 1.0197 0.9206 0.7926 0.7175 0.6713 0.6309
1 1.0117 0.9133 0.7862 0.7117 0.6658 0.6257
2 1.0059 0.9080 0.7816 0.7074 0.6618 0.6220
10 0.9964 0.8992 0.7738 0.7004 0.6552 0.6157

100 0 0 2.0021 1.2261 0.8304 0.6871 0.6148 0.5587
0.5 1.5010 0.8900 0.5968 0.4925 0.4401 0.3996
1 1.3905 0.8098 0.5401 0.4451 0.3976 0.3609
2 1.3211 0.7546 0.5007 0.4120 0.3678 0.3337
10 1.1995 0.6642 0.4371 0.3590 0.3202 0.2903

1 0 1.3531 0.7838 0.5220 0.4300 0.3841 0.3485
0.5 1.2058 0.6872 0.4556 0.3749 0.3347 0.3036
1 1.1669 0.6588 0.4357 0.3583 0.3197 0.2900
2 1.1424 0.6385 0.4212 0.3461 0.3088 0.2800
10 1.0923 0.6010 0.3949 0.3242 0.2891 0.2621

10 0 1.0822 0.5930 0.3892 0.3195 0.2849 0.2582
0.5 1.0539 0.5771 0.3788 0.3109 0.2772 0.2513
1 1.0456 0.5724 0.3756 0.3083 0.2749 0.2492
2 1.0400 0.5691 0.3734 0.3065 0.2733 0.2477
10 1.0304 0.5635 0.3697 0.3034 0.2705 0.2452
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the plate is submerged in a fluid with the level. h1= a � 0:3:
Lastly, we consider the cases of the Si3N4=SUS3O4square BDFG

plates with the simply supported and full clamped boundary con-
ditions and with material parameters given in Table 1. Table 5
presents the numerical results of the first dimensionless natural
frequencies of BDFG plates of the present method compared to
those of published work (Li et al. [26]). It is seen that there is a good
agreement between the results obtained by the proposed method
and those by the IGA of Li et al. [26]. However, the results by the IGA
of Li et al. [26] are slightly smaller than those by the proposed
method. It is because the IGA of Li et al. [26] only used the FSDT
theory, while the IGA in the present work uses the refined quasi 3D
plate theory. The above-compared examples hence verified the
accuracy and reliability of the proposed approach.

4.2. Numerical results and discussion

In this section, the influences of different geometric and mate-
rial parameters (such as the length-to-thickness ratio, width-to-
length ratio, power-law indexes), different models of plate sub-
merged in fluid, and different boundary conditions on the natural
11
frequencies of BDFG plates are conducted. The square plate has the
geometric parameter a ¼ 1 m, and the dimension of tank
5 � 5 � 5 m. The numerical results are presented in tubular and
figure forms.

Table 6 displayed the effects of the length-to-thickness ratio a=h;
the power-law index px; pz and the fluid depth level h1=a on the
natural frequency U1 of the Al=Al2O3 square BDFG plates (with the
SSSS boundary condition) horizontally submerged in fluid. It can be
seen that the increase of the thickness and the length ratio h1=a
makes the natural frequencies of plate U1 decrease fastly. However,
when h1=a � 1 these natural frequencies do not change. This can be
explained that when h1 � a; the virtual added mass
madd/2 rf

g(constant) and hence the natural frequency of the plate

U1 tends to constant and does not change. In addition, the natural
frequency U1 decreases significantly when the power-law indexes
px; pz increase. It is noted that when the length-to-thickness ratio



Table 8
The first five non-dimensional frequencies Umof Al=Al2O3square BDFG plate hori-
zontally submerged in the water ða ¼ 1; h =a ¼ 0:2; px ¼ 1; pz ¼ 1Þ.

BC Mode In vacuum Horizontally submerged in water ðh1 =aÞ
0 0:3 0:5 1 2

CCCC 1 2.0019 1.4279 1.2876 1.2731 1.2700 1.2700
2 3.5995 2.5553 2.3078 2.2821 2.2766 2.2766
3 3.6052 2.5843 2.3351 2.3091 2.3037 2.3036
4 4.7189 3.4892 3.1539 3.1189 3.1115 3.1114
5 4.7568 3.8710 3.4993 3.4602 3.4520 3.4519

CCCS 1 1.8297 1.3139 1.1856 1.1723 1.1695 1.1694
2 3.2440 2.3292 2.1075 2.0843 2.0794 2.0794
3 3.5230 2.5356 2.2918 2.2664 2.2610 2.2610
4 4.1884 3.3483 3.0300 2.9967 2.9896 2.9895
5 4.6270 3.6674 3.3232 3.2867 3.2790 3.2789

CSCS 1 1.7050 1.2222 1.1031 1.0907 1.0881 1.0881
2 2.9258 2.1410 1.9408 1.9199 1.9155 1.9154
3 3.4726 2.4640 2.2264 2.2017 2.1964 2.1964
4 3.7028 3.2456 2.9405 2.9085 2.9018 2.9017
5 4.4600 3.4277 3.1642 3.1314 3.1245 3.1244

CFCF 1 1.3009 0.9347 0.8415 0.8319 0.8299 0.8298
2 1.5782 1.1469 1.0345 1.0228 1.0203 1.0203
3 2.2089 1.8045 1.6357 1.6180 1.6143 1.6142
4 2.4608 1.8262 1.8260 1.8260 1.8260 1.8260
5 3.1082 2.2328 2.0158 1.9932 1.9885 1.9884

CSSS 1 1.4453 1.0426 0.9418 0.9314 0.9291 0.9291
2 2.8007 2.0511 1.8603 1.8403 1.8361 1.8360
3 3.0701 2.2095 2.0006 1.9788 1.9742 1.9741
4 3.6722 3.0579 2.7748 2.7450 2.7387 2.7386
5 4.0557 3.4002 3.1278 3.0954 3.0885 3.0884

SFSS 1 0.7594 0.5773 0.5221 0.5164 0.5151 0.5151
2 1.6694 1.2231 1.1085 1.0965 1.0940 1.0940
3 2.3161 1.7946 1.6300 1.6127 1.6091 1.6091
4 2.6122 2.3091 2.1128 2.0905 2.0858 2.0857
5 3.1025 2.3252 2.1729 2.1510 2.1463 2.1463

SFSF 1 0.6343 0.4561 0.4111 0.4065 0.4055 0.4055
2 1.0208 0.7488 0.6762 0.6687 0.6671 0.6671
3 2.0198 1.5619 1.4176 1.4025 1.3993 1.3992
4 2.1214 1.6203 1.4682 1.4523 1.4490 1.4490
5 2.2066 1.7005 1.6979 1.6928 1.6904 1.6904

Table 9
The first five non-dimensional frequencies Um of Al=Al2O3 square BDFG plate
vertically immersed in the water ða ¼ 1; h =a ¼ 0:2; px ¼ 1; pz ¼ 1Þ.

BC Mode In vacuum Vertically immersed in water ðZ2 =bÞ
0:1 0:3 0:5 0:7 1

CCCC 1 2.0019 1.5858 1.4645 1.3804 1.3233 1.2700
2 3.5995 2.8302 2.6194 2.4719 2.3711 2.2766
3 3.6052 2.8610 2.6489 2.5004 2.3989 2.3036
4 4.7189 3.8563 3.5756 3.3765 3.2399 3.1114
5 4.7568 3.8764 3.8749 3.7468 3.5951 3.4519

CCCS 1 1.8297 1.4581 1.3474 1.2705 1.2183 1.1694
2 3.2440 2.5743 2.3865 2.2546 2.1643 2.0794
3 3.5230 2.8059 2.5987 2.4535 2.3542 2.2610
4 4.1884 3.6937 3.4301 3.2415 3.1118 2.9895
5 4.6270 3.7614 3.7377 3.5537 3.4126 3.2789

CSCS 1 1.7050 1.3560 1.2532 1.1819 1.1334 1.0881
2 2.9258 2.3613 2.1926 2.0738 1.9922 1.9154
3 3.4726 2.7277 2.5255 2.3840 2.2872 2.1964
4 3.7028 3.4796 3.3238 3.1433 3.0190 2.9017
5 4.4600 3.5776 3.4545 3.3585 3.2430 3.1244

CFCF 1 1.3009 1.0405 0.9592 0.9031 0.8652 0.8298
2 1.5782 1.2736 1.1763 1.1089 1.0631 1.0203
3 2.2089 1.8264 1.8262 1.7478 1.6790 1.6142
4 2.4608 1.9908 1.8481 1.8261 1.8260 1.8260
5 3.1082 2.4749 2.2891 2.1596 2.0712 1.9884

CSSS 1 1.4453 1.1555 1.0688 1.0086 0.9675 0.9291
2 2.8007 2.2608 2.1002 1.9870 1.9093 1.8360
3 3.0701 2.4401 2.2634 2.1392 2.0541 1.9741
4 3.6722 3.3649 3.1303 2.9631 2.8477 2.7386
5 4.0557 3.4659 3.4346 3.3231 3.2061 3.0884

SFSS 1 0.7594 0.6390 0.5916 0.5587 0.5362 0.5151
2 1.6694 1.3501 1.2528 1.1846 1.1379 1.0940
3 2.3161 1.9751 1.8369 1.7394 1.6723 1.6091
4 2.6122 2.3184 2.3136 2.2540 2.1675 2.0857
5 3.1025 2.5568 2.3797 2.2903 2.2250 2.1463

SFSF 1 0.6343 0.5070 0.4679 0.4409 0.4226 0.4055
2 1.0208 0.8304 0.7678 0.7243 0.6947 0.6671
3 2.0198 1.7009 1.5990 1.5134 1.4546 1.3992
4 2.1214 1.7205 1.6596 1.5692 1.5072 1.4490
5 2.2066 1.7886 1.7006 1.7003 1.6997 1.6904
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a=hvaries from 5 to 100 in the vacuum, the natural frequency U1
increases with the values a=h ¼ 5; 10 and it does not much change
when the length-to-thickness ratio a=h is larger than 10.

The effects of the length-to-thickness ratio a= h; the power-law
indexes px; pz and the fluid depth level to length ratio Z2= bon the
natural frequencies U1of the Al=Al2O3square BDFG plate (with the
SSSS boundary condition) vertically immersed in the water are
reported in Table 7. It can be observed that the increase of fluid
depth level to length ratio Z2=bmakes the natural frequency
U1decrease continuously until the vertical plate is completely
submerged in thewater. It is noted that the natural frequencyU1are
the same when the vertical plate and the horizontal plate are
completely submerged in the water.

Table 8 and Table 9 present, respectively, the influence of the
boundary conditions: CCCC, CCCS, CSCS, CFCF, SSSC, SFSS, and SFSF
on the first five frequencies of the plate horizontal submerged in
the water (h1=a) and the plate vertical partially in contact with the
fluid Z2=b : Similar to the behavior of plates in a vacuum, the natural
frequency U1of the plates submerged in the water gains the
maximum value with the CCCC boundary condition and the mini-
mum value with the SFSF boundary condition.

Fig. 6 and Fig. 7 depicted, respectively, the first six modes of the
Al=Al2O3square BDFG (with the SSSS boundary condition) plate
horizontally submerged in the water and of the Al= Al2O3square
BDFG (with the SFSF boundary condition) plate vertically immersed
in the water. It can be seen that similar to plate structures in vac-
uum or air, the results of the shapes and values of modes 2 and 3 are
12
similar in the SSSS boundary conditions. This phenomenon is also
the same for the modes 5 and 6. Fig. 8 illustrate the effect of the
length to thickness on the dimensionless natural frequency U1 of
BDFG plates in contact with the fluid. From Fig. 8, it can be observed
that when the length to thickness ratio a=h ¼ 2; the natural fre-
quency U1in vacuum and fluid are the same. However, when the
length to thickness ratio of the plate increases, the natural fre-
quency of the plate in vacuum increases to a maximum value and
then decreases for the plates submerged in fluid and the attenua-
tion rate of the horizontal plate is faster than the vertical plate in
the fluid medium. Moreover, the vertical plate in the fluid has a
higher value of the natural frequency than those of the horizontal
plate in the fluid.

The effects of the width-to-length ratio b=aon the natural fre-
quency U1 of the BDFG plates are plotted in Fig. 9. It can be
observed that the length to width ratio b=a changing from 0.5 to 3
makes the natural frequency U1 increase rapidly in all three cases:
plate in a vacuum, plate horizontally submerged in the water and
plate vertically submerged in the water. In addition, when the ratio
b=a is larger, the difference between the natural frequency of hor-
izontal and vertical plates in the fluid medium also become larger.
However, the horizontal plate in the fluid medium always gives a
smaller natural frequency.

The influence of the power-law indexes px; pzon the natural
frequency U1 of the BDFG plates are plotted in Fig. 10. It can be seen
that the natural frequency decreases rapidly when the power-law
indexes px; pzvary from 0 to 2, however, those decrease slowly



Fig. 6. The first six free vibration modes of the Al=Al2O3 square BDFG plate (with the
SSSS boundary condition) horizontally submerged in the water ða ¼ 1; h =a ¼ 0:1; px ¼
1; pz ¼ 1;h1 ¼ 0:5aÞ.

Fig. 7. The first six free vibration modes of the Al=Al2O3 square BDFG plate (with the
SFSF boundary condition) vertically immersed in the water ða ¼ 1; h =a ¼ 0:1; px ¼ 1;
pz ¼ 1; Z2 ¼ 0:5bÞ.
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when the power-law indexes px; pz are larger than 2 because the
plate in this case almost only contains the metal. The effects of the
submerged distance d1(d1 ¼ 0:1� 1:1 m) in the fluid of the vertical
BDFG plate on the natural frequency are displayed in Fig. 11 and
Fig. 12. From Fig. 11 which presents the x-direction FGM plate (px ¼
1; pz ¼ 0), the z-direction FGM plate (px ¼ 0; pz ¼ 1) and bidi-
rectional FGM plate (px ¼ 1; pz ¼ 2 & px ¼ 2; pz ¼ 1) partially
submerged in fluid (Z2 ¼ 0:3b), it is found that when the sub-
merged distance of the plate d1changes from 0.1 to 0.2 m, the
natural frequency U1increases. However, when the submerged
distance of the plate is higher than 2 m (d1 >0:2 m), the natural
13
frequency U1 does not change and it progresses to a fixed value.
This may be explained that when the submerged depth of plate in

fluid (d1 >0:2 m) the value of added mass madd ¼ 2 rf
g (constant) is

constant and hence the natural frequency U1does not change. The
concurrent effects of submerged level Z2and the submerged depth
of plate in fluid d1on the natural frequencyU1are depicted in Fig.12.
From the figure, it is seen that if the level of submerged in a fluid is
low Z2 ¼ 0:1b, the increase of submerged distance d1does not have
much effect on the natural frequency U1: However, when the
submerged level Z2increases until to the value of b (Z2 ¼ bÞ; the



Fig. 8. Effect of the various length to thickness ratio a=hon the dimensionless natural frequency U1 of the Al=Al2O3 square BDFG plate ða ¼ 1; px ¼ 1; pz ¼ 1;d2 ¼ d1Þwith different
boundary conditions: a) CCCC; b) SFSF; c) SSSS; d) CSCS.

Fig. 9. Effects of the width-to-length ratio b/a on the dimensionless natural frequency U1of the Al=Al2O3BDFG plate ða ¼ 1;h =a ¼ 0:1;d2 ¼ d1Þwith different boundary conditions:
a) SSSS; b) CCCC.
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increase of submerged depth of the plate d1significantly affects the
natural frequency. U1:

Finally, the influence of the fluid density rf on the natural fre-
quency U1is plotted in Fig. 13. As observed from figure, the greater
the fluid density rf increases, the lower the natural fre-
quency U1becomes. In particular, the horizontal plate partially
14
submerged in fluid has a very rapid reduction in natural frequency,
with rf ¼ 1200kg=m3 and Al=Al2O3 the natural frequency decrease
33.04%; andwith Al=ZrO2the natural frequency decrease 35.6%. The
reduction law of the natural frequency of the vertical plate is almost
linear according to change of the fluid density rf , while this law of
the horizontally plate is almost nonlinear.



Fig. 10. Effects of the power-law indexes px; pz on the dimensionless natural frequency U1of the Al=Al2O3square BDFG plate ða¼ 1;h =a¼ 0:1; d2 ¼ d1Þ with the CSCS boundary
condition.

Fig. 11. Effects of the submerged distance d1 in fluid on the dimensionless natural frequency Um of the Al=Al2O3 square BDFG plate ða ¼ 1; h =a ¼ 0:1; Z2 ¼ 0:3bÞ.
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5. Conclusion

The present work presented an isogeometric analysis (IGA) for
free vibration response of bi-directional functionally graded (BDFG)
rectangular plates in the fluid medium. Material properties of the
BDFG plate change in both the thickness and length directions via
power-law distributions. The proposed method is based on Ham-
ilton's principle and the refined quasi 3D plate theory to obtain the
15
governing equation of motion of the BDFG plate. The horizontal and
vertical BDFG plates are partially submerged or completely sub-
merged in the fluid, which is considered homogeneous, incom-
pressible, inviscid and has no rotation. The variations of Young's
modulus, Poisson's ratio is derived by the Mori-Tanaka model and
mass density is obtained by the Voigt model. The accuracy and
reliability of the proposed solutions are verified by comparing the
obtained results with those published in the literature. In addition,



Fig. 12. Effects of the submerged distance d1 in fluid on the first two dimensionless natural frequency Um of the Al=Al2O3and the Al=ZrO2square BDFG plate (with the SSSS
boundary condition) partially submerged in fluid.ða ¼ 1; h =a ¼ 0:1; px ¼ 0:5; pz ¼ 2 Þ:

Fig. 13. Effects of the fluid mass density rf on the dimensionless natural frequency U1of the Al=Al2O3 and the Al=ZrO2square BDFG plate.ða ¼ 1; h =a ¼ 0:1;px ¼ 1; pz ¼ 1;d2 ¼ d1Þ:
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based on the numerical studies, some additional points are with-
drawn as follows:

� When the submerged level in the fluid of the BDFG plate
Z2increases, the natural frequencyU1 decreases. However, when
the submerged level in the fluid of the BDFG plate Z2increases to
h1 ¼ a; Z2 ¼ b; the natural frequency U1does not change.
16
� The increase of the length-to-thickness ratio ða =hÞof the BDFG
plates submerged in fluid leads to the increase of the natural
frequencyU1 to amaximumvalue, and then to a decrease.While
the increase of the length-to-thickness ratio ða =hÞof the BDFG
plate in a vacuum only leads to the increase of the natural fre-
quency U1:
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� The increase of the width-to-length ratio b=aof the BDFG plates
submerged in fluid gives the changing law of the natural fre-
quency U1 similar to the changing law of the BDFG plate in a
vacuum.

� The increase of the power-law indexes px; pz or the increase of
fluid mass density rfmakes the natural frequency U1decrease.
For the BDFG plate partially submerged in fluid, the increase of
the submerged distance d1 leads to the increase of the natural
frequency U1; however, it only increases to a certain value and
then is almost unchanged.
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