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AbstractThepaperpresentshowtoidentifynaturalfrequenciesandmodeshapesof
structuresbyOperationalModalAnalysis(OMA)technique,inwhichtheFrequency
DomainDecomposition(FDD)methodisused.Thismethodisanexperimental
methodonlybaseonthedataofmeasuringthedynamicresponseofthestructures
undertheexcitationduetoambientforcesandoperationalloadstodeterminethe
vibrationcharacteristics.Measurevibration(acceleration)anddeterminespectral
densitymatrix,usingthesingularvaluesdecompositionmethodofspectraldensity
matrixtodeterminethenaturalfrequenciesandmodeshapesofstructures.Thecalcu-
lationresultsshowthatthenaturalfrequencies,themodeshapesformdeterminedby
theOMAtechniqueisconsistentwiththecalculationresultsaccordingtothetheory
andshowthereliabilityofthemethod.
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1 Introduction

Theuseofexperimentalteststoobtaininformationaboutthedynamicresponseof
buildingsisanimportantcontentintheinspectionofthestructureandmonitoring
ofthebuilding’shealth.Theactivityofthebuildingstructureisexpressedasa
combinationofmodes,eachofwhichischaracterizedbyasetofparameters(natural
frequency,dampingratio,modeshape)anddependscharacteristicsofgeometry,
materialsandboundaryconditions[3,4,7].
ExperimentalModalanalysis(EMA)determinestheseparametersfrommeasure-

mentsofappliedforceandstructuralresponse[7].EMAhavebeenappliedinvarious
fields,suchasautomotiveengineering,aerospaceengineering,industrialmachinery
andconstructionengineering.ThedeterminationofdynamicparametersbyEMA
technologybecomesmoredifficultinthecaseofbuildingstructuresbecauseoftheir
largesizeandlowfrequencyrange.
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Applyingmeasurableandcontrollablestimuliisoftenadifficultworkthatrequires
expensiveandcomplexequipment.Forthisreason,researchershaverecentlyfocused
moreontheadvantagesprovidedbyOperationalModelAnalysis(OMA)techniques
[3,4].TheOMAallowsthetestingofestimatingstructuraldynamicsparametersonly
fromvibrationresponsemeasurements.TheideabehindOMAistotakeadvantageof
thenaturalexcitationthatisavailablefromsurroundingforces(wind,vehicle,shock,
etc.)toreplaceartificialstimulation.SincetheOMAonlyrequiresthemeasurements
ofthestructure’sdynamicresponseunderoperatingconditions,whensubjectedto
ambientstimulation,itisalsocalleddifferentnames,suchasidentifyingsurrounded
vibrationpatternoranalyzeonlytheoutputmodel(Output-only).OMAtechniques
includemethodssuchasfrequencydomaindecompositionmethod(FDD)[4,5],
stochasticsubspaceidentification(SSI)method[8].
Thepaperpresentsthetheoreticalbasistodeterminethedynamicparameterof

thestructureaccordingtothetheory,vibrationmeasurementtestofstructureand
determinethenaturalfrequencies,themodeshapesofthesteelbeamstructureby
OMAtechniqueusesfrequencydomaindecomposition(FDD)method.

2 Methods

2.1 AnalyticalMethodtoDeterminetheDynamicParameters
ofCantileverBeams

Considerabeamstructurehaveanydistributionmassm(x),withdistributedloadq
(x,t)[1](Fig.1).
Differentialequationforfreevibrationwithoutconsideringtheeffectofresistance

iswrittenintheform.

d2

dx2
EJ(x)

d2X

dx2
=ω2m(x)X (1)

Inwhich,Eistheelasticmodulusofthebeammaterial,J(x)isthemomentof
inertiaofthebeamcross-section,Xisthebendingformofbeamstructure(mode
shape)onlydependsonx,ωisnaturalfrequency,m(x)isthemassperunitlength,
xisthedistancefromthefixedend.

Fig.1 Analyticaldiagram
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Ifbeamshaveconstantstiffnessandmassevenlydistributed,wehave:

d4X

dx4
−ω2m

EJ
X=0 (2)

Withtheaboveequationandtheboundaryconditionscorrespondingtothe
cantileverbeam,wecanwritetheformulatocalculatethespecificvibrationfrequency
asfollows:

ωi=α2i
EJ

ml4
(3)

Inwhich,Eistheelasticmodulusofthebeammaterial,Jisthemoment
ofinertiaofthebeamcross-section,misthemassperunitlength,listhe
lengthofthecantileverbeam.αiisthecoefficient,getthevaluesαi =
1,875;4,694;7,885;...;π(2i+1)/2.
Correspondingtothenaturalfrequencyωi,wehavetheithmodeshape.

2.2 FrequencyDomainDecomposition(FDD)Method

FrequencydomaindecompositionisproposedbyBrinckeretal.[5].Thismethod
decomposesthespectraldensitymatrixateachfrequencyintosingularityvaluesand
singularityvectorsbythesingularvaluedecomposition(SVD).Frequencydomain
decompositionisanextensionofthebasicfrequencydomaintechniqueorcommonly
knownasthePickPeakingtechnique,inwhichnaturalfrequenciesisidentifiedby
findingpeaksinthespectraldensitymatrix.
Therelationshipbetweenunknowninputx(t)andmeasuredresponseoutputy(t)

canbeexpressedasfollows:

[Gyy(ω)]=[H(ω)]∗[Gxx(ω)][H(ω)]T (4)

where:
[Gxx(ω)]isthePowerSpectralDensity(PSD)matrixoftheinput;
[Gyy(ω)]isthePSDmatrixoftheresponses;
[H(ω)]∗isthecomplexconjugatematrixofFrequencyResponseFunction(FRF);
[H(ω)]TisthetransposematrixofFRF.
TheFRFcanbewritteninpartialfraction

[H(ω)]=
N

1

[Rk]

jω−λk+
[Rk]

∗

jω−λ∗k
(5)

λk=−σk+jωdk (6)
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where:nisthenumberofmodes,λkisthepoleofthekthmodeshape,σkisminus
therealpartofthepoleandωdkisthedampednaturalfrequenciesofthekthmode
shape.
[Rk]istheresidueexpressedasfollows.

[Rk]=φk.γ
T
k (7)

where:φkisthemodeshapevector,γkthemodalparticipationvector.
Supposetheinputiswhitenoise,itspowerspectraldensityisconstantor.
[Gxx(ω)]=C,(Cisconstant).Formula(4)isrewrittenasfollows:

[Gyy(ω)]=
N

1

N

1

[Rk]

jω−λk
+ [Rk]

∗

jω−λ∗k
.C.

[Rk]

jω−λk
+ [Rk]

∗

jω−λ∗k

T

(8)

MultiplyingthetwopartialfractionfactorsandmakinguseoftheHeaviside
partialfractiontheorem,aftersomemathematicalmanipulations,theoutputPSD
canbereducedtoapole/residueformasfollows:

[Gyy(ω)]=
N

1

[Ak]
jω−λk

+ [A∗k]
jω−λ∗k

+ [Bk]
−jω−λk

+ [B∗k]
−jω−λ∗k

(9)

where:[Ak]isthekthresiduematrixoftheoutputPSD.
Atacertainfrequencyωonlyalimitednumberofmodeswillcontributesignifi-

cantly,typicallyoneortwomodes.Thus,inthecaseofalightlydampedstructure,
theresponsespectraldensitycanalwaysbewritten:

[Gyy(ω)]=
k∈Sub(ω)

dkφkφTk
jω−λk

+d
∗
kφ

∗
kφ

∗T
k

jω−λ∗k
(10)

where:k∈Sub(ω)isthesetofmodesbedenotedataspecificfrequency,φkisthe
modeshapevectorandλkisthepoleofthekthmodeshape.
TheFrequencydomaindecompositiontechniqueisbasedonthesingularvalue

decompositionoftheHermitianresponsespectraldensitymatrix.

[Gyy(ω)]=[U][S][U]H (11)

where:[S]isadiagonalmatrixholdingthescalarsingularvalues,[U]isaunitary
matrixholdingthesingularvectorsand[U]HisaHermitianmatrix.
Fromvibrationmeasurementdataofthestructure(acceleration),wecalculate

thespectraldensitymatrix[Gyy(ω)]anddecomposethesingularvalueaccordingto
formula(11)todeterminethenaturalfrequenciesofthestructure.
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Table1 Thephysical
parametersofthetest
structure

No. Parameter Value Unit

1 Length 710 mm

2 Densityweight 7850 kg/m3

3 Modulusofelasticity 2.03×105 Mpa

4 Width 60 mm

5 Height 8 mm

3 TestonRealStructures

3.1 TestObjectives

Thetesttoobtaindynamicresponses(acceleration)ofsteelbeamstructuresat
nodesovertime.Theresultofvibrationmeasurementisusedtoidentifythenatural
frequencies,modeshapesofthestructure.

3.2 TestModel

Teststructureisasteelbeam.Thephysicalparametersofthestructureareshownin
Table1.

3.3 TestEquipment

TheequipmentusedinthetestislistedinTable2.

Table2 Thephysicalparametersoftheteststructure

No. Equipment
name

Code Company Measuringrange Quantity

1 Vibration
measurement
equipment

NI
cDAQ-9137

NationalInstrument Multi-channel 01

2 Accelerometer PCB352C68 PCBGroup ±50g(100mV/g) 01

3 Accelerometer PCB353B33 PCBGroup ±50g(100mV/g) 01
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3.4 TestLayout

Thetestlayoutfordeterminingthenaturalfrequenciesofthesteelbeamisarrangedas
showninFig.2.Inwhich,usingtwoaccelerometersensorstomeasurethevibration
ofthebeam,thepositionofthesensorsisshowninFig.3,theNIcDAQ-9137
Connectedwithaccelerometersensorsanddisplay.Accelerometermeasurements
arecollectedanddisplayedthroughtheNISignalExpresssoftwarepre-installed.
Proceedwiththeinstallationandinstallparametersformeasuringequipment,

Createvibrationforthestructurebyanystimulusislargeenoughforthestructure
toworkintheelasticstage.Themeasureddataarerecordedasthevalueofthe
accelerationovertimeatthelocationwheretheaccelerationismounted.

Fig.2 Experimentsetupof
therealstructure

Fig.3 Thepositionofthe
sensors

BOLTS29050 30
710

PCB352C68 PCB353B33

30
3060

340

- Note: Unit of measure is millimeter
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4 Results

4.1 VibrationResultsoftheStructure

Aftermeasuringthevibrationofthestructure,accelerationatthenodesonthesteel
girderstructureisobtainedovertime.Thedataofonemeasurementisshownin
Figs.4and5.

Fig.4 Resultsofaccelerationatthemiddleofthebeam

Fig.5 Resultsofaccelerationatthefreepositionofthebeam



428 T.D.Tranetal.

Fig.6 Powerspectraldensity(PSD)

Table3 Comparisonofnaturalfrequenciesbetweenmethods

No. Mode FDD(Hz) EMA(Hz) Error(%) Theory(Hz) Error(%)

1 1 12.75 12.8 0.4 12.9 1.2

2 2 81.0 79.8 1.5 80.9 0.1

3 3 227.3 228.6 0.6 226.6 0.3

4 4 439.5 446.1 1.5 444 1.01

5 5 733.5 735.6 0.3 734 0.07

4.2 TheIdentificationResultsofNaturalFrequencies

Withtheaccelerationdataobtainedfromtheexperiment,calculateandestimate
thepowerspectraldensityaccordingtoWelch’sestimationmethodandresolvethe
singularityvaluesbySVDalgorithmaccordingtoformula(8).Wedeterminethe
naturalfrequenciesofthestructurecorrespondingtothepositionsofthemaximum
powerspectraldensityfunction.Resultsofidentifyingthefivenaturalfrequencies
areshowninFig.6.
ComparingthenaturalfrequenciesobtainedbytheFDDmethodandtheresultsof

thecalculationofthenaturalfrequenciesbytheexperimentalmodalanalysis(EMA)
method[2]andaccordingtotheory[1]areshownintheTable3.

4.3 IdentifyModeShapes

MostOMAmethodsprovidetheirresultsintheformofcomplexeigenvaluesand
complexeigenvectors.Sincetheestimatesofspecificvibrational-formareintheform
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ofcomplexvectors,adistinctionisneededbetweentherealmodes,characterizedby
therealoscillatorvectorrealvaluesandthecomplexmodes.FromSVDsingularity
resolution,wecandeterminethecomplexeigenvectorscorrespondingtothecorre-
spondingfrequencies,atthespecificvibrationfrequencyvaluestherearespecific
vibrationsofthestructure,realpartofthevectorparticularlyistheamplitudeofthe
structurevibrationatthelocationsputtheaccelerometerhead.
Toaccuratelydeterminethespecificvibrationpatternofthestructure,itisneces-

sarytousemanyvibrationprobeslocatedatdifferentpositions.Becauseonlytwo
accelerometersareused,itisnecessarytocarryoutmanymeasurements,thefixed
sensorisusedasareferenceandmovetheothersensoratdifferentpositions.Through
themeasurements,determinetheamplitudeofthevibrationatthepositionsand
standardizeanddeterminemodeshapesofthestructure.
Takethreemeasurements,thepositionoftheaccelerometerinthemeasurements

isshownastheFig.7.
Fromthemeasureddata,calculatedaccordingtoFDD,wegetthevalueof

amplitudeofvariationcorrespondingtothetypesofvibrationinTable4.
Carryoutthecombinationofamplitudesofthesamevibrationformseparately

anddrawontheproportions,wegetthemodeshapesasfollows(Fig.8).
Fromtheresultsofidentifyingthenaturalfrequencyandmodeshapesformby

OMAtechnique,itshowsthatthenaturalfrequencyisveryclosetotheresults
calculatedbytheforcedexcitationmethodandanalyticalmethod,themodeshapes
ascalculatedaccordingtotheory.Thus,showstheconsistencybetweentheoryand
experimentandconfirmsthereliabilityofthemethod.

PCB353B33 PCB352C68

320 2034030
710

BOLTS

(a)Measurement on real structures (b)Diagram of 1stmeasurement 01

PCB353B33 PCB352C68

180 2048030
710

BOLTS

710

PCB353B33 PCB352C68

490 2017030BOLTS

(c)Diagram of 2ndmeasurement (d)Diagram of 3rdmeasurement

Fig.7 Experimentaldiagramtodeterminethespecificvibrationpattern
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Table4 Theamplitudevalue

Measured
times

Mode Natural
frequency
(Hz)

Rangeofvibration Amplitudenormalization

Sensor
position01

Sensor
position02

Sensorposition
01

Sensor
position02

1 1 12.75 −0.9327 −0.3606 1 0.387

2 81 −0.7887 0.6132 1 −0.777
3 227.3 −0.9935 0.1141 1 −0.115

2 1 12.75 −0.8204 −0.5659 1 0.69

2 81 −0.9918 0.1253 1 −0.126
3 227.3 −0.8143 0.5802 1 −0.713

3 1 12.75 −0.9908 −0.1352 1 0.136

2 81 −0.8361 0.5466 1 −0.654
3 227.3 −0.7323 −0.681 1 0.93

Fig.8 Modeshapesofthe
beama1stmodeshape,
b2ndmodeshape,c3rd
modeshape

(a)

(b)

(c)

5 Conclusion

ThepaperpresentsthecontentoftheOperationalmodelanalysis(OMA)method,
conductingtestsonrealstructures,andidentifiesthenaturalfrequenciesandmode
shapesofthesteelbeamstructure.
Theresultsofidentifyingareconsistentwiththenaturalfrequencyobtainedby

theforcedexcitationmethodandtheoreticallycalculated,withsmallerrorsand
modeshapesconsistentwiththecalculationtheory.Thisshowsthereliabilityof
theexperimentalandtheidentificationmethod.
Operationalmodelanalysistechniquecanbedevelopedfortheidentificationof

thedampingratioofstructures,andforapplicationinmonitoring,diagnosingthe
healthofstructuresandapplicationsintheoptimizationofshockabsorbers.Passive
fluctuations,reduceconstructiondamagewhenitisaffectedbyearthquakes.
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