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Muc luc



LG1 cam doan

Toi xin cam doan day l& cong trinh nghién citu ctia t6i, dudi sy huéng dan clia cac can bo trong
tap thé huéng din khoa hoc. Céc két qua viét chung véi céc tac gid khac déu da duge sy nhat trf clia
cac dong tac gid khi dua vao luan an. Cac két qua trong luan 4n 1 hoan toan trung thuc va chua ting
dudc cong bd trong cong trinh clia cac tac gid khac. Cac tai lieu tham khao dugc trich din day du.

NCS. Phan Thi Huong



LG1 cam on

Ban luan an nay dugc hoan thanh tai B6 mon Toan, Khoa Cong nghé Thong tin, Dai hoc K thuat
Le Quy Don duéi syt huéng dan ctia PGS. TSKH. Doan Thai Son va TS. Ta Ngoc Anh. Trong qué trinh
hoc tap va nghién citu, tac gia da nhan dugc sy dong vién, khuyén khich va chi bao rat tan tinh cta
tap thé gido vien huéng dan. Céc thay da khong quan cong siic, danh rat nhiéu thoi gian thao luan,
rén gifia vd dinh huéng cho tro. Nghién cttu sinh xin duge bay t6 long biét on chan thanh vi sau sic
t6i hai Thay.

Nghién cttu sinh xin chan thanh cdm on céc thay co trong Bo mon Toan, Dai hoc K§ thuat Le Quy
Don va cac thiy c6 ¢ Vien Toan hoc-Vien Han 1am Khoa hoc v Cong nghé Viet Nam da quan tam
gitip dd, dong vién va da cho nghién citu sinh nhiing ¥ kién déng gép quy bau. Tac gid xin chan thanh
cam on PGS. TS. Ngo Hoang Long, TS. Pham Thé Anh, TS. Biii Van Dinh, TS. Nguyén Nhu Théang,
cac anh chi va ban be ddng nghiép da luoén bén canh dong vien, chi day va gitp d6 nghién ctu sinh
trong qua trinh hoc tap va nghién ciu.

Nghién cttu sinh tran trong gt 18i cAm on dén Ban Giam déc, Phong Sau dai hoc, Ban Chii nhiém
Khoa Céng nghé Thong tin, Hé quén 1y Hoc vién Sau dai hoc, Dai hoc Ky thuat Lé Quy Dén da luén
gitip dd va tao diéu kién thuan 1gi cho tac gia trong thdi gian lam nghién ctu sinh.

Téc gia thanh kinh dang ting mén qua tinh than ndy dén gia dinh than yéu ctia minh véi long biét
on sau sic. Ban luan an nay sé khong thé hoan thanh néu khong cé su cAm thong va gitp dé ctia nhing
ngudi than trong gia dinh téc gia.

Tac gia



M3& dau

1. Lich s van dé va ly do chon dé tai

Phép tinh vi phan, tich phan 13 mot cong cu phd bién dé mo ta cac qua trinh tién héa (xem
[?, 7, ?]). Thong thudng, mdi qua trinh tién héa duge biéu dién béi céc phuong trinh vi phan thudng.
Bing viéc nghién citu (dinh tinh hodc dinh lugng) nghiém ciia phuong trinh, ngudi ta cé thé biét trang
thai hién thai ciing nhu dy doan duge dang diéu & qua khit hay tuong lai ctia qua trinh d6. Tuy nhién,
cac hién tugng hay gip trong cudc séng c6 tinh chat phu thuoe vao qua khi (xem [?, 7, ?]). Doi v6i
cac hién tugng nay, viéc ngoai suy dang diéu ctia hé tai mot thoi diém tuong lai tit qué khit phu thudc
cd vao quan sat dia phuong 1an toan bo qua khit. Hon nita, sy phu thudc néi chung ciing khong giéng
nhau & tat ca cac thoi diém. Mot trong cac 1y thuyét duge xay dung dé giai quyét nhitng bai toan thuec
té vita néu la gidi tich phan thi (xem [?, 27,7, 7,7, 7, 7]).

Mic dit d& duge nghien ciu tit lau nhung 1y thuyét giai tich phan tht phét trién tuong déi cham.
Mot trong nhitng nguyén nhan 1 do ngudi ta chua tim thiy ¥ nghia hinh hoc hay vat 1y clia toan ti
dao ham phan thi. That ra, han ché vita néu chi mang tinh 1y thuyét. Vai tro quan trong ctia 1y thuyét
gidi tich phan thi 1 ing dung gidi cAc bai todn thyc té (xem [7, 7, 7, ?]). Ly thuyét nay c6 wu thé hon
so v6i phép tinh vi phan, tich phan c¢b dién trong mo phéng cac qua trinh cé tri nhé. Cung véi sit phét
trién cia may tinh dieén ti va cac phuong phéap tinh, trong bén thap ky gan day, ngusi ta phat hien ra
ngdy cang nhiéu tng dung clia giai tich phan thit trong cdc nganh khoa hoc khac nhau tir Vat 1y, Hoéa
hoc, Sinh hoc dén Tai chinh, Khoa hoc x4 hai,....

Mot trong céc cubn sach dau tien viét vé ting dung ctia giai tich phan thit 1a [?]. Trong cudn sach
nay, K. Oldham v& J. Spenier trinh bay rat nhiéu y tudng, phuong phap va tng dung clia giai tich
phan thit. Sau [?], nhiéu cong trinh vé cac phuong dién khac nhau ctia 1y thuyét nay duge cong bd. Noi
bat trong s6 d6 1a cac cudn sach cia S. Samko, O. Marichev, A. Kilbas [?], M. Caputo [?], R. Gorenflo
va S. Vessella [?], K. Miller va B. Ross [?], A. Carpinteri va F. Mainardi [?]. Rat gan day c6 them cac
chuyén khao déng cha y ctia K. Diethelm [?], V. Lakshmikantham, S. Leela va J. Vasundhara Devi [?],
B. Bandyopadhyay va S. Kamal [?].

C6 nhiéu loai dao ham phan thi khac nhau tiy thudc vao cach ngudi ta tong quat héa dao ham

an
dx™

(x) cho trusng hgp n khong nguyen. Tuy nhién, hai khai niem duge ding phd bién hon ca la dao
ham Riemann-Liouville v dao ham Caputo. Dao ham phan tht Riemann-Liouville dugce phat trién béi

Abel, Riemann va Liouville trong nita dau thé ky 19 (xem [?, ?]). Tuy nhién, khi 4p dung khéi niém



nay dé mo ta cac hién tugng thie té thi gip han ché do diéu kién ban dau trong céc bai toan gia tri ban
dau khong c6 ¥ nghia vat 1y. Dao ham phan thit Caputo duge M. Caputo xay dung nam 1969 (xem [7]).
Dinh nghia dao ham nay dugc xdy dung dua trén sy cai bién khéi niém dao ham Riemann-Liouville
v6i muc dich ban dau 1a giai bai todn nhét. So v6i dao ham phan thi Riemann-Liouville, dao ham
Caputo dé ap dung cho cac bai toan thyc té hon vi diéu kién ban dau clia cAc md hinh st dung dao
ham Caputo ¢6 ¥ nghia vat ly (xem [?]).

Ly thuyét giai tich phan thit ngay cang tré nén phd bién va phat trién nhanh (xem them [?, ?, ?,
?, 7, ?]). Nhiéu két qua trong ly thuyét ciing nhu tng dung thuc té duge tim ra ngay cang nhiéu (xem
[?, ?]) va ngoai ra ngudi doc c6 thé tham khéo trong [?]. Day 14 bo sach gom tam cudn duge cac tac gia
viét nam 2019, trong dé trinh bay mot cach hé théng vé 1y thuyét gidi tich phan thi, gidi s6 phuong
trinh vi phan phan tht va céc ting dung trong Vat 1y, Diéu khién, K§ thuat, cudc séng va Khoa hoc x4
hoi.

Ly thuyét phuong trinh vi phan phan thit Caputo ngdu nhién 13 mot huéng nghién citu tuong déi
méi duge sinh ra tit Iy thuyét phuong trinh vi phan phan thi Caputo va 1y thuyét xac suat. N6 nhan
manh t6i khia canh clia thé gi6i ta dang sdéng bao gdm nhiéu yéu t6 ngau nhién. Bing cach két hgp cac
két qua clia hai nganh co s6 trén, Iy thuyét phuong trinh vi phan phan thi Caputo ngdu nhién nhan
dugc nhimg 1gi thé clia ca hai nganh va c6 thé dua ra duge mo hinh toan hoc thich hgp hon cho céc
hién tugng ty nhién va xa hoi.

Phuong trinh vi phan phan tht Caputo ngdu nhién la sy mdé rong ty nhién cta phuong trinh vi
phan phan thi, do d6 né da nhan dude nhidu sy quan tam clia cAc nha toin hoc trén thé gisi vi thue
té rang hé phan tht xuét hién trong nhi¢u mé hinh trong Co hoc, Vat 1y, Ky thuat dién t&, Ly thuyét
diéu khién,..., chi tiét hon chiing ta c6 thé tham khéo trong [?, ?] v nhiéu tai lieu chuyén khao khac.
Tuy nhién, trong sy tuwong phan mot s6 16n cac cong bd vé phuong trinh vi phan phan thd tat dinh,
chi c6 mot s6 it bai bao lien quan dén phuong trinh vi phan ngdu nhién v6i dao ham phan thit Caputo
va hau hét cac bai bdo nay méi dimg lai & viee thiét lap két qua vé sy ton tai v duy nhat nghiém hoac
nghién ciu tinh chinh quy ctia nghiem (xem [2, 2, ?]). O day ching t6i phan biet hai loai nghiem, loai
nghiém dau tién 14 nghiém co dién (classical solutions) va theo sut hiéu biét ctia tac gid, cau héi vé su
ton tai va duy nhat nghiém loai nay mdi duge dé cap trong [?, ?]. Trong [?], tac gid chua chiing minh
dugc sy ton tai va duy nhat nghiem ¢6 dién v6i bac phan thit o € (3, 3) con trong [?] viéc chiing minh
dinh 1y ton tai va duy nhat nghiém cb dién toan cuc gip van dé khi théac trién nghiem c6 dién tit mot
khoang nhé [0, T, ra toan khoang [0, 00). Luan &n nay sé khic phuc cac han ché trén. Ngoai ra, ching
toi con dua ra dudc cong thiic bién thién hing s6 va mot s6 tinh chit ctia nghiém phuong trinh vi phan
phan thit Caputo ngdu nhién. Loai nghiém thi hai 14 nghiém nhe (mild solutions), syt ton tai va duy
nhéit ciia loai nghiégm nay da dugce nghien citu trong [?] cho 16p cdc phuong trinh khé rong. Tuy nhién,
cac diéu kien dua ra trong bai bao nay khé chat (xem [?, Dinh ly 4.2]). Véi cac diéu kién yéu hon (xem
Dinh 1y 2.3.2 & Muc 2.3 Chuong 2), chiing t6i di chitng minh dugde syt ton tai nghiém nhe cho phuong
trinh vi phan phan thi Caputo ngu nhién.

Viéc giai s6 phuong trinh vi phan va phuong trinh vi phan ngau nhién 1a bai toan c¢é nhiéu y nghia



trong tng dung. Thuec té rat it phuong trinh vi phan ngau nhién gidi duge nghiém hién hodc néu tim
dugc nghiém hién thi biéu thitc qua phtic tap. Vi vay, trong nhiéu thap ky qua, bai toan nay da thu
hiit rat nhidu sy quan tam clia cac nha toan hoc trén thé gii (xem [?, ?, ?]). Tuong tu nhu thé, viec
gidi s6 phuong trinh vi phan phan tht vi phuong trinh vi phan phan thi ngdu nhién cling rat tha vi.
Déi v6i phuong trinh vi phan phan thi tat dinh, cic phuong phéap gidi s6 da dude xay dyng mot cach
c6 he thong va kha day di (xem [?, ?]). Tuy nhién, theo sy hiéu biét ctia nghién citu sinh viéc giai s6
phuong trinh vi phan phan thit Caputo ngau nhién méi chi duge dé cap trong [?]. Tac gia clia bai béo
nay di dua ra duge luge dd Euler cho phuong trinh Volterra ngdu nhién véi nhan ky di nhung chua
dua ra duge toéc do hoi tu hién ciia luge d6. Tiép ndi huéng nghien ciu nay va dua theo ¥ tudng ciia
bai bao [?], ching toi thiét lap duge luge d6 s6 cho phuong trinh vi phan phan thit Caputo ngau nhién
va danh gia duge tée do hoi tu hién clia luge do s6 nay. Ngoai ra, chiing t6i con dua ra duge tdc do hoi
tu va tinh én dinh ciia luge dé Euler-Maruyama mii cho phuong trinh vi phan phan thit Caputo ngau

nhién mot chiéu tuyén tinh.

2. Muc tiéu nghién ctu

Trong luan 4n nay, ching toi tap trung nghién ctu cac chii diém sau trong 1y thuyét ctia phuong

trinh vi phan phan thi Caputo ngdu nhién:
(i) Mot s6 tinh chat nghiém clia phuong trinh vi phan phan thit Caputo ngdu nhién.

(ii) Giai s6 nghiém ctia phuong trinh vi phan phan thit Caputo ngau nhién.

3. Doi tugng va pham vi nghién ctu
V6i cac muc tiéu dat ra nhu trén, trong ludn an nay ching t6i nghién cttu cac ndi dung sau:

No6i dung 1. Sy ton tai vi duy nhat nghiém ctia phuong trinh vi phan phan thi Caputo ngiu

nhién.

Nb6i dung 2. Cong thifc bién thién hiing s6 cho phuong trinh vi phan phan thi Caputo ngiu

nhién.
No6i dung 3. Mot s6 tinh chit clia nghiém phuong trinh vi phan phan thit Caputo ngiu nhién.

No6i dung 4. Xay dung luge dd sb6 kiéu Euler-Maruyama cho phuong trinh vi phan phan thud

Caputo ngau nhién.

4. Phuong phap nghién citu

Xuat phat tit muc tiéu ciia dé tai nghién citu, cAc phuong phap nghién cttu dude st dung nhu sau:



Dé chitng minh sy ton tai va duy nhit nghiém ciia phuong trinh vi phan phan thit Caputo ngau
nhién, chiing t6i xay dung mot chuan cé trong sé phit hgp va ap dung Pinh 1y diém bat dong clia

Banach.

Sy phu thuoc lién tuc ctia nghiem vao diéu kien ban dau duge chiing minh dya trén uéc lugng
khoang cach giita hai nghiém phan biét khi thoi gian hitu han. Dé chitng minh sy phan téch tiem

can gitta hai nghiém phan biét ching téi dung phuong phéap chiing minh phan ching.

Dé c6 dugc cong thiic bién thien hing s6 cho phuong trinh vi phan phan thit Caputo ngiu nhien,
chiing t6i dimng Dinh 1y biéu dién It6 va cong thiic bién thién hing s6 cho phuong trinh vi phan
phan thit Caputo tat dinh.

Lugc do sé kiéu Euler-Maruyama cho phuong trinh vi phan phan thtt Caputo ngdu nhién va danh
gia t6c do hoi tu clia phuong phap duge dya trén cac két qua da biét vé luge dd Euler-Maruyama
cho phuong trinh vi phan ngiu nhién bac nguyén va ky thuat rsi rac héa dé tranh cac diém ky

di ctia nhan.

Keét qua cua luan an

Luan an da dat dudc nhitng két qua chinh sau day:

Chitng minh duge su ton tai va duy nhat nghiém co dién, nghiém nhe doi vdi phuong trinh vi phan

phan thit Caputo ngau nhién bic o € (%, 1).

Dua ra duge cong thite bién thién hing so cho phuong trinh vi phan phan thi Caputo ngdu nhién

bic a € (3,1).

Chatng minh dugc su phu thudc lién tuc vao gid tri ban dau cia nghiém c6 dién phuong trinh vi

phan phan thit Caputo ngdu nhién bic o € (%, 1).

Chiing minh dugc khodng cdch gitia hai nghiém phan biét cia phuong trinh vi phan phan tha
Caputo ngdu nhién bic o € (1,1) tién dén 0 khong nhanh hon téc do da thic vdi s6 mi di lon.
T dé, chiing toi ching minh dudc s6 mi Lyapunov binh phuong trung binh ctia nghiém khong
tam thuong bat ky ciia phuong trinh vi phan phan tha Caputo ngdu nhién tuyén tinh bj chan luon

khong am.

Xay dung duge luge do sé kiéu Euler-Maruyama cho phuong trinh vi phan phan thi Caputo ngdu
nhién bic o € (%, 1) va ddnh gid dugc toc do hoi tu cho lige do nay. Dua ra dugc toc do hoi tu va
tinh on dinh ciia lige do Euler-Maruyama mi cho phuwong trinh vi phan phan thi Caputo ngau

nhién mot chiéu tuyén tinh.

Cac két qua chinh ciia luan 4n dudc céng bd trong 03 bai bao trén cac tap chi quéc

té c6 uy tin va da dugc bao cao tai:



1. Xémina ctia B6 mon Toan, Khoa Cong nghé Thong tin, Dai hoc Ky thuat Lé Quy Don.
2. Xémina ctia Khoa Cong nghé Thong tin, Dai hoc Ky thuat Lé Quy Don.

3. Xémina ctia Phong Xéc suat-Théng ke, Vien Toan hoc, Vien Han 1am Khoa hoc va Cong nghé Viét

Nam.

4. Hoi nghi Khoa hoc cdc nha nghién ctitu tré 1an thi XIV (4/1/2018), Dai hoc K thuat Lé Quy Don.
5. Dai hoi Toan hoc Viet Nam lan thi IX (14-18/8/2018), Nha Trang.

6. Hoi thdo T6i wu va tinh toan Khoa hoc lan thit 17 (18-20/4/2019), Ba Vi, Ha Noi.

7. Hoi thao T6i uu va tinh toan Khoa hoc lan thi 18 (20-22/8/2020), Hoa Lac, Ha Noi.

6. Bo cuc cta luan an

Ngoai phan M§ dau, Két luan, Danh muc cong trinh khoa hoc ctlia tac gid c6 lién quan dén luan
an va Tai lieu tham khao, luan an c¢6 ba chuong.

Trong Chuong 1, chiing t6i nhic lai mot s6 kién thitc cd s6 lien quan dén giai tich ngdu nhien va gii
tich phan thi. Cu thé, trong Phan 1.1 chiing téi trinh bay so Iuge vé gidi tich ngdu nhién gom chuyén
dong Brown, tich phan ngiu nhien It6, Pinh 1y biéu dién Ito, phuong trinh vi phan ngau nhien va luge
d6 s6 Euler-Maruyama cho phuong trinh vi phan ngau nhién. Trong Phan 1.2, chting t6i nhic lai mot
s6 kién thiic chudn bi vé giai tich phan thit gdm tich phan phan thi, dao ham phan thi Caputo, ham
Mittag-Leffler va cong thitc bién thién hing s6.

Trong Chuong 2, ching t6i nghién cttu moét s6 van dé vé phuong trinh vi phan phan thi Caputo
ngau nhién. Chuong nay c6 nam phan, Phan 2.1 thio luan vé sy ton tai va duy nhat nghiem cé dién.
Cong cu dé ching minh két qué nay la xay dung mot chuan cé trong s6 phit hgp va ap dung Dinh
ly diém bat dong ctia Banach. Sy phu thudc lién tuc ciia nghiém c6 dién phuong trinh vi phan phan
thit Caputo ngdu nhién vao gia tri ban dau duge trinh bay trong Phan 2.2. Trong Phan 2.3, ching
toi chitng minh sy ton tai va duy nhat nghiém nhe ctia phuong trinh vi phan phan thi Caputo ngiu
nhién bing cach st dung cac ki thuat chiing minh tuong ti trong Phan 2.1. Céng thitc bién thién hing
s6 cho phuong trinh vi phan phan thi Caputo ngdu nhién duge nghién cttu trong Phan 2.4. Sy phan
tach tiém can gitta hai nghiém phan biét ctia phuong trinh vi phan phan thi Caputo ngu nhién duge
nghién ctu trong phan cudi ctia chuong. Két qua nay khing dinh ring khoing céch giita hai nghiém
phan biét tién dén 0 khong nhanh hon téc do da thic véi s6 mi da 1én. T d6 chiing t6i ching minh
duge tinh khong am ciia cac sé6 mii Lyapunov binh phuong trung binh ctia nghiém khong tam thuong
phuong trinh vi phan phan th@ Caputo ngiu nhién song tuyén tinh bi chin.

Trong Chuong 3, chiing t6i danh cho nghién citu phuong phap giai s phuong trinh vi phan phan
thit Caputo ngdu nhién. Chuong nay gom c6 ba phan, Phan 3.1 danh dé mé ta vé luge do sb kiéu
Euler-Maruyama cho phuong trinh vi phan phan tht Caputo ngdu nhién. Phan 3.2 tap trung chitng
minh téc do hoi tu ctia luge dd s vita dua ra. Mot vi du minh hoa cho téc do hoi tu trong nghién citu

Iy thuyét dude xem xét & cudi phan nay. Phan cudi ciia chuwong danh cho nghién citu téc do hai tu va



st 6n dinh ctia luge do s6 Euler-Maruyama mii cho phuong trinh vi phan phan thit Caputo ngau nhién

mot chiéu tuyén tinh.
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H?([0,T],R%) Khong gian cac qua trinh (£(t))o<t<r do duge, Fr-tuong thich
v6i Fr := (F;)o<i<T, nhan gia tri trong R? va théa man ||| g2 =

€SSUPg<i<T 1€(#)|lms < o0
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Chuong 1

Mot s6 kién thitc chuan bi

Chuong nay duge danh dé nhic lai mot s6 kién thiic co ban ctia gidi tich ngdu nhién va giai tich
phan thi@. Phan 1.1 trinh bay céc noi dung gom chuyén dong Brown, tich phan ngdu nhién Ito, Dinh
Iy biéu dién It6 va phuong trinh vi phan ngiu nhién. Phan con lai ciia chuong tap trung tém luge mot
s6 kién thic ciia gidi tich phan thi gom tich phan vi dao ham phan thi, ham Mittag-Leffler va cong
thitc bién thién hing s6 cho phuong trinh vi phan phan thit. Nhitng kién thitc vé gidi tich ngdu nhién
c6 thé tim thay trong [?, 7, ?, ?, 7, ?] va nhiing kién thitc vé giai tich phan tht c6 thé tim thay trong

2, 7).

1.1 Mot s6 kién thitc veé giai tich ngiu nhién

1.1.1 Chuyén dong Brown

Niam 1828, nha thyc vat hoc Robert Brown ngudi Scotland nghién ctu su chuyén dong bat thudng
ciia cac hat phan hoa trong nude, chuyén dong dé sau nay duge giai thich béi sy va cham ngiu nhien
ciia cac hat phan hoa véi cac phan ti nudce va ngay nay duge goi la chuyén dong Brown. Dé mo ta vé
mat toan hoc chuyén dong nay, ngudi ta diing khai niém qua trinh ngdu nhién W;(w), né duge hiéu
nhu 1 vi trf clia hat phan hoa w tai thoi diém t. Tiép theo ching t6i sé nhic lai dinh nghia toan hoc

cho chuyén dong Brown.

Dinh nghia 1.1.1. (Chuyén dong Brown mot chiéu)([?, Dinh nghia tr. 38] hoac [?, Dinh nghia
2.1.1]). Cho (,G,P) la khong gian zdc suat vdi bo loc (Gi)i>o. Qud trinh ngau nhién (Wy)i>o dude goi

la chuyén dong Brown mot chiéu tiéu chudn ing vdi bo loc (Gt)t>0 néu
(i) Wy la Gr—do dugc vdi moi t > 0.
(ii) Véi hau chdc chin moiw € Q, dnh za t — Wy(w) lién tuc.

(ili) Wo =0 hdu chdc chan (viét tat la h.c.c).

(iv) Vdi0<s <t < oo, gia s6 Wy — Wy c6 phan phéi chuan vdi gid tri trung binh bing 0 va phuong
sai bang t — s, tic la Wy — Wy ~ N(0,t — s).
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(v) V6i0<s<t<oo, gia s6 Wy — W, doc lap vdi G.

Néu (Wi)i>o0 la chuyén dong Brown va 0 < tg < t; < --- < t), < 0o thi cic gia s6 Wy, — Wy, |, 1 <
i < k 1a doc 1ap va chiing ta n6i chuyén dong Brown c6 gia s6 doc lap. Hon nita, phan bd ctia Wy, — Wy, |
chi phu thudc vao hiéu t; — t;_; nén ngudi ta néi chuyén dong Brown cb gia s6 diing.

Bo6 loc (Gt)i>0 1a mot phan trong dinh nghia ctia chuyén dong Brown. Tuy nhién, néu ching ta cho
truéc mot qua trinh ngdu nhien W = (W;)¢>¢ ma khong c¢6 bo 1oc nhung ching ta biét W ¢6 gia sd
doc lap, dimg va W, = Wy — Wy ~ N(0,t) thi (W;);>0 la chuyén dong Brown tng vé6i bo loc (G}Y )0,
§ day GV = o(W,,0 < s < t) la bo loc nhd nhat dude sinh bdi qua trinh ngau nhién (W;);>o. Tuy
thé, bo loc (G} )i>0 chi c6 tinh chat lien tuc trai ma khong c6 tinh chat lien tuc phai (xem [?, tr. 89])).
Do dé, chiing ta can md rong bo loc (G}Y)i>o sao cho (W;);>0 van la chuyén dong Brown tng véi bo
loc nay. Cu thé, ta dinh nghia

Fe=0(G" UN),
G day
N :={UcQ3Veg¥ saocholU cVvaP(V) =0},

voi G = o (Us>0G}Y). Ngudi ta goi F; 1a sy lam rong clia sigma truong GV qua P va bo loc (F;)i>0
dugce goi 1a bo loc duge lam rong. Bo loc nay c6 tinh lién tuc phai va dam bao (Wy);>o van la chuyén
dong Brown d6i véi né (xem [?, tr. 89, tr. 90]). Trong sudt cac phan sau ctia Luan &n, ching toi luon
xét khong gian xdc suat day du (2, F,P) dugdc trang bi bo loc (Ft)i>0 duge lam rong theo cach xay
dung G trén.

Dé két thic phan nay, ching ta nhic lai mot vai tinh chit quan trong ciia chuyén dong Brown nhu

tinh lien tuc, tinh khong dau kha vi, cu thé ta c6 tinh chat dudi day.
Dinh 1y 1.1.2. ([?, Dinh ly 9.18] va [?, Dinh 1y tr. 51, tr. 53])

(i) Vi hau hét w € Q, quj dao mau W (w) ciia chuyén dong Brown lién tuc Hélder dia phuong cap
§ vdi § € (0,3) va khong dau lien tuc Holder cip § vdi § > 5.

(ii) Vdi hau hét w € Q, quj dao mau W.(w) ctia chuyén dong Brown la khong dau khd vi va cé bién

phan vo han trén moéi khodng con.

1.1.2 Tich phan ngiu nhién Ito

Trong muc nay ching t6i sé trinh bay cach xay dung tich phan ngiu nhién c6 dang

/0 " fs)aw,

ddi v6i chuyén dong Brown mot chiéu (W;)¢>o cho 16p cic qué trinh ngdu nhién (f(t))o<i<r nhan gia
tri trong R. Vi véi hau hét w € Q, cdc quy dao mau W (w) ciia chuyén dong Brown khong dau kha vi
nén né khong thé hiéu nhu tich phan thong thuong duge (xem Dinh 1y ??). Tich phan trén lan dau
tién duge dinh nghia béi nha toan hoc K. Ité ngusi Nhat Ban nam 1949 va dudgce goi 1a tich phan ngdu

nhién Ito.
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Cho (2, F,P) 1a khong gian xac suit day di véi bo loc (F)i>o0, (Wy)i>0 1 chuyén dong Brown mot
chiéu xac dinh trén khong gian xac suat nay va tuong thich véi bo loc (F)i>o. Sau day ching toi gi6i

thiéu khong gian cdc ham f ma ta dinh nghia fo s)dWs.

Dinh nghia 1.1.3. ([?, Dinh nghia 1.5.1]). Cho 0 < T < co. Ky hiéu M?([0,T],R) la khong gian tat

cd cdc qud trinh ngdu nhién f = (f(t))o<t<r nhan gid tri thuc va théa man cic dieu kién sau:

(1) (f(t))o<t<r la qud trinh do duge, tic la ham f : [0,T] x Q@ — R la B® F—do duge, ¢ day B la
o—dai s6 Borel trén doan [0,T).

(i) Qud trinh (f(t))o<i<r la tuong thich vdi bo loc (Fi)o<i<T, tic la vdi moit € [0,T] ta cé

FO) Y A) = {w: f(t,w) € A} € F, VA€ B(R).

T
(ii) 17187 :=E (Jy 1f@)dt) < oo.
Chiing ta dong nhat f va f trong M2([0,T),R) néu ||f — fH?J,T =0 va ky hieu la f = f.
Trude hét, ching ta dinh nghia fo $)dWj cho 16p céac qué trinh don gian.

Dinh nghia 1.1.4. ([?, Dinh nghia 1.5.2]). Qud trinh ngau nhién nhan gid tri thuc g = (9(t))o<i<r duogc
goi la qud trinh don gidn (hay qud trinh bac thang) néu ton tai phan hoach 0 =tg <t; < --- <t =T

ctia doan [0,T] va cdc bién ngau nhién bj chan &,0 <i <k —1, sao cho & la Fy,—do dugc va

9(t) = Eoljre,)(t) + Zgzl(t7,tl+1]( ) (1.1)

i=1
¢ day Iy, 4, ,) 1o ham chi tieu cia tap (t;,tiy1]. Ky hieuw Mo([0,T],R) la ho tit ci cic qud trinh don

gian.
Tiép theo ching ta dinh nghia tich phan It6 cho cac qua trinh don gian.

Dinh nghia 1.1.5. (Tich phan Itd cho qua trinh don gian)([?, Dinh nghia 1.5.3]). Cho g la mot
qud trinh don gidn c6 dang (77) trong Mo([0,T],R), ta dinh nghia

/T £)dW; := Z@th— ) (1.2)
0

va dugc goi la tich phan ngau nhién (tich phan Ito) cia qud trinh don gidn g doi vdi chuyén dong
Brown (W)¢>0.

B dé sau dua ra mot s6 tinh chat ctia tich phan Ito cho qué trinh don gian.

B6 dé 1.1.6. ([?, B6 dé 1.5.4 va B6 deé 1.5.5]). Cho f,g € Mo([0,T],R);, 3 € R. Khi dé, cic khing

dinh sau la dung

(o) =1

(i E‘fo th’ =E(Jy lg()ldt).
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(iii) af + Bg € Mo([0,T],R).
(iv) Ji (af(t) + Bg(t)dW, = a [ f(t)AW, + B [, g(t)dW.

Ta sit dung B6 dé ?? dé md rong dinh nghia tich phan ngau nhién cho qua trinh f € M2([0,T],R).

Viéc mé rong nay dya trén két qua xap xi mot ham thuoe M2([0, T],R) bdi cdc ham don gin.

B6 dé 1.1.7. ([?, BS dé 1.5.6]). Vdi moi qua trinh f € M2([0,T],R), ton tai day (g,(t))nen- cdc qud

b
lim E ( / lgn(t) — f<t>|2dt> ~0

Ap dung B8 dé ?? va B6 dé 77 ta suy ra ( f Gn(t)dAW)nen= 12 day Cauchy trong L?(Q,R), nén né

trinh don gidn sao cho

ton tai gi6i han va ta goi gidi han d6 1a tich phan ngdu nhién clia qua trinh f.

Dinh nghia 1.1.8. (Tich phan ngiu nhién It6 téng quat) ([?, Dinh nghia 1.5.7]). Cho qud trinh

f € M2([0,T),R). Tich phan ngdu nhién Ito cia f déi vdi chuyén dong Brown (Wy);>o duoc dinh
hia bdi

nghia bdi ,

/f (t)dW; = hm gn(t)dW;  trong L*(Q,R), (1.3)
0

trong do (gn(t))nen+ la day cdc qua trinh don gidn sao cho

lim B ( / 90 (1) —f(t)|2dt> ~o.

Sau day la mot s6 tinh chat ciia tich phan ngdu nhién Ito.
Dinh 1y 1.1.9. ([?, Dinh ly 5.3.26]). Cho f,g € M?([0,T],R) va o, 8 € R. Khi d6, cic khing dinh sau
la ding
fo (t)dWy la Fr—do dugc.
) E(Jy faw) =o.
T 2
(i) E| [ ) dwi]* =E (fo 1] dt).
(iv) Jo (af(t)+ Bg(£)dW: = a [y f(H)dW: + B [ g(t)dWs.

Dinh ly ??(iii) con dugc goi la tinh ding cy It6 va Dinh 1y ??(iv) con duge goi la tinh tuyén tinh.
Dé6i v6i mot ham véce to F(t) = (f1(t), f2(t), ..., fa(t))T, tich phan ngdu nhién It6 ctia ham F(t) duge

dinh nghia theo tiing thanh phan nhu sau

/OTF(S)dWS = </OT fl(s)dWs,/Ong(s)dWS,...,/Ode(s)dWS>T

Tiép theo, ching t6i nhic lai Dinh 1y biéu dién Ito, dinh 1y nay déng vai trd quan trong trong ching
minh cong thitc bién thién hing s6 cho phuong trinh vi phan phan thi Caputo ngiu nhién duge dua
ra 6 Muc 2.4 Chuong 2.
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Cho qua trinh W = (W;);>0 1a chuyén dong Brown mot chiéu x4c dinh trén khong gian xéc suat day
dit (9, F,P) dugc trang bi bo loc F := (F,)150. Xét T > 0 bt k¥, Fr = (Fy)sepo.r), Xr i= L*(Q, Fr, P)
ky higu la khong gian tat cd cadc ham kha tich binh phuong trung binh f = (fi,..., fa)T : @ — R? véi

d
1f s = 4| D E(Sil?) = VEISI?,
i=1

& day R? dugc trang bi chuan Euclide.
Dinh Iy 1.1.10. (Dinh Iy bidu dién 1t6)([?, tr. 184]hosic [, Dinh Iy 4.3.3)). Cho ham bit ki f € X1
Khi do, ton tei duy nhat mot qud trinh ngau nhien = € M?([0,T],R?) sao cho

T
f:]E(f)+/0 =(t)dWW,. (1.4)

1.1.3 Phuong trinh vi phan ngiu nhién
Cho (Wy)ie[0,00) 18 chuyén dong Brown mot chiéu trén khong gian xac suat day da (Q, F,P) duge
trang bi bo loc (F;)i>0. Xo 14 bién nghu nhien 1a Fy—do duge, nhan gia tri trong R? va théa man
E|Xo|? < o0. Gia st b: [0,T] x R — R?, 5 : [0,7] x R? — R? 1a cdc ham do dugc theo nghia Borel.
Xét phuong trinh vi phan ngiu nhién cé dang
dX(t) = b(t, X ())dt + o(t, X ())dW,, t e [0,T], (1.5)
v6i gia tri ban dau X (0) = Xo, b € M2([0,T],R%), 0 € M2([0,T],R%). Theo dinh nghia vi phan ngau
nhién thi phuong trinh nay tuong duong véi phuong trinh tich phan ngau nhién sau
t t
X(t) = X, +/ b(s, X (5))ds +/ o(s, X (s))dW,, € [0,T]. (1.6)
0 0
Tiép theo chiing to6i nhic lai dinh nghia nghiém ctia phuong trinh (77?).

Dinh nghia 1.1.11. ([?, Dinh nghia 2.2.1]). Mot qud trinh ngau nhién (X (t))icjo,r) nhan gid tri trong
Re duge goi la nghiem ciia phuong trinh (??) véi diéu kién ban dau X (0) = Xo néu né théa man cdc

tinh chat sau:
(1) X (t) lien tuc theo t va F,—tuong thich.
(ii) Ddng thitc (??) diing vdi moi t € [0,T).

Phuong trinh vi phan ngiu nhién cé thé khong ton tai nghiém hoic tdn tai nghiem nhung khong
duy nhét trén toan doan [0,7]. Dinh 1§ sau day chi ra cac diéu kien ddm béo sy ton tai va duy nhat

nghiém cta phuong trinh (?7).

Dinh Iy 1.1.12. (Dinh 1y ton tai va duy nhat nghiém)([?, Dinh Iy 5.5.2]). Gid st ton tai hai

hing sé duong K va K sao cho
(N1) Diéu kien Lipschitz: Vi moi x,y € R? va t € [0,7T) ta cé

Ib(t,z) = bt Yl < Kllz —yll, ot 2) —ot,y)| < K|z -yl (1.7)
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ieu kién tang trudn ong qud tuyén tinh: Véi moi (t,z) € X a co
(N2) Diéu kien tang trudng khong qud tuyén tinh: Ve (t,z) €[0,T] x R% ¢

1, )| < K(L+[|l2l)), [lo(t2)] < K+ [[z]), (1.8)

d day ||z|| ky hiew la chuan Euclide ciia véc to x. Khi dé, phuong trinh (22) ton tei duy nhat nghiém
X() € M2([Oa T]a Rd)

Tiép theo, chiing t6i trinh bay lai luge dd s6 Euler-Maruyama thudng ap dung cho phuong trinh
(??). Theo Dinh Iy ??, phuong trinh nay c6 duy nhat nghiém trén doan [0, 7]. Dé chting minh dinh ly
nay ngudi ta c6 thé ding phép lap Picard va thu duge nghiem xap xi Picard X,,(¢) ciia phuong trinh
tren. Hon nita, udc lugng sai s6 gitta nghiém xap xi X, (¢) va nghiém chinh xac X (¢) cling dugc dua ra
(xem [?, Dinh ly 3.3, Chuong 2]). Tit két qua nay, khi cho trudc e > 0, ta c6 thé xac dinh duge n sao
cho

B ( s X0~ X(0)]) <=

Do dé, X, (t) c6 thé duge ding lam nghiém xap xi clia nghiém phuong trinh (??). Bét 1¢i ctia
nghiém xap xi Picard 1& ta phai tinh toan Xo(t), X1(¢),. .., Xn_1(t) thi méi tinh duge X, (¢), diéu nay
dan dén sb lugng tinh toan cic tich phan ngu nhien la rat 16n. Dé khic phuc han ché nay, ngudi ta
thuong dung phuwong phdp xap xi Caratheodory va phuong phdap Fuler (con dude goi la xap xi Euler-
Maruyama). Sau day ching toi sé trinh bay so luge phuong phap xap xi Euler-Maruyama cho phuong
trinh vi phan nglu nhiéen. 0 Chuong 3 ching t6i sé thao luan chi tiét vé sy md rong clia phuong phap
s6 nay cho 16p phuong trinh vi phan phan tht ngdu nhién.

Trude tién, ching téi nhic lai dinh nghia nghiém xap xi Euler. V6i mdi s6 nguyén n > 1, ta dit

X(0) = Xo va véi t € (M ‘“—T} k=1,2,...,n,

n n
_y (E=1T ! (k—1)T
RS s [ o (50T
) " i N (1.9)
+ /kil)T a(s,Xn(in ))dWS.
Néu ta dat
s k—1T
X () = XoIioy () + 3 X, (%)I( PERVIO) (1.10)
k>1
Py N IR 2 Lia 3 a (k=T kT SN (29 -
véit € [0,T] va I((k’—l)T ﬂ](t) la ham chi tieu cta tap (==, %-| thi tit (??) ta c6
t R t R
X (t) = Xo +/ b(s, X (s))ds +/ o (s, X (5)) AWV, (1.11)
0 0

B6 dé 1.1.13. ([?, BS dé 7.1]). Gid st diéu kien tang trudng khong qud tuyén tinh (N2) trong Dinh lj

?? dugc théa man. Khi dé, vdi moi s6 nguyén n > 1 ta cé

sup E[X,(t)]* < O, (1.12)
0<t<T

¢ day Cy = (1 + 3E[| Xo||?) exp(3KT(T + 1)).



17

Bé6 dé 1.1.14. ([?, Bb dé 7.2]). Gid st dieu kién tang trudng khong qud tuyén tinh (N2) trong Dinh lyj

?? dugc théa man. Khi do, vdi moi s6 nguyénn > 1 va 0<s <t <T théa mint—s <1 ta cé
E[[Xn(t) — Xn(s)[|? < Ca(t — s), (1.13)
trong dé Co = 4K (1 + Cy) vdi Cy dugc zdc dinh trong Bo de 77?.

Két qua sau day cho ta danh gia dudc téc do hoi tu ciia luge do Euler-Maruyama cho phuong trinh

vi phan ngau nhién.

Dinh ly 1.1.15. ([?, Dinh ly 7.3]). Gid st diéu kién Lipschitz (N1) va diéu kién tang trudng khong
qud tuyén tinh (N2) trong Dinh lj 77 dugc théa man. Ky hieu X (t), X, (t)(n € N*) lan lugt la nghiem
chinh zdc va nghiém zap xi Euler ciia phuong trinh (?7). Khi dé, ta cé

G

n

E(S@IWMﬂ—X@W)S (1.14)

0<t<T

d day C3 = ACo LT (T + 4) exp(4LT(T + 4)) va Cy dugc xdc dinh trong Bo de 77?.

Trong thuc hanh, khi cho sai s6 € > 0 ta c6 thé chon dugc sé nguyen n > <& va tinh X,(t) lan
lugt trén cac khoang [0, L], (£, 2L] ... Dinh 1y ?? da chi ra ring nghieém xap xi X,,(¢) di gan nghiém

chinh xac X(t) theo nghia

Egggjxao—xww)<a

1.2 Mot s6 kién thitc veé giai tich phan tha

1.2.1 Tich phan va dao ham phéan thw

Muc nay duge danh dé gidi thiéu so luge vé khai niem tich phan phan thit. Cac kién thiic nay cé
thé tim thay trong céc tai ligu [?, ?, ?].

Cho a € (0,1],[0,T] C R va z € L*([0,T],R), chiing ta dinh nghia tich phan phan thi# Riemann—
Liouville cdp o ctia ham z 13

I§ x(t) = ﬁ/@ (t — 1) ta(r)dr véit e (0,T),

& day ham Gamma T : (0,00) — R ¢6 biéu dién

INa) := /000 t* Lexp(—t) dt

(xem [?, Dinh nghia 2.1]). D& thay trong dinh nghia & trén, véi o € (0,1), néu x kha tich tréen doan
0,77, tic la fOT |z(t)] dt < oo, thi tich phan phan thi Riemann-Liouville cap « clia z ton tai hau khap
noi trén [0, 7). Hon nita, chinh ban than tich phan nay cing la mot ham kha tich. Nhan xét nay 1a noi

dung ctia bd dé sau day.

Dinh 1y 1.2.1. ([?, Dinh ly 2.1]). Gid stz : [0,T] — R la mot ham khd tich trén [0,T]. Khi dé, tich
phan I x(t) ton tai vdi hau hét ¢ € [0,T]. Hon nia, 1§,z cing la mot ham thuoc ié6p L'([0,T],R).
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Cung v6i khai niém tich phan phan th, dao ham phan tht 1a mot trong hai khia canh quan trong
clia phép tinh vi phan, tich phan phan thi. C6 nhiéu khai niém dao ham phan thi da dugce xay dung.
Tuy nhién, dao ham Riemann—Liouville va dao ham Caputo dugc dung rong rai hon ca. Trong ludn an
nay, ching t6i nghién citu dao ham phan thi Caputo. Vi vay, ching to6i nhic lai dinh nghia ctia dao
ham nay.

Cho trude mot s6 thue o € (0,1] va mot doan [0,7] C R. Ngudi ta dinh nghia dao ham phan thi

Caputo cap o ctia ham z(t) 1a

—a dz(t)
CDSM”U) = Ié+ dt

t € (0,7,

& day d;fi(tt) la dao ham thong thuong (xem [?, Chuong 3, tr. 49]). Ddi v6i mot ham véc to x(t) =

(x1(t),...,24(t))T, dao ham phan thit Caputo clia 2(¢) dugc dinh nghia theo timg thanh phan nhu sau
CD3+x(t) = (CD3+$1(t)7 O D3+$d(t))T-
Chu y 1.2.2. (i) Néu a =1 thi dao ham phan thi Caputo cip « chinh la dao ham thong thuong.

(ii) Néu x la mot ham lién tuc tuyét doi trén [0,T), thy dao ham phan thi Caputo ciia ham nay ton

tai hau khdp noi trén [0,T) (zem [?, Dinh ly 3.1]).

Giéng nhu phép tinh vi phan va tich phan ¢ dién, dao ham phan thit Caputo la nghich dao trai

cuia toan ti tich phan phan tha.
Dinh 1y 1.2.3. ([?, Dinh 1y 3.7]). Cho « € (0,1]. Khi dé, vdi moi x € C([0,T],R?), ching ta c6
C na 7o _
Dy I () = =(1),

vdi moi t € [0,T7].

1.2.2 Phuong trinh vi phan phan thiw Caputo
Xét phuong trinh vi phan phan thid Caputo bac « € (0, 1]
“Dg,x(t) = f(t,x(t)), véimoit e (0,7T], (1.15)
v6i diéu kien ban dau z(0) = zg € R%, ¢ day T > 0, f : [0, T] x R? — R? 1a ham do dude.

Dinh nghia 1.2.4. Cho 2o € RY, ham ¢(-,z9) € C([0,T],R?) dugc goi la nghiem ciia phuong trinh

(??) vdi z(0) = zo trén doan [0,T] néu p(0,x0) = o va
“Dgyp(t o) = f(t. o(t,20)),  vdi moit € (0,T).

Tuong ti nhu trong 1y thuyét phuong trinh vi phan thuong, bai todn gia tri ban dau clia phuong
trinh vi phan phan thit n6i trén c6 thé chuyén thanh mot phuong trinh tich phan tuong duong.
Dinh 1y 1.2.5. ([?, B6 dé 6.2]). Cho x¢ € R, ham ¢(-, 2¢) € C([0,T],R?) la nghiém ciia phuong trinh

(??) wdi gid tri ban dau x(0) = x¢ khi va chi khi né théa man phuong trinh tich phan

1 ! a—1 4 .
(t, xo) = xo + m/o (t—7)*"f(1,p(T,20)) dT, v&i moit € [0,T]. (1.16)



19

Chi y 1.2.6. Cho t la mot thoi diém nao dé & tuong lai va to la thoi diém hien tai (t > tg). Ti cong
thite (77), ching ta thay ring dé biét dugc x(t) khong chi can biét gid tri cilia nghiém trong khodng
[to,t) (ti hién tai tdi twong lai) ma con can phdi biét thém gid tri ciia né tai hau hét cdc thoi diém trén
doan [0,t9) (toan by qud khit). Day chinh la diém khdc biét co ban gitta phuong trinh vi phan thudng va
phuong trinh vi phan phan thi.

Tiép theo, ching ta xét phuong trinh tuyén tinh hé s6 hing thuan nhat bac « € (0, 1] trén doan
[0, 7]

“Dg, x(t) = Ax(t), x(0) =z € R?, (1.17)
§ day A € R¥?. Theo [?, Dinh ly 4.3], v6i moi xo € R bai toan trén c6 nghiem duy nhat ¢(-, 7o) duge
cho bdi cong thiic sau
p(t,z0) = Eq(t*A)o,

trong d6 E, : R4 — RI*4 |3 ham Mittag-Leffler mot tham s6. Do d6, cac ham Mittag-Leffler xuét
hién mot cach ty nhién trong 1y thuyét phuong trinh vi phan phan thi. Tiép theo, chiing t6i nhic lai
dinh nghia clia ham Mittag-Leffler.
Dinh nghia 1.2.7. ([?, Dinh nghia 4.1 va Dinh nghia 4.2]). Cho a > 0 va 3 € R bat ky.

e Ham Mittag-Leffler mot tham s6 nhan gia tri ma tran E,, : Raxd 5 RAXd ¢4 hidu dién

e Ham Mittag-Leffler hai tham s6 E, g : R — R dugc xac dinh boi

oo k
z
Eap(z) = kzzo O Rk

e Ham Mittag-Leffler hai tham s6 nhan gia tri ma tran E, g : Rxd s RIXd qyge xac dinh béi

Eop5(M) := iiMk M e R¥*4
o, = , .
— T(ak + )

Dé nghién citu céc tinh chat nghiém ctia phuong trinh vi phan phan thi, dac biet 1a cac phuong
trinh hé s6 hiing, mot trong nhitng cong cu dude sit dung pho bién 1a cong thitc bién thien hing sb.
Cong thiic nay la cau nbi gitta nghiém ciia mot phuong trinh khong thuin nhat véi mot phuong trinh
tuyén tinh hé s6 hing thuan nhat lien két véi n6. Cu thé, xét phuong trinh vi phan phan thi Caputo
bac a € (0, 1]

ODg, x(t) = Az(t) + f(z(t), te€0,T], (1.18)
G day A € R¥>? f:RY - R? 13 ham lién tuc Lipschitz.
Dinh ly 1.2.8. (Céng thitc bién thién hing sb) ([?, Dinh Iy 1.4.1]). Gid s f la ham lién tuc
Lipschitz toan cuc trén RY. Khi dé, vdi moi xg € R, phuong trinh (??) vdi gid tri ban dau x(0) = zo €

R? ¢6 duy nhat nghiém toan cuc (-, o). Hon nita, nghiém nay théa man cong thic bién thién hing so
t

p(t,z0) = Eo(t*A)zo + / (t = 7)%  Ea,a((t = 7)*A) f(o(7, 20)) dr, (1.19)
0

vdi moi t € [0,T).
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Chuong 2

Mot s6 tinh chat ctia nghiém
phuong trinh vi phan

phan thi Caputo ngau nhién

Bai toan quan trong trong ly thuyét dinh tinh ctia phuong trinh vi phan 1a nghién cttu sy ton tai
va duy nhat nghiém ciing nhu cac tinh chit ctia nghiem. D&i véi phuong trinh vi phan thudng, ngusi
ta da thu dugc nhidu két qua vé van dé nay (xem [?, ?]). Con ddi véi phuong trinh vi phan phan thi
Caputo, ngudi ta ciing dat duge nhiéu két qua vé sy ton tai va duy nhat nghiem dia phuong (xem [?,
Dinh 1y 6.1 va Dinh ly 6.5]). Két qua vé sy ton tai va duy nhat nghiem toan cuc ctia phuong trinh
vi phan phan thit Caputo duge dua ra trong [?, Dinh 1y 2]. Nhiéu két qua vé dang diéu tiém can ciia
nghiém phuong trinh vi phan phan tht tat dinh duge dua ra kha day da trong [?, 7).

Déi véi phuong trinh vi phan phan thi Caputo ngiu nhién, dén nay vAn chua cé nhiéu cong trinh
viét vé van dé nay (xem [?, ?, ?]). Vi vay, chuong nay duge danh dé nghién citu mot s6 van dé vé
phuong trinh vi phan phan thit Caputo ngiu nhién. Noi dung ctia chuong gém nam phan, trong Phan
2.1 ching toi trinh bay dinh 1 ton tai va duy nhét nghiém cé dién cho phuong trinh vi phan phan thi
Caputo ngau nhién (xem Dinh ly ??). Sy phu thuoc lién tuc vio gia tri ban dau ctia nghiem cd dién
phuong trinh vi phan phan thit Caputo ngdu nhién duge trinh bay trong Phan 2.2 (xem Dinh ly ?7?).
Trong qué trinh di tim phuong phép nghién citu tinh én dinh ctia phuong trinh trén, ching t6i da thiét
lap va chiing minh dugc dinh 1y ton tai va duy nhét nghiém nhe cho phuong trinh vi phan phan thi
Caputo ngau nhien (xem Dinh 1y ??). T két qua nay, ching t6i chiing minh dugce cong thiic bién thien
hing s6 cho phuong trinh vi phan phan thit Caputo ngau nhién (xem Dinh 1§ ??). Mot can duéi cho sy
phan tach tiém can gitta hai nghiém phan biét clia phuong trinh trén duge dua ra trong phan cudi clia
chuong (xem Dinh 1y ?7?). Nho ¢6 két qua nay ma ching t6i chiing minh duge sé6 mii Lyapunov binh
phuong trung binh ctia nghiém khong tam thudng ctia phuong trinh vi phan phan thi Caputo ngau
nhién song tuyén tinh bi chin la khong am (xem He qua ?77).

Noi dung ctia chuong nay duge viét diya trén hai bai bao da duge xuat ban sau day:
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[CT1] D. T. Son, P. T. Huong, Kloeden P. E., H. T. Tuan (2018), Asymptotic separation between
solutions of Caputo fractional stochastic differential equations, Stoch. Anal. Appl., 36(4), pp. 654-664,
(SCIE).

[CT2] P. T. Anh, D. T. Son, P. T. Huong (2019), A variation of constant formula for Caputo
fractional stochastic differential equations, Statist. Probab. Lett., 145, pp. 351-358, (SCIE).

2.1 Su ton tai va duy nhit nghiém cb dién ctia phuodng trinh
vi phan phan thit Caputo ngiu nhién

Trong muc nay, chiing t6i xét phuong trinh vi phan phan thit Caputo ngau nhién bac o € (1,1)

trén doan [0, 7] c6 dang

dW;
dt ’

véi T > 0 bat ky, b,o : [0,7] x R? — R? 1a do duge va (Wy)ieo,00) 12 chuyén dong Brown mot chiéu

“Dg X () =b(t,X(t)) +a(t, X (t)) (2.1)

tieu chuan tren khong gian xac suat day du (Q,F,P) dudc trang bi bo loc F := (F;)i>0. V6i mdi
t € [0,00), dit X; := L?(Q, F¢,P) ky hieu la khong gian tat cd cdc ham kha tich binh phuong trung
binh f = (f1,...,fa)" : Q — R? véi

d

> E(£12) = VE[ ],

=1

”f”ms =

§ day R? dugc trang bi chuan Euclide. Mot qué trinh ngau nhién do duge X : [0,00) — L?(Q, F,P)

duge goi 1a F-tuong thich néu X (t) € X; v6i moi t € [0, 00).

Dinh nghia 2.1.1. Vi méin € Xo, mot qud trinh ngadu nhién do duge, F-tuong thich X dugc goi la

nghiém co dién cia (7?) vdi diéu kién ban dau X (0) =n néu X (0) = n va vdi moi t € (0,T]

X(t)=n+ ﬁ (/Ot(t — 1) (r, X (7)) dr + /Ot(t — 1) to(r, X (1)) dWT) .

Sau day chiing t6i phat biu két qua chinh ciia muc nay vé sy ton tai va duy nhéat nghiém toan cuc

clia phuong trinh vi phan phan thi Caputo ngau nhién.

Dinh ly 2.1.2. (Sy ton tai vA duy nhat nghiém toan cuc ctia phuong trinh vi phan phan

thit Caputo ngau nhién). Gid s cic hé s6 b, cia phuong trinh (?7) théa man cac dieu kién sau:
(H1) Ton tai L > 0 sao cho vdi moi v,y € Rt € [0,T] ta co

[16(t, ) = b(t,y)|| < Lllz —yll, lo(t,z) —o(t,y)l < Lz —yll.
(H2) o(-,0) va b(-,0) théa man

T
llo(-,0)]|0o :=esssup |lo(7,0)| < oo,/ lb(7,0)|* dr < .
0

7€[0,T)

Khi dé, phuong trinh (?7) vdi diéu kién ban dau X (0) = n € Xo c¢6 nghiém toan cuc duy nhat ¢(-,n)
trén doan [0, T).
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Dé chiing minh dinh 1y nay, ching toi xay dyng mot chuan c6 trong s6 phit hop, sau dé ap dung

Dinh 1y diém bat dong ctia Banach. Cu thé, chitng minh gdm cac budc sau:
e Budc 1: Xay dung khong gian Banach (H2([0,T)), || - || z2)-
e Budc 2: Dua ra toan ti 7, xac dinh trén khong gian nay.

e Budc 3: Chiing minh toan ti 7, 14 dnh xa co ddi véi chuan c6 trong sé phit hgp, phuong phap
nay cling da duge diing dé chiing minh sy ton tai va duy nhit nghiém ciia phuong trinh vi phan
ngau nhién (xem [?, Nhan xét 2.1]). O day, ham trong s6 la ham Mittag-Leffler Esn—1(+) duge
dinh nghia nhu sau

+k

By 6i moi t € R.
2a-1( kz_%r (Ca—Dkt1) oM

Trude khi trinh bay chi tiét ching minh Dinh 1§ ??, ching t6i can mot vai két qua chuan bi. Ky
hieu khong gian H?([0,77]) 1a tat ci cic qué trinh

X :[0,T] — L*(Q, F,P)
do duge, Fr-tuong thich v6i Fr := (Ft)epo,r) va thda man
| X || g2 := esssup || X (t)]|ms < o0.
0<t<T

Khi d6, ta c6 (H?([0,T)), ] - || z2) 1a khong gian Banach. Véi méi ) € Xo, chting t6i dinh nghia toan ti
T, H([0,T]) — H2([0,T]) bdi T,£(0) := n va vi moi ¢ € (0,7]

t t
T6(t) =0+ gy ([ €= ot e [ netotn gt aws ).
0 0
B& dé sau day chi ra riing toan t nay dugc xéc dinh tdt.

B6 dé 2.1.3. Gid st cic hé $6 b,a ciia phuong trinh (?7) théa man cic dieu kien (H1) va (H2). Khi

dé, vdi méi n € Xo, todn ti T, duge xdc dinh tot.

Chiing minh. Lay & € H?([0,T]) bat ky. Tt dinh nghia clia todn tit 7,¢ va bat dang thiic ||z +y+z|? <

3([|z]12 + llylI? + ||z]|?) v6i moi z,y, 2 € RY, ta c6 ude lugng sau v6i moi ¢ € [0, T

(t—m)* (e (r dTH>

).

e < it + i

trcE( i (6= ) e e raw
Ap dung bat ding thitc Holder (xem [?, tr. 5]), ta dugc
t 2
IE( / (t— 7)Y (r, € (7)) dr )
0

/(— ) QdTIE(/ b (7 |dT)
- ([ |b<7,5<f>>2d7>.

(2.2)

IN
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Nhg diéu kién (H1), ta suy ra

b €IE < 2 (Ib(r, ) = b(r, 0) [ + b, O)1)
< 222 + 210, O
Do d6,
E(/ s ar) < o0 (/0t5<7>|2d7)+2/0t 117, 0| dr
< 2T e B0 +2 bt o)

Két hgp véi uéc lugng & trén ta co

|

Bay gio, ap dung tinh chat ding cy Ito (xem Dinh Iy ?7), ta dat dugc
2

S E ( / (- T>a-1oi<7,£<7>>dwf)2

1<i<d

> () . P2 (rg(r)Par)

1<i<d

E / (t = 7)o (1. ()| Pdr.

/ (t— 1) b (r.& () dr
0

2
2L2T2a 2T2a71 T
< 2+ — b 2dr. 2.
) el 5o [ oA (23)

/O (t— 7)* Lo (1. (r))dW,

Do diéu kien (H1) nén ta c6

lo(r, €I < 2L2[[§(n)]* + 2]lo (7, 0)|* < 2L2[|§(7)[1* + 2]l (-, 0) .

)

Vi vay, v6i moi t € [0,7T] ta thu duge u6e lugng sau

“

/0 (t =)o (r,€ (7)),

t t
< 2L21E/ (t=m)* 7l (D))” dr + 2||a(.,0)||§0/ (t— 1) 2 dr
0 0
T2a—1 2T2a—1
< 2I7 2 - .0 2
= 2a_1||f||H2+ Cy— lo (-, 0)]|5,

Diéu nay cing véi (?7?), (??) va (H2) kéo theo ||T;&|| 52 < oo. Do do, toan tit 7, dugc xac dinh tot. O

Két qua sau day 1a b dé ky thuat diing dé ude lugng cho todn tit 7, va dé phuc vu cho chitng minh

cac két qua trong phan tiép theo.

dé 2.1.4. Véia > % bat ky va v > 0 ta coé bat ding thitc sau day la ding

O

B

t
2l _ . -
FEa=1) /0 (t =) 2By (47207 1) dr < Fagy (127Y).
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Chitng minh. Lay v > 0 bat ky. Xét phuong trinh vi phan phan thi Caputo tuyén tinh c¢6 dang sau
CDgY a(t) = ya(t). (2.4)

Nhu chiing ta da biét ham Mittag-Leffler Fa,_1(7#2*~1) 1a nghiém ctia phuong trinh (??) (xem [?, tr.
135] va Muc 1.2.2 ¢ Chuong 1). Do d6, dang thiic sau day 1a ding

t
Eooq (7221 = 1 v / t—7)202p, 20-1y -
20-1(Y7) e (t—m) 20-1(Y77 ) dT

Vay ta c6 diéu phai chitng minh. O
Bay gid ching toi sé trinh bay chi tiét ching minh Dinh 1y ??.

Chatng minh Dinh lij 7. Chon va c¢6 dinh hiang s6 duong v sao cho

3LAT + 1)I'(2a — 1)

2.5
Tréen khong gian H2([0,77]), ching toi dinh nghia chuén c6 trong s6 | - ||, nhu sau
E(||X(t)])?
| Xy := esssup UX @) v6i moi X € H?([0,T)). (2.6)

te0.1] \| Fra—1(vt2*71)

Vi ham Mittag-Leffler E,_1(7t2*~1) 1a ham lién tuc trén doan [0, T] va nhan gia tri duong trén doan
[0,7] khi o € (3, 1) nén ton tai m = minge (o, 7] Eoa—1(7#**71) > 0 va M = maxej,7) Baa—1(12*71) >
0. Do d6, hai chuan || - |2 va || - ||, 1& tuong duong. Do d6, (H?([0,77), || - ||,) ciing la khong gian
Banach. Ta chon va c¢b dinh n € Xo. Nhg B6 dé ?7?, toan tit 7, duge xéc dinh tot. Bay gio ching toi sé
chiing minh anh xa 7, la co ddi v6i chuan || - ||,. Dé lam dugc diéu nay, ta lay &, € € H2([0,T]) bat k.
Tit dinh nghia todn tit 7, va bat déng thic ||z + y||? < 2(||z||? + ||ly[|?) véi moi x,y € RY, ching ta c6

duge bat ding thitc sau ding véi moi ¢ € [0, T

e (|re0-néw|)

Tl
(a)

2
+F()E(\

Ap dung bat ding thitc Holder (xem [?, tr. 5]) va (H1), ta dat dugc

“

< 1% / (t — 7 2E(|l¢ (r) — E()

IN

| = e ) b En)ar

)

| = ey - otrE@paw,

)

)

/0 (t =) (b(r, & (7)) = b(r, & (7)))dr

2
| ) dr.

Mit khéc, ap dung tinh déng cy Ito (xem Dinh ly ??) va (H1) ta suy ra

il

= t — 2o (1,6 (1) — o(T, & (T 27’
—E/O<t 122 |lg (r,€ (7)) — o (r, € d

/0 (t =) (o (1€ (7) = o(r,& (7)) W,

)
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t
. ~ 2
< L2/ (t— 1) 2E(|¢ (r) — ()| dr
0
Do dé6, véi moi t € [0,T] ta c6

e (|70 - néo])

m ! _ 2@2 7-2 .
o [ = e ) - £ d

Diéu nay cung véi dinh nghia cia || - ||, nhu trong (??) kéo theo ring
o2
T () - €|

E ((
Ego—1(yt?*71)

2L2 fO 2a 2E2a 1(,)/7_2(1—1) dr ~
>~ F(OZ)2 E2a71( 120~ 1) ||§_§H'y

Ap dung Bé dé ??, v6i moi t € [0,T] ta c6

E (Hﬁg(t) H ) 200 — 1) LA(T + 1)
Epq_1(yt?e1) [(a)?y

le = €12

Do do,

2T (20 — 1)L2(T + 1)
I(er)?y '

Nh (??) nén ta c6 & < 1. Vi vay, T, la mot anh xa co tren (H2([0,T]), | - ||l)- Ap dung Dinh Iy diém

”7;75 - TYIEH'V < “Hf - EH»y, 6 day k := \/

bat dong ctia Banach (xem [?, Dinh ly 13] hoac [?, tr. 59]) ton tai mot diém bat dong duy nhét ciia
anh xa 7, trong H?([0,T]). Diém bat dong nay ciing 14 nghiém duy nhit ctia phuong trinh (??) véi
diéu kién ban dau X (0) = . Vay dinh ly dugc chiing minh xong. O

Chu y 2.1.5. Cadc diéu kien (H1), (H2) trong Dinh ly 77 la su md rong tu nhién cdc diéu kién trong
dinh Iy vé sy ton tai va duy nhat nghiém cia phuong trinh vi phan ngau nhién (vem Dinh lj 7?7 &
Chuong 1).

Dé két thic muc nay ching t6i dua ra mot vai binh luan vé mot sb bai bao viét vé vin dé nay.

Chi y 2.1.6. (i) Theo sy hiéu biét ciia ching toi, c6 lé cong trinh dau tién lién quan dén linh vuc

nghién ciu nay la [?], & day Z. Wang xét phuong trinh

X(t)=X(0)+ /0 (t—7)"“(t, 7, X (7)) dr —i—/o (t—7)"0(t,r, X(1)) dW,, (2.7)

trong dé, X(0) e R4, 0 : Ry x Ry x R 5 RI x R™b: R, x Ry x RY — R? la cdc ham do dudc theo
nghia Borel va oy € (0,%), a0 € (0,1]. Vi cdc diéu kién thich hop cho hé s6 b,o (yéu hon diéu kién
Lipschitz toan cuc), tdc gid bai bdo da chiing minh dugc rang phuong trinh (7?) ton tai va duy nhat
nghiém toan cuc. Ngodai ra, tdc gid con chidng minh duge tinh chinh quy cia nghiém phuong trinh (77?)
vdi mot so dieu kién thich hop (zem [?, Dinh Iy 4.1, tr. 1070]). Tuy nhién, Z. Wang chua dé cip dén

trudng hop ag € (4, 2) tuong wng vdi bac phan thi o € (2, 4) khi ching minh dinh ly trén.
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(ii) Tiép theo hudng nghién citu nay, nam 2016 Y. Wang va cdc cong sy ciing chiing minh thanh cong
dinh lij ton tai va duy nhat nghiém dia phuong cho phuong trinh (7?) nhung lai gap van dé trong ching
minh ton tai va duy nhat nghiém toan cuc. Cu thé, vdi o € (%7 1), cdc tac gid zét phuong trinh vi phan
phan thit Caputo ngdu nhién trén khong gian Banach X cé dang

ODg, x(t) = b(t,x(t)) + a(t,x(t))%, (2.8)
d day t €10,T), b,o : [0,T] x L*(Q; X) — L*(Q; X) la cdc ham do dudc théa man cic diéu kién
(a) Ton tai mot hing s6 L > 0 sao cho vdi moit € [0,T] va x,y € L?(Q; X)
E([b(t, ) = b(t,9)I*) + E(llo(t,2) = o(t,9)[I*) < LE(|= — y[|*);
(b) Cédc ham b, o bi chan, tic la vdi zg € L*(; X) va a > 0, ton tai hing s6 M > 0 sao cho
E(lb(t, 2)2) < M2, E(lo(t,)[?) < M

vdi moi (t,x) € Ro == {(t,z) : 0 <t < T,E(||z — z0|?) < a?}.

Bing phuong phdp ching minh tuong tu trong hai bai bao [?, ?], cic tdc gid cia [?] dd ching minh
thanh cong su ton tai va duy nhat nghiém dia phuong trén mot khodng nhé [0,T,], ¢ day T, la tham so
phu thudc vao a, duge xac dinh trong [T, Dinh lj 3.3, tr. 209] bdi biéu thic

ﬂf:mm<ﬂ(&r%a+1néx(&r%®@a—1wmﬁj’1<a<1.

4M? 4M? 2

DE gidi quyét bai todn ton tai nghiem toan cuc, cdc tic gid da dung phuong phdp xdp i lién tiép va kéo
dai nghiém tw mot khodang nhd [0,T,] ra toan khodang [0,00) (xem [T, Dinh Iy 3.4, tr. 209]). Tuy nhién,
phuong phap nay duong nhu khong thé dp dung cho cdc phuong trinh vi phan phan thit ngau nhién.
Chinh xdc hon, do su phu thudc qud khi cia nghiém phuong trinh vi phan phan thd nén nghiém cia

bas todn

Dox(t) =b(t,z(t)) + ot z(t) L, te [T, T +56),
z(T*) =ax*e€ L*(Q;X),
va nghiém cia bai toan

Dox(t) =b(t,z(t)) + ot z(t)LF, te[0,T*+9),

2(0) =o€ LA(Q; X)

la khong trung nhau biang cich dich chuyén thoi gian.

2.2 Su phu thuéc lién tuc vao gia tri ban dau ctia nghiém
phuong trinh vi phan phan thit Caputo ngiu nhién

Trong muc nay chung t6i sé nghién cttu tinh phu thudc lién tuc ctia nghiém phuong trinh vi phan

phan thit Caputo ngau nhién vio diéu kién ban dau. Cu thé, ching toi xét phuong trinh vi phan phan
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thit Caputo ngau nhién bac a € (%, 1) trén doan [0,7T] ¢6 dang

AWy

“Dgy X (t) = b(t, X (1)) + o (t, X (1)) T

(2.9)

véi T > 0 bat ky, b,o : [0,T] x RY — R? la do dugc va (Wy)ie(0,00) & chuyén dong Brown mot chiéu

tiu chuan tren khong gian xéc suat day du (Q,F,P) duge trang bi bo loc F = (F;)¢>0-

Dinh ly 2.2.1. (Su phu thudc lién tuc ctia nghiém vao diéu kién ban dau). Gid si cic hé so

b, o ciia phuong trinh (??) théa man cdc diéu kien
(H1) Ton tgi L > 0 sao cho vdi moi x,y € R4t € [0,T) ta co

[16(t, ) = b(t,y)|| < Lllz —yll, lo(t,z) —o(t,y)| < Llz —yll.
(H2) o(-,0) va b(-,0) théa man

T
lo(-,0)]|oo :=esssup |lo(7,0)| < oo,/ |[b(T, O)||2 dr < oo.
0

T€[0,T)
Khi dé, trén doan [0,T] nghiem o(-,n) cia phuong trinh (??) phu thudc lién tuc vao 1, tic la
¢—n

Chiing minh. Chon va ¢6 dinh T > 0, cho n,¢ € Xo. Vi ¢(+, (), ¢(+,n) la nghiém ctia phuong trinh (?7?)

nén ta co
1 t .
Pt 0) —eltn) = C-n+ m/o (t —7)* 7 (b(7,0(7, Q) — b7, 0(7,m))) dr
1 ¢ ot
+m A (t - 7-) (0'(7'7 80(7'7 C)) - U(T7 (p(T7 T}))) dWT

Ap dung bat ding thic ||z +y+ 2[|? < 3(||=||? + |Jyl|*> + [|2]|?) v6i moi x,y, 2 € R?, ching ta suy ra bat

dang thitc sau ding v6i moi t € [0, 7]

Ellp(t,¢) — @(t,n)|

= 9Bl ] [ (¢ 0t ) = bt |

2

3 t
_ " E — el —
+ ] [ €= et et o) — otm ) aw
Ap dung bét déng thic Holder (xem [?, tr. 5]) va (H1), ta dat dugce
t 2
|| [ (= 0ro(.0) = ot |
t
< 2t [ (-1 Bl - ol dr.
0
Mait khac, ap dung tinh déng cy Ité (xem Dinh 1y ??) va (H1) ta suy ra

2

EH /Ot(t — 1) YNo(r,0(1,0) — a(r,0(1,n))) dW,
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t
< 1 / (t = 7)*E|jp(r, €) — ()| dr.

Do dé6, véi moi ¢ € [0,T] ta c6

Ello(t,¢) —ot,n)I> < 3E[¢—n|?

3L%(t+1) [* _— )
o [ =P e - wlrl .

Ap dung bat ding thiic Gronwall cho phuong trinh vi phan phan thit (xem [?, B6 dé 7.1.1] hoac [?, He

qué 2]) ta suy ra

37 +3)L2T(2a — 1
||so<t,<>w(t,n>||iss3||n<||3HSEQQ_1<( * ;(a)g « )t2“1>,

¢ day Eaa—1(-) 1a ham Mittag-Leffler v6i tham s6 2a — 1. Do d6, ta chiing minh duge

T {lip(t, €) = @ (t7)llms = 0-
O
Chii § 2.2.2. Bai todn vé tinh dat chinh ctia phuong trinh vi phan, phuong trinh vi phan ngédu nhién
la mot bas todn quan trong trong nghién ciu lij thuyét va ing dung. N6 da va dang dude nhiéu nha todn
hoc quan tam va nghién cttu. Trong ludn dn nay ching toi mdi nghién cttu hai van dé: mot la su ton
tai va duy nhat nghiem ciia phuwong trinh, hai la tinh phu thuoc lien tuc ciia nghiém vao diéu kién ban
dau. Chiing toi dang tiép tuc nghién ciu tinh lién tuc cia nghiém co dién theo thoi gian va bac phan

thit a cia phuong trinh dé hoan thién bai todn dat chinh.

2.3 Su ton tai va duy nhit nghiém nhe ctia phuong trinh vi
phan phan thi Caputo ngau nhién

Xét phuong trinh vi phan phan thit Caputo ngau nhién bac o € (3, 1) tren doan [0, 7] ¢6 dang sau

AW,

“Dg X (t) = AX(t) + b(t, X () + o(t, X (1)) o

(2.10)

6 day T > 0 bat k¥, (W)ie[0,00) 12 chuyén dong Brown mot chiéu tieu chuan trén khong gian xac suat
day dt (Q,F,P) dudc trang bi bo loc F := (F;)i>0, A € R4 va b o : [0,T] x RY — R? 1a cac ham do

duge théa man cac diéu kien
(H1) Ton tai L > 0 sao cho v6i moi z,y € R4t € [0,T] ta c6

[16(t, ) = b(t,y)|| < Lllz —yll, lo(t,z) —o(t,y)| < Lllz —yll.
(H2) o(-,0) va b(-,0) théa méan

T
llo(-,0)]|0o :=esssup |lo(7,0)| < oo,/ b(7,0)||* dr < .
T€[0,T] 0
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Bay gio chiing toi nhic lai khai niém nghiém nhe clia phuong trinh (7).

Dinh nghia 2.3.1. (Nghiém nhe ctia phuong trinh vi phan phan thi Caputo ngiu nhién)
([?]). Mot qud trinh ngdu nhién do duge, F-tuong thich Y dugc goi la nghiém nhe cia phuong trinh
(??) wéi diéu kien ban dau Y (0) =1 néu Y (0) = n va ding thic sau ding vdit € (0,T]
Y(t) = Ba(t*Am+ fo(t—7) " Eaa((t —7)*A)b(r,Y (1)) dr
(2.11)
+ ot =) B o ((t — 7)* A)a(1,Y (1)) AW,

Tiép theo, ching to6i thiét 1ap két qua vé su ton tai va duy nhat nghiém nhe ctia phuong trinh (7).
Dé dat dugc két qua nay, ching toi yeéu cau ring cac hé sb b, o clia phuong trinh théa man céc didu
kien (H1), (H2) & trén. K§ thuat chinh dé chiing minh két qua dé la xay dyng mot chuan cé trong s6
phut hgp (so sénh v6i Dinh 1y 2.1.2).

Dinh 1y 2.3.2. (Su ton tai vA duy nhat nghiém nhe toan cuc). Gid thiét cic hé s6 b,o cia
phuong trinh (??) théa man cic diéu kién (H1) va (H2). Khi dé, vdin € Xo bat ky, ton tai duy nhat
nghiém nhe Y cia phuong trinh (7?) théa man Y (0) = n trén toan doan [0,T], kg hiéu la (-, n).

Chatng minh. Ky higu khong gian H2([0,T],R9) la tat ci cac qua trinh ¢ do duge, Fr-tuong thich véi
Fr := (Ft)tep0,r), nhan gia tri trong R? v& thoa méan
1€l 2 == esssup[|€(¢)|[ms < o0
0<t<T
Khi d6, ta c6 (H2([0,T],R9), || - || g2) 14 khong gian Banach. Dt
Hy([0,T),R?) := {¢ € H*([0,T),R?) : £(0) = n}.

Dinh nghia toan tit
Ty + H2([0,T],RY) — HZ([0,T],R?)
béi J,Y (0) := n va véi moi t € (0,7
TY ()= Ea(t*A)n+ [t — 1) Eao((t — 7)*A)b(1,Y (7)) dr
[t =T By o((t = 1)*A)o (7, Y (1)) AW,

Khi d6, biang céch chiing minh tuong tu B6 dé ?? ta c6 J,, duge xac dinh tét. Dé hoan thanh ching
minh, ta can chi ra ring J, la anh xa co doi v6i metric phit hgp tren H2([0, 7], R?). Mudn vay, ta trang

bi cho H2([0,7],R%) mot chuan c6 trong s6 || - ||,, § day 1 > 0, dude x4c dinh nhu sau

E(IE®I?) N 2 d
1= esssu v6i moi € € H(|0,T], R%). 2.12
e, = essup [ i € € (0,7 RY) (212)
Vi (H2([0,T],R%), | - ||g2) la khong gian Banach va hai chuan || - ||gz, || - |, 13 tuong duong nén

(H2([0,T),R%), || - ||,,) ciing la khong gian Banach. Do ham s6 E, (t*A4) la ham lién tuc trén doan
[0, 7] neén ton tai My := maxepo 1] | Fa,a(t*A)| > 0. Chon va c6 dinh héng s6 duong 1 sao cho
I'2a—1)

2L MA(T +1)
Y1

<1. (2.13)
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Bay gid, do dinh nghia ctia J;,, (H1), My va tinh déng cu Ito (xem Dinh Iy ??), ta c6

172X (1) = TnY (£)]50s

/0 (t— 1) X (r) = Y(7)] dr

2
< 2L°M2Z

ms

t
121283 [ (=P (r) - Y (7 d.
0
Ap dung bat ding thitc Holder (xem [?, tr. 5]), ta dat dugc
t
I Ta X (8) = TyY (t)l[s < 2L2MF(T + 1)/ (t =772 X (1) = V(1) dr.
0

Do d6, nha dinh nghia cta || - ||, ta suy ra

[T X (1) = TnY ()70
Eoq_1(mit?e1)
f(;(t _ T)Qa_2E2a71(’717—2a_1) dT
Eyq—1(mt?e1)

< 2L2MA(T +1)

X =Y,
Mit khéc, theo BS dé 72, véi moi t > 0 ta cb
¢
L/ (t— )2 2By (1720 dr < Eaay (mt227Y).
T2a—1) J, =

Vi vay,

”X - YH’Yl'

I'2a—1
||~7nX _anH"h < \/ZLQM%(T—F 1) ( " *)

diéu nay cting véi (??) suy ra rang J, la anh xa co tren H2([0,7],R?). Theo Dinh ly diém bat dong
ctia Banach (xem [?, Dinh 1y 13] hoic [?, tr. 59]), J, c6 duy nhét diém bat dong va dinh 1y dugc chiing

minh xong. O

Chi y 2.3.3. Két qud vé sy ton tai va duy nhdt nghieém nhe doi vdi lop cdc hé phuong trinh rong
hon da duge ching minh trong [?7]. Tuy nhién, gid thiét cho cdc hé sb cia cdc hé nay la manh hon

(HL), (H2).

2.4 Coéng thic bién thién hing sé6 cho phuong trinh vi phan
phan thi Caputo ngau nhién

Trong muc ndy, ching t6i xay dyng cong thiic bién thién hing s6 cho phuong trinh vi phan phan
thit Caputo ngau nhién bac a € (1,1) trén doan [0,7] ¢6 dang sau

AW,

“Dg, X (t) = AX(t) + b(t, X()) + o(t, X (1)) — (2.14)

& day T > 0 bat k¥, (Wy)se[0,00) 18 chuyén dong Brown mot chiéu tiéu chuan trén khong gian xéc suét
day di (2, F,P) dugc trang bi bo loc F := (F;)i>0, A € R4 va b, o :[0,T] x R? — R? 1a cac ham

do dudc théa man cac diéu kién
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(H1) Ton tai L > 0 sao cho v6i moi z,y € R4, ¢ € [0,T] ta c6
[o(t, ) = b(t,y)l| < Lllz —yll, [lo(t,z) —o(t,y)ll < Lllz —yl|.
(H2) o(-,0) va b(-,0) théa méan

T
llo(-,0)]|oo :=esssup |lo(7,0)| < oo,/ |lb(T, 0)||2 dr < oo.
7€[0,T) 0

Theo Dinh nghia 2.1.1, nghiém c6 dién ctia phuong trinh (??) véi diéu kien ban dau X (0) =7 € X,
13 mot qué trinh ngdu nhien do duge, F-tuong thich X théa man X (0) = n va dang thitc sau ding véi
moi ¢t € (0,7

X() = n+ ey Jo(t = ) HAX(7) + b(r, X (7)) dr
(2.15)

t o
+ ﬁ Jot =7 to(r, X(1)) dW-.
Theo Dinh 1y ??, v6i mdi € X, phuong trinh (??) ton tai duy nhat nghiém cd dién, ky hieu béi
©(+,n). Dinh ly sau day dua ra cong thiic bién thién hing s6 cho phuong trinh (??), dé 14 mot bicu

dién dic biet ctia nghiem cb dién o(-, 7).

Dinh 1y 2.4.1. (Céng thitc bién thién hing s6 cho phuong trinh vi phan phan thit Caputo
ngau nhién). Cho n € Xy bat ky va o(-,n) la nghiém co dién cia phuong trinh (7). Khi dé, ding
thiic

pltn) = Ealt" A+ [3(t = 1) Bual(t = 1) AYb(r. olr,m) dr 16)
+ ot = 1) Baa((t = 7)* A)o (7, (7)) AW,

ding vdi moi t € [0,T).
Cha y 2.4.2. (i) Néu khong cé nhiéu trong phuong trinh (27?), tic la o(t, X(t)) =0, khi dé (??) trd
thanh cong thitc bién thién hang s6 cho phuong trinh vi phan phan thi tat dinh (zvem Dinh Iy 77?).
(ii) Ta c6 Ey(M) = Ey 1 (M) = eM vgi M € R™*4. Cho a — 1, (7?) trd thanh dang sau (mot cich hinh
thitc)
¢ t
pltn) = ey +/ e DAY(T, o(7,m)) dr +/ " o (1, (1)) AW
0 0

Day la cong thitc bién thién hdang s6 cho nghiém ctia phuwong trinh vi phan ngau nhién
dX(t) = (AX(t) +b(t, X (1)) dt + o(t, X (t)) dW;
(zem [T, Dinh ly 3.1]).

Nhu mot ting dung ctia Pinh 1y ?7?, hé qua sau day dua ra cong thitc nghiém tuong minh ctia phuong
trinh vi phan phan thtt ngdu nhién tuyén tinh khong thuan nhat c6 dang
aWy
dt’
Hé qua 2.4.3. Gid sib € L2([0,T],R%), 0 € L>=([0,T],R%), ¢ day T > 0. Khi dé, nghiém co dién ciia

“Dg X (t) = AX(t) + b(t) + o(t) X(0) =n. (2.17)

phuong trinh (??) trén doan [0,T] dugc cho bdi

X(t) = E(t“An+ /0 (t —7)* ' Eqo((t — 7)*A)b(T) dr

+/O (t—7)" " Equ((t—7)*A)o(T) dW,.
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Nho két qui ctia Dinh 1y ?? nén mudn chitng minh Dinh 1y ?? ching t6i chi can chitng minh ring
o(t,n) =¥(t,m)  voimoine€ Xo,t €[0,T], (2.18)

¢ day (-,n) 1a nghiém nhe ctia phuong trinh (??). Dé o rang hon, chiing toi s& trinh bay tém tat y
tuéng chitng minh dinh 1y nay. Trudc tién, ching toi 4p dung Dinh ly biéu dién Ito6 cho ham f € Xp
bat ky (xem Dinh ly ??) suy ra ton tai duy nhat mot qua trinh ngau nhien = € M?2([0, 7], R?) sao cho

T
f :Ef+/0 2(r) dW,.

Do vay, dé chiing minh (??) diéu kién di la chitng minh duge déng thiic

T T
<<p(t,n),0—|—/0 =(7) dWT> - <¢(t,n),0+/0 =(7) dWT> (2.19)

ding v6i moi C € R? va = € M2([0,T],R%). Dé lam diéu ny, chiing toi thiét lap mot ude lugng trong
Meénh dé ?? cho

T
<90(t777) - ¢(ta77)’0+/0 E(T) dW-,—>‘ .

Truéc khi khing dinh va chting minh uéc lugng nay, ching toi can chuan bi két qua vé udc luong

cac thanh phan ciia hang tit trén, tic 1 ta can udc lugng

T
Ble(tn) — o) (+ [ 6@y aw,)| o day ce R MAO.TLR).

Tiép theo ching toi dinh nghia cdc ham ¢ ¢, Kener Xemes Ree © [0, T] — R béi

T
Xeme(t) = Ep(t,n) <c+/0 &(r) dWT>, (2.20)
T
Keme(t) = Eb(t, p(t,n)) (c—l—/o &(7) dWT>7 (2.21)
Xeme(t) = Eap(t,n) <c+/0 &(7) dWT>, (2.22)
Rene(t) = Eb(t,¢(t,n)) <c+/0 &(m) dWT>. (2.23)

Chi y 2.4.4. Trong ching minh su ton tai va duy nhat nghiém co dién va nghiém nhe, ta 6
(P(', 77)7 l/)(7 77) € HQ([O7 T]7 Rd)
Do do, Xen,c ke m,es Xem,es Rem,e 10 do duge va bi chan trén [0,T).

Bb6 dé 2.4.5. Véi moit € [0,T), khing dinh sau day la ding

Xeme(t) = ¢ Ea(t"A)En

+ /Ot(t = 7)*EBa,a((t = 1) A) (Kgne(t) + EE(T)o (T, 0(7,m)) )dr, (2.24)
Xeme(T) = c¢Ea(t"A)En

+ /Ot(t —7)*Baa((t = 7)*A) (Re .o (1) + EE(T)o (7, 9(7,1m)) ) dr. (2.25)
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Chitng minh. Vi ¢(t,n) 1a nghiém cd dién ciia phuong trinh (?7) nén

ot =n + ﬁ / (t — 1) (Ap(r, 1) + b(r, pl(r, ) dr
1 ! a—1
+ m/o (t—1) o(r,p(r,n)) dW,.

Lay tich vo huéng hai vé clia ding thitc trén véi c + fOT &(T) dW, va sau d6 lay ky vong hai vé ta duge

Xemelt) = cEn+ﬁ / (t = 7 (Axene(T) + e melr)) dr

1 t ot T
—|—@ </0 (t—7)"""o(r,e(r,m)) dWT,/O (1) dWT> _

Ap dung tinh chit déng cy Ito (xem Dinh Iy ?7), ta c6

X&,n,c(t) = CEU
Jrﬁ /0 (t— T)Oﬁ1 (AXE,n,c(T) + ke .o (T) + EE(T)o (T, o(T, 77))) dr.

N6i céch khéac, x¢ n.c(t) 1a nghiém cta phuong trinh vi phan phan thi Caputo
CDngx(t) = Az(t) + Kﬁ’n’c(t) +EE(t)a(t, p(t,n)), z(0) = c En.

Khi d6, nho Cha y 7?7 dan dén x¢ ,,. do dugc va bi chin trén doan [0,T]. Theo cong thic bién thien
hing s6 cho phuong trinh vi phan phan thit Caputo (xem Dinh 1y ?7), ta suy ra ding thic (??) la
dang.

Tiép theo, vi ¥ (¢,n) la nghiém nhe ctia phuong trinh (??) nén ta c6
t
P(t,n) = E (%An+ / (t —7)*  Eqo((t — 7)*A)b(T,9(T,m)) dT
0
t
4 [ =D Bl ) Aol () dV.
0

Lay tich vo huéng hai vé cia dang thic trén véi ¢ + fOT &(T) dW,. va sau d6 14y k¥ vong hai vé ta dat

dugce
t
Xene(t) = ¢ Eo(t*A)En+ / (t = 7)*Eqo((t = T)*A)Re p,o(T) dT
0
t T
H{( [ = 0Bl = otr vt v, [ aw ).
0 0
Do d6, nhg tinh dang cy Ito (xem Dinh Iy ?7?), ta suy ra ding thitc (??) I ding. O

Meénh dé 2.4.6. Cho My := maxic(o, 11 | Ea,a(t*A)||. Khi dé, vdi C € R? bit ky va Z € M?([0,T],R?)

ta co
2

T
|<<P(t777) —w(tvn),0+/0 2(r) dWT>

T2a-1 T 2 t
< 20MZL c+ [Cemaw,| [ et - vl dr
T 2
vadr?|C o+ [Cemaw,| [ - pr - win ), dr
0 Jo
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Chitng minh. Lay C = (c1,...,cq)T vAa 2 = (&1,...,&0)T, 6 day & € M3([0,T],R), ¢; € R. Khi do,

T
<<P(t,77) - ¢(tﬂ7), C+ / E(T) dWT>
0
d T
<(p2(t777) - wz(tan)a c; + / 51(7_) dWT>
—1 0
T 2
—(t,m)) (Cﬁ/o &i(7) dWT>

= d Z ||XE7. B c,, X§1 7,Ci (t)H2' (2’26)

2

2

IN

Tiép theo, ching toi wdc lwong ||Xe, n.c; (t) — Xesme; (£)|]- Nho Bd dé ??, ta dat duge

Xéi,m,ci (t) - X\Eiﬂ%ci (t)
t
= /0 (t = 7)*  Eaa((t = 7)A) (K, e (T) = Reyme (7)) dr

t
+/ (t = 7) " Eaul(t — 7)* AEE(T) (0, 0(1,7)) — (7, 9(7, 1)) dr.
0
Do do,
t
X m.e:(E) = Xesme, O] < MT/o (t = 1) ke, e (T) = Reyes (T)I] dT
t
+MTL/0 (t = 1) & () lmsllo(m,m) = $(7,0) s dr-
Vi vay, 4p dung bat dang thiic Holder (xem [?, tr. 5]), ta suy ra

IXeim,e: (8) = Xeimes ()]

+ 3
< waﬂ(J€<t Jo- de) (j/|w%“ncl RﬁmﬂﬁwﬁHer)
+MLQWQ|| )(Aw4w2wwm vmﬁwﬁ
T2a 1 N %
< 2ty 5ot ([ o) = Reune 1

WﬂU%IMﬂm[@W”MW)WW&ﬂ;

Mt khac, theo dinh nghia ctia k va K ta ¢6 ude lugng sau véi moi 7 € [0, 7]

~ 2
Hﬂgf,n,a( 7) = Reimei (T)]l

< (7, 0(T,m) = bj(T,9(7,m)), (Cz /fz dW>>
T
Cz+[) {AT)dWT

§ day, ching toi dimng diéu kien (H1) dé dat dugce bat déng thiic § dong cudi ciing. Do dé,

2

< L2|le(r,n) — ¥(r,n)||2

3

2
ms

foiu"]uci - X\Eiﬂhci ?
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22 27! g S 2
< o+ [ a@aw | [ et - vl
- 0 |

t t
LoMRL / 16() 12 dr / (t = 72 oy 1) — () o

Diéu nay cung v6i (?7) dan t6i
2

’<<P(t777) - ¢(t777), C + A E(T) dW‘r>

T2a—1
200 — 1

T 2
< 2dMZL? C+/ &(r) dW: / lp(,n) = (1, m) s dr
0 0

t t
L 2dMAL? / €02, dr / (t = 7222 (r ) — () o

Hon nita, do tinh ding cy It6 (xem Dinh 1y ?7), ta suy ra

T 2 T ¢
o / sy aw,| =|oP+ / ()2, dr > / 1E()|I2,, dr,

ms

Vay ta c6 diéu phai chitng minh. O

Chitng minh Dinh Iy ?7?7. Dat T* := inf{t € [0,T] : |l¢(t,n) — ¥(t,n)|ms > 0}. Khi d6, dé hoan thanh
chiing minh ta can chi ra 7% = T. Gia st ngudc lai, tiic 1 T* < T. Chon v ¢6 dinh 6 > 0 bat ky thoa

méan bat ding thiic sau

2a—1 9 9 52(1—1
6+ 2dM7 L

+ ™ 20 —1

T
2dMZL? S
o

Dé dan dén mau thuin, ching to6i chi ra rang ||¢(t, 1) — ¥ (t,1)|lms = 0 véi moi t € [T*,T* + §]. Mudn

<1. (2.27)

vay, ta chon va c¢b dinh ¢ € [T*,T* + 6] bat ky. Ap dung Dinh 1y biéu dién It6 (xem Dinh ly ??), ton
tai duy nhat C; € R? va & € M?([0,1],R?) sao cho

o(t,m) — (t,n) = Cy + /0 £5(r) AW,

Chuing t6i md rong & trén toan bo khoang [0,T] bang cach dat & (7) = 0 v6i moi 7 € (¢, 7). V6i mot

& nhu vay, ta c6
2

T
Co+ / E(r) dW,|| = o(t.m) — it )2

ms

Bay gig, 4p dung Meénh dé ?? cho C = C}, = = & ta dat duge

T2a—1 t
ot — vl < 2003225 — [ () = w(m I, dr
T*
t

2dMEL / (t = 7222 (rm) — () s i

*

V1 vay,

esssup ot m) — w(t,n)||2s
te[T*,T*+4]

20—1

T
< 2dM3ZL? § esssup  [lo(t,n) — ¥(t,n)|hg
20 =1 yeir= 119
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2a0—1

0
—|—2dM72«L2 esssup lo(t,n) — (¢, 77)||fm
200 — te[T,T*+96)

Bing cach chon § nhu trong (?7), ta suy ra

esssup  [|o(t,n) — ¥(t,n)|[ms = 0.
te[T*,T*+6)

Diéu nay din dén mau thuin vi ching minh dudc hoan thanh. O

2.5 Can duéi cho su phan tach tiém can gita hai nghiém phan
biét ctia phuong trinh vi phan phan thit Caputo ngiu nhién

Trong muc nay, ching to6i sé danh thsi gian dé chiing nghién cttu khodng cach giita hai nghiem
phan biét ctia phuong trinh vi phan phan thit Caputo ngau nhién bac « € (%, 1) trén doan [0,T] ¢6

dang
dWy

CDg X (1) = b(t, X (1) + ol X (1) L,

(2.28)

v6i T > 0 bat ky, (Wy)ie[0,00) 12 chuyén dong Brown mot chiéu tieu chuan trén khong gian xdc suét
day di (9, F,P) dudc trang bi bo loc F := (F;)i>0 va b, o : [0,7] x R? — R? do dugc théa méan cic

diéu kien
(H1) Ton tai L > 0 sao cho v6i moi z,y € R4t € [0,T] ta c6

[16(t,2) = b(t, )| < Ll =y, lo(t,2) ot y)|| < Lz -yl
(H2) o(-,0) va b(-,0) théa méan

T
lo(-,0)]|oo :=esssup |lo(7,0)| < oo,/ |[6(T, O)||2 dr < oo.
0

T€[0,T)

Két qua chinh cfia muc nay vé sy phan tach tiém can gitta hai nghiém phan biét clia phuong trinh

vi phan phan thit Caputo ngau nhién duge phat biéu trong dinh 1y sau.

Dinh ly 2.5.1. (Su phan tach tiém can gita hai nghiém phan biét ciia phudng trinh vi
phan phan thi Caputo ngau nhién). Cho 1, € X sao chon # ¢ va o(+,¢),o(-,n) la hai nghiém

co dién ctia phuong trinh (22). Khi dé, vdi moi € > 0 ta c6

. 2a
limsup ¢ 7=« €| (¢, 1) — @ (Ol s = 00

t—o00
Chatng minh. Ta ching minh dinh 1y nay bang phuong phap phan ching. Gia st ton tai hing s6 duong
A > 12_—“(1 sao cho
limsup (| (t,7) — @(t, ) lms < o0, (2:29)
t—o0

véi n, ¢ € Xo,n # ¢. Khi d6, ton tai cac hing s6 T > 0 va K > 0 sao cho

le(t,n) —o(t, Q)2 < Kt véimoit >T. (2.30)
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Do tinh déng cy It6 (xem Dinh ly ??) va gia thiét (H1) nén

In = ¢l < 3E (lle (tm) = 2 ()11

312 2

*WE( / D e () — o Ol )

3L2 ‘ 20—2 2
+F@¢)2/0 (t—71) o (m,1) — @ (7, ¢)||,,.dT-

Nho u6ce lugng (?7) ta suy ra
. 2\
lim B (|l () = ¢ (4,O17) = 0.

Do dé, dé chi ra sy mau thuin ching ta can ching minh

2

Jim 1,(t) =0, & day I,(1) := E ( / (t =) lo(rm) — o, )l df) (2.31)
va ,
Jim B(t) =0, diy Fot) = [ (0= 2 o(rn) = ol ) dr (232

Dé chitng minh (??), ta chon va ¢6 dinh 6 € ($,15%). Chi ¥ réng ta luon chon duge 6 vi § < 152
(tuong duong véi A > 2. V6i ¢ > max{T'/% 1}, ta c6

2

L(t) < 21@(/0 (t—T)O‘_lllw(Tm)—sO(ﬂC)lldT)

)

s ( [ (= olr ) — o0l d)

Ap dung bt déng thitc Holder (xem [?, tr. 5]), ta dugc

9 9
L) < 2 / (t— )22 dr / lo(r,m) — o(r, )% dr

t t
w2 [ = ar [ etrn) = o(n Ol o

5

Mat khac, ta lai ¢6

t° ) ) t5 t 9 9 (t _ t6)2a—1
tor)2e2gr< " |22y
/O (t=7) = (t7t5)2*2a’/t5( ™) T= 01

Két hgp diéu nay vé6i (??7) dan dén

26 a—
L < ool —olr Ol | 2K [,
= (t —19)2—2a 201 s
_ 2essupgr o) = e(r Ollms | 2K(t — 192
— (t _ t5)272a (20& _ 1)t26/\ !

Nho dinh nghia ciia d, ta c6 20 < 2 — 2a v 2a < 28\, Vi vay, khi cho ¢ — oo trong bat dang thitc &
trén ta suy ra lim; ., [;(t) = 0 vi do d6 (??) dugc chitng minh. Dé chiing minh (??), ta lay t > T bat

ky. Bing cach dung uéc lugng (?7) ta dat duge

T ¢
Lt) < / (t =) 2lle(r,n) — o(7, Ollfs dr + K/ (t— )22 dr
0 T
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T K Lo
< e o) —eln Ol + K [ (-t
(t=T) re[0,T] T
V1 vay, .
limsup I5(t) < K lim sup/ (t —7)2 21722 dr, (2.33)

t—o00 t—o00 T

Mat khac, v6i t > 2T ta c6

t i t
/ (t—7)27 222 dr = / (t — )20 272X dr 4 / (t —7)2 2722 dr
T :

T 2

2272(1 % o t —2X t _—
S t2_72a/7; T d7+ (2> /i (t*T) dr
2
_ 92—2ap—2A+1 N 1 ¢ 200—1-2A
= @AD" 20— 1\2 ‘

Diéu nay cung véi (??) va do a € (%, 1) JA > 12_—"; > o — %, dan t6i lims oo I2(t) = 0. Dinh ly duge

chiing minh. O

Mot két qua tuong tir nhu trong Dinh 1y ?? ciing da dudc chitng minh cho phuong trinh vi phan
phan thit Caputo tat dinh (xem [?, Dinh ly 2.1.2], [?]). Ngoai ra, gan day huéng nghién citu nay ciing
dugc quan tadm cho phuong trinh sai phan phan thit Caputo (xem [?, Dinh 1y 5]). 0 trong cac cong
trinh nay, cic tac gia cling ching minh dugc khodng cach tiém can gitta hai nghiém phan biét cia
phuong trinh phan thi hoi tu dén 0 khong nhanh hon téc do da thic véi s6 mi di 16n.

Dé két thic phan nay, ching toi dua ra mot tng dung ciia Dinh 1y ?? lien quan dén s6 mi Lyapunov
binh phuong trung binh ctia nghiém khong tam thudng bat ky ctia phuong trinh vi phan phan thi
Caputo ngau nhién song tuyén tinh bi chin. Cu thé, ching ta xét phuong trinh sau

W

DX (1) = ABX(1) + BOX (0

(2.34)
trong d6 A, B : [0,T] — R¥? do dugc va théa man

esssup ||A(t)]] < oo, esssup || B(t)|| < oo.
te[0,T te[0,T

Theo Dinh 1y ??, v6i méi € Xo \ {0}, phuong trinh (??) ton tai nghiém duy nhat théa man diéu
kien ban dau X (0) = 7, dugc ky hieu bdi ®(-,n). S6 mi Lyapunov binh phuong trung binh cia nghiem
khong tam thuong ®(-,n) duge dinh nghia béi

. 1
Ams (@ (-, n)) := limsup - log || (2, 7)||ms
t—o0 t

(xem [?]). Trong hé qui sau day, chiing to6i chi ra riing s6 mii Lyapunov binh phuong trung binh ctia

nghiém khong tam thuong bat ky 1 khong am.

Hé qua 2.5.2. (Tinh khéng am ctia s6 mii Lyapunov binh phuong trung binh). S6 mi
Lyapunov binh phuong trung binh cia nghiém khong tam thuong phuong trinh (?7) luon khong am, tic
la

Ams(®(-,m)) >0 wdi moi 1 € Xo \ {0}
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Chaing minh. Cho n € Xg \ {0}, e > 0 bat ky. Theo Dinh 1y ?? ta c6
lim sup £ )| D (£, 1) |lms = 0.
t—oo

Do d6, ton tai T > 0 sao cho

[t 7)[|ms = (5 +e) v6i moit > T.
Theo dinh nghia s6 mii Lyapunov binh phuong trung binh ta c6

1 20
Ams(@(-,n)) > limsup n log (t_(m"‘e)) =0.

t—o00

Hé qua dugc ching minh xong. O

Két qua tuong tyr hé qua nay ciing da duge chiing minh déi v6i phuong trinh vi phan phan thi tat
dinh (xem [?]). Theo két qua & trén ching ta thay viéc sit dung phuong phap thit nhat ctia Lyapunov
dé nghién citu tinh 6n dinh ctia phuong trinh (??) 14 khong hién nhien.

Trong 1y thuyét phuong trinh vi phan phan thi, ham Mittag-Leffler mot tham sé déng vai tro tuong
ty nhu ham mi d6i v6i phuong trinh vi phan thudng. Diéu niy goi ¥ cho chiing ta st dung ham ngugc
ciia ham Mittag-Leffler thirc mot tham s6 dé mé rong khai niém s6 mit Lyapunov ¢6 dién cho nghiém
clia phuong trinh phan thit. Sau d6 ngusi ta dung s6 mi Lyapunov phan thit (dya trén sy so sanh dang
diéu tiém can ctia cdc nghiém véi ham Mittag-Leffler mot tham s6) dé nghién ctu tinh 6n dinh cho

nghiém tam thuong cia phuong trinh vi phan phan thit tat dinh (xem [?]).
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Két luan ctia chuong 2

Trong chuong nay, ching toi da chitng minh duge sy ton tai va duy nhat nghiem cd dién, nghiem
nhe cho phuong trinh vi phan phan thit Caputo ngdu nhién. Dong thai, ching t6i ciing chitng minh
cong thitc bién thién hing sé cho phuong trinh vi phan phan thit Caputo ngiu nhién.

Trong Phan 2.2, chiing t6i da udc lugng dude khodng cich giita hai nghiém phan biét clia phuong
trinh (?7) khi thoi gian hitu han. T d6 suy ra tinh lién tuc Lipschitz ctia nghiém theo diéu kien ban
dau. Ciing trong chuong nay, ching t6i da thiét 1ap dudc mot can dudi cho syt phan tach tiém can gitta
hai nghiém phan biét ctia phuong trinh vi phan phan thit Caputo ngdu nhién. Két qua nay khéng dinh

2a
1—

ring khodng cach gitta hai nghiém phan biét 16n hon ¢t~ 7=« ~° khi ¢t — oo v6i € > 0 bat ky. Nho c6 két
qud nay chtng toi chiing minh dugc sd6 mii Lyapunov binh phuong trung binh cia nghiém khong tam
thudng phuong trinh (??) luon khong am trong phan cudi ctia chuong.

D@ két thiic phan nay, chiing toi sé dua ra mot vai binh luan vé cac bai bao viét vé huéng nghien
cttu trén. Dau tién 1a bai [?], & day tac gid mdi chi chitng minh duge sy ton tai vi duy nhat nghiem co6
dién v6i bac phan thit o € [3,1). Tiép theo, trong [?] cac tac gid nghién ctu sy ton tai va duy nhat ctia
nghiém nhe cho 16p céc phuong trinh kha rong. Tuy nhién, cic diéu kién dua ra trong bai bao nay chiit
hon diéu kien (H1) va (H2)(xem [?, Dinh ly 4.2]). V6i cdc diéu kien (H1) va (H2) (xem Dinh ly 2.3.2
Chuong 2), ching t6i da chting minh dugce sy ton tai nghiém nhe cho phuong trinh vi phan phan thi
Caputo ngau nhién. Gan day nhat, trong [?] cdc tac gid da ching minh thanh cong sy ton tai va duy
nhat nghiém c6 dién trén mot khoang nhé [0, T,,] nhung viéc thac trién nghiém cd dién tit mot khoang
nhé [0,7,] ra toan khoang [0, 00) dudng nhu khong thé 4p dung cho phuong trinh vi phan phan thi
Caputo ngdu nhién. Cac van dé nay da dugc khic phuc trong Dinh Iy 2.1.2 v Dinh 1y 2.3.2. Vi vay,
nhitng két qua thu duge clia chuong nady da lam phong pht thém 1y thuyét dinh tinh phuong trinh vi
phan phan thit Caputo ngau nhién.
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Chuong 3

Lugc do s kieu Euler-Maruyama
cho phuong trinh
vi phan phan thi Caputo ngau

nhién

Trong chuong nay, chiing toi tap trung nghién cttu vé giai s6 cho phuong trinh vi phan phan thia
Caputo ngau nhién bac a € (3,1) trén doan [0,7] c6 dang sau

AWy

“Dg, X (t) = b(t,X(t)) + o(t,X(t)) o

(3.1)

Theo két qua ¢ Chuong 2, v6i mot s6 gia thiét phit hgp clia cac hé s6 ching t6i da ching minh
duge phuong trinh (??) luon c¢6 duy nhat nghiém tng véi didu kien ban dau X (0) = 5. Tuy nhién,
trong thuc té chi mot sb it phuong trinh vi phan ngu nhién c6 thé tim duge cong thic tudng minh
cia nghiém chinh x4c, vi vay viéc tim nghiém xap xi ctia (?7?) la mot van dé ddng quan tam.

Muc dich chinh clia chuong nay 1a dé gidi quyét van dé trén, noi dung cu thé dugce sdp xép gom ba
phan, trong Phan 3.1 ching t6i xay dung mot luge do sb kiéu Euler-Maruyama cho phuong trinh (?7).
Viéc nghién ctu tdc do hoi tu cho luge do vira dua ra dude tién hanh trong Phan 3.2. Ngoai ra, vi du
minh hoa cho téc d6 hoi tu trong nghién citu 1y thuyét cling duge trinh bay trong phan nay. Cudi cling
chiing t6i thao luan vé tdc do hoi tu va sy 6n dinh ctia luge dd Euler-Maruyama mii cho phuong trinh
vi phan phan thi Caputo ngiu nhién mot chiéu tuyén tinh.

Noi dung ctia Chuong 3 dudgc viét dua trén 01 bai bao da dude xuit ban sau day:

[CT3] D. T. Son, P. T. Huong, Kloeden P. E., V. A. My (2020), Euler-Maruyama scheme for Caputo
fractional stochastic differential equations, Journal of Computational and Applied Mathematics, 380,

https://doi.org/10.1016/j.cam.2020.112989, (SCIE).
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3.1 Ludc dd sb kiéu Euler-Maruyama cho phuong trinh vi phan
phan thi Caputo ngau nhién

Cho T > 0 bat ky v& xét phuong trinh vi phan phan thid Caputo ngdu nhién bac a € (%, 1) trén
doan [0,7] c¢6 dang
dWy
dt’
& day (Wy)te[o,00) 1 chuyén dong Brown mot chiéu tiéu chuén trén khong gian xac suat day du (€2, F,P)

“Dg, X () =b(t,X(t)) + o(t, X (t)) (3.2)

duge trang bi bo loc F := (F;)i>0, b,0 : [0,T] x R — R? do duge v théa man cac diéu kien sau day:

(H3) Tinh lién tuc Lipschitz toan cuc trong R? ciia b va o: Ton tai L > 0 sao cho v6i moi z,y € RY,
t € 0,77,
[b(t, z) —b(t,y)ll < Lllz —yll, llo(t,z) — ot y)ll < Liz —yl.

(H4) Tinh lién tuc Holder trong doan [0,T] ctia b va o: Ton tai Ly, Ly > 0 va B,v € [0,1] sao cho véi
moi # € R, ¢, 5 € [0,T] ta c6
I(t,2) — (s, 2)]| < Lalt — I, llo(t, ) — o(s,2)]| < Lalt — s
Cha y 3.1.1. Dé dang chiing minh dugc ti cic diéu kien (H3) va (H4) ta cé tinh chat sau
(H5) Tang trudng khong qud tuyén tinh: Ton tai K > 0 sao cho vdit € [0,T],z € R? ta c6
6@, 2)|| < KA [lz])), o, 2)]| < K1+ [lz]).

Nhu ching to6i da dinh nghia trong Phan 2.1, nghiém ctia phuong trinh (??) trén doan [0,7] véi
diéu kien ban dau X (0) = n € Xy ¢6 dang

B 1 " (s, X () . 1 Lo(s, X(s))
XO =1+ 5757 | G i e 33

Theo Dinh 1y ??, v6i mdi diéu kien ban dau X (0) = n € Xo phuong trinh (??) ¢6 nghiém duy nhat

tren doan [0, T'] dugce ky hiéu bdi X (t,n). Chia y ring, d6i véi sy ton tai va duy nhat nghigm ching ta
chi can didu kien (H3) va (H5) 1a di

Muc tiéu ciia chiing t6i trong phan nay la gidi s6 phuong trinh (??7). Nhan thiy nhan cia (?7),
ham (t — s)*~1, trd thanh vo han khi s = ¢. Didu nay dan dén mot s6 khé khan hién nhien khi r&i rac
héa phuong trinh (?7?). Luu § khi xét phuong trinh vi phan ngau nhién (phuong trinh (??) véi a = 1)
ta khong gap van dé nay (xem luge do sé Euler (??) ¢ Chuong 1). Quay lai van dé, khi 3 < a < 1,
dé tranh céac diém ky di, ching toi gi6i thieu luge do roi rac héa dudi day va dude goi 1a luge do kidu
Euler-Maruyama cho hé phuong trinh vi phan phan thit Caputo ngdu nhién.

V6i mdi n € N*, nghiem xap xi X (™) (-,n) dugce xac dinh béi X (0,7) :=n va véi t € (0,T] ta dat

x ) (t, ,'7) =n + 1 /t b(Tn(S),X(") (7n(5),m)) ds
0

I'(«) (t —s)l-o
1 /t o (1a(8), X (1,(5),7m))
+ dws, 3.4
F(a) 0 (pn(t) - Tn(s))l_a ( )
6 day 7,(s) = kTT = 7_]5”) VA pu(s) = (k-&;ll)T _. Pffn) Véi s € (kTT? W]

n’ n

Phuong trinh nay c6 thé duge giai timg budce trén mdi khoang (B M} ,v6ik=0,1,...,n—1.
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3.2 Tbc do hoi tu cta luge do sbé kiéu Euler-Maruyama

3.2.1 Téc d6 hoi tu cta ludc do6 sbé kiéu Euler-Maruyama

Trong muc nay, chiing toi sé trinh bay két qua chinh cfia chuong la danh gia khoadng cach binh
phuong trung binh giita nghiem s6 X (™) (¢,1) va nghieém chinh xac X (¢,71) ctia phuong trinh (?7?). Két
qua nay duge thé hien trong dinh 1y sau day.

Dinh 1y 3.2.1. (Téc d6 hai tu ctia luge do sb kiéu Euler-Maruyama cho phuong trinh vi
phan phan thi Caputo ngau nhién). Gid thiét ring cdic hé s6 b,o clia phuong trinh (7?) théa man
cic dieu kien (H3) va (H4). Khi dé, ton tai mot hang s6 C chi phu thuoc vao T, L, L1, L, a, 3,7, K
sao cho

sup (| XU (¢, n) — X (t,n)|7 <
0<t<T

(3.5)

d day K := min{ﬁ,'y,a— %}

Chi y 3.2.2. (i) Khi cdc hé s6 b, o khong phu thudc vao thoi gian thi téc do hoi tu cia lede do so kiéu

1
5-

Euler-Maruyama cho phuong trinh (77?) lo o —
(ii) Khi o = 1, tiic la phuong trinh (?7) trd thanh phuong trinh vi phan ngau nhién thi toc do hoi tu
cta luge do trong Dinh Iy 72 trung vdi toc do hoi tu ma ching ta da biét cho luge do Euler-Maruyama
co dién (vem [7]).
(iii) R6 rang luon ton tai moi quan hé gitta két qud trong chuong nay vdi cic két qud da duge dua
ra vé luge do Euler cho phuang trinh Volterra ngau nhién tong quat vdi nhan ky di (vem [?]). Vi cdc

nhan trong hé ma ching toi nghién ciu la hién nén toc do hoi tu cia luge do so6 kiéu Fuler-Maruyama

nhan dudc la hién. Luu § rang toc do hoi tu trong [?] la khong hién hodc chua téi wu.

Bing phuong phap chiing minh tuwong tuy nhu trong Dinh 1§ ?? cho phuong trinh vi phan ngau
nhieén, trude khi chitng minh Pinh 1§ ??, ching t6i can hai bd dé chuan bi. Trong bé dé dau tién, ching

t6i s& chi ra mot can trén cho supg<;<r | X ™) (t,1)|lms (so sanh véi B dé ?77).

Bb6 dé 3.2.3. Néu cic hé s6 b,o ciia phuong trinh (7?) théa man diéu kien (H5) thi vdi moei n € N*

ta co
sup || X (t, )|l < C1,
0<t<T
d day
6T + 6)K2T(2a — 1) o,
= (1 2 ) By [ & U .
Cr = (14 31l Bras (O (3.6
Chiing minh. Chiing toi sé chitng minh bd dé nay qua hai budc.
Budc 1: Chitng minh bat déng thiic sau bang phuong phap quy nap theo k
sup || X™@ (&, )%, <00, k=0,1,...,7n. (3.7

kT
0<t< T~

o VGi k=0 tacé X™(0,n) =n neén

[ X (0,0) )12 = [ < oo
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Do dé, bat déng thitc (??) ding véi k = 0.

Vé6i k =1 ta co

¢ (n)

1 to(0,X™(0,n))
- r<a>/o onlt) — rn(s))i—a MV

Ap dung bat déng thic ||z +y + 2] < 3(||=|? + |lyl|* + ||2]|?) v6i moi z,y, » € R%, ching ta dat

E(IX™@nl?) < SEHnH“%E (‘ )

+F;ga)E(\ )

Ap dung bt déng thitc Holder (xem [?, tr. 5]) va tinh ddng cu Ito (xem Dinh 1y ??) din dén
[ EROXODIE ,
I'? () (t — )22

3 /t E|lo (0, X™(0,7))|>
I2(a) Jo (pn(t) = a(s))?~2

Diéu nay cung v6i wdc lugng |pn, (t) — 7(s)] > |t — s| v diéu kién tang trudng khong qua tuyén

dugce

bO. XM 0,)
/o (s °

t (0, X (0,1))
/o (ont) —mn(s))ia s

X n)he < 3lnlis +

tinh (H5) ta suy ra

3t [T2K2(1+E|X™(0,7)]?)
X2, < 30l / : d
|| ( 7n)||ms — ||n||ms + F2(Oé) 0 (t _ 8)2—204 $

3 /t 2K°(1+E[X™(0,m)]?)
FQ(OZ) 0 (t _ 8)2—2(1

3”,'7”2 T+ (6t+6)K2 /t 1+||77||mb ds.
" 2(a) o (E—s)?72

+

Vi ||n]|2 < oo nén ta c6

(6t + 6) K221

XM ()2, < 3|l 1 2 . 3.8
Do dé, bat déng thitc (??) ding véi k = 1.
Gia sit bat déng thitc (7?) ding vé6i k (k > 1), tiic 1a

sup || XM (8, )2, <
0<t<EL
Khi dé, ta dat dugc
iT 2
HX(")(;,n)‘ <00,i=0,1 k. (3.9)

Ta can chitng minh bat ding thiic (??) ding véi k + 1. That vay, theo (?7?) véi t € (T]’c T(kﬂ)}

n

ta co

XM (t,n)
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k—1 ,0+DT b(Q,X(")(Q,n)>
n n d

- ”*Z/e (=T

D) | ()
+ / \ ds +/ dw,.
k kT 3
Béng cach ching minh tuong tuw (?7) ta duge
[RERICEN] [

(2k + 3)2K2 AN
S T ) (1+n>§

) 2
1)

ms d
i (t—s)2 20 °

n

2k +3)2K2 . Ty [ HHX(”)(%’?)’Q
7(1+ )/c

ms d
T2(a) iz (t— )220 ’
+ 2k +3) [l
Diéu nay ciing véi (??) dan dén || X ™ (¢,1)|2, < co. Do dé, bat ding thitc (??) ding véi k + 1.
Theo phuong phép quy nap todn hoc ta suy ra supg<,<p [| X (£, 1)||%,, < oc.

Budc 2: Ching minh

sup | X (t,n)
0<t<T

<.

[

Ap dung luge dd sb kiéu Euler-Maruyama (??) cho hé phuong trinh vi phan phan thi Caputo ngiu

nhién va phuong phép ching minh tuong ty (?7?) ta duge

IN

" 3t [P2K2(1+E| XM (1,(s), )
1X ) e / Sl bl LR

Bl + Ty (-5
3 /t 2K (1 +E[| X" (7,,(5),m)[*)
I2(a) Jo (t—s)?72

ds

+

ds

3lll7s +

(6t + 6) K> /t L+ EIX ™ (). )
0

I'?(«a) (t —s)22

Dat my := 1 + supg<s<; X ™) (s,m)]2,. Khi d6, ta c6 my < oo va ude lugng

my < (1+3|Inl|%) +

2 t
(6T + 6)K /( ms
0

I(«)? t— )22

Ap dung bat ding thiic Gronwall cho phuong trinh vi phan phan thi (xem [?, B6 dé 7.1.1] hozc [?, He
qué 2]) ta suy ra

67 +6)KT (200 — 1) o,
mt<<1+3n|?ns>E2a1(( VT (20 —1) )

I2(a)
& day Faq_1(-) 1a ham Mittag-Leffler véi tham s6 2o — 1.

B& dé dugc chiing minh xong. O
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Tiép theo ching toi sé thiét lap mot can trén cho || X ™) (¢,n) — X (t,7)|?, thong qua |t — ¢ |21

v —a— trong bd dé dudi day (so sanh véi B dé ?7).

Bé6 dé 3.2.4. Gid si ring cic hé s6 b,o ctia phuong trinh (7?) théa man diéu kién tang trudng khong
qud tuyén tinh (H5). Khi dé, vdi moin € N* va t,t € [0,T] nghiém xdp zi Euler-Maruyama cé tinh
chat

1X ™ (,m) = X (F,n)|[s <

a1 T Cslt =17,

d day

8K?(1+ Cy) T?!  8(T+2)K*(1+ ()
20— D)2) * *7 7 2a-1I2()

vdi Cy duge xdc dinh trong Bo dé ?7?.

Cy = (3.10)

Chitng minh. Chon va ¢b dinh t,t € [0,T] véi t > t. Theo luge d6 s6 kidu Euler-Maruyama (??) cho

phuong trinh vi phan phan tht Caputo ngiu nhién, ta co6

D) (X0 (1) = X(Tn))

_ [P0(e), X r(s)m) L [ o(mn(s), X (7a(s), 77))
B ~/%v (t— 8)1_0‘ d +‘/§§ (pn( ) Tn(s ) s

T /o{((t _ i)l—a - ( 'g_i)la>b(7n(3)v X(”)(Tn(s), n)) ds

t ! - L o (n(s), X™ (1 (s ;
+/0 ((pn(t)_%(s))l,a <pn<?>—m<s)>1—a> (7a(8), X (7 (5), 7)) dW..

Ap dung bt déing thiic ||z +y + 2z + w||? < 4(||z]]> + ly)|®> + |2]1? + |w]/?) v6i moi z,y,z,w € R va
tinh dang cy Ito (xem Dinh Iy ??) ta suy ra

I'?(a ~
) x4, ) — X (T 2

I
< 5|

[ M Xl
P (e

et o). X))
) A S T

£ 1 B 1 20_7_5 (n)TS 2 s
+, (Ga=nor= ~ G X o)l

Nho bat ding thitc Holder (xem [?, tr. 5]) vh danh gia |p, (t) — 7,(s)| > |t — s|, ching ta c6

2 (a ),
P 00 1) - X (T2,

I

IN

/Ilen ), X (1 (5), s /lIUTn ), X (1 (5),m))
_|_

(t — )22 (t — 5)2—2a

- ! Tn(S ™) (7., (s 2 ds
+t/0 ((t—8)17 (%V_ 8)1—a> Hb( n( )’X ( 71( )’n))”mb d

t L - L ’ o (1 (), X ™ (1,,(s 2 ds
*J, G ~ G =) e X s 4




47

Do diéu kién tang trudéng khong qua tuyén tinh (H5) va B dé 7?7 dan dén

I*(a)
8K2(14Ch)

T4 - 1 1 2
< [ 12 gy - d
= /;(t—s)Q—QO‘ o /0 ((t—s)l—a (t_s)lfa) ’

t 1 1 2
+/0 ((pn(t)—m(s))lﬂ - (pn(f)—fn(s))l—a) ds.

Diéu nay ciing véi hai bat ding thiic

X (2, m) = X (2 )15

(b~ ) < e
(t—s)l=>  (t-s)l-= (t—s)2-20  (t—s)2720)

1 1 1 1

(pn( 1) = Ta(s)2720  (palt) = Tu(s))?72® = (pn(T) —5)2720  (pu(t) — 5)2-20

suy ra rang

S e X - X TR,
C_Tin T 3
< [ [ (i )
g 1 1
+ <<pn<?>—s>2—2a - <pn<t>s>22a> s (311

Bang cach tinh toan truc tiép ta wdc lugng dude

41 ¢ i T
/; (t —s)272 ds +/0 (1 —s)220 C(t— )22 ds

~ (t—s)?o it (’tv_ g)2e=l  (f — g)2e-l 7
= —(t—t+1)~——| +1|—
( +1) 2a —1 Z’+ 2a — 1 * 2a —1 0
(t+1)(t—1t)%!
. 12
- 2a —1 (3.12)

Hon nita, ta ciing c6

7 ) |
J <<pn< D —sp2a () - )) ds

= ( (pu((F) = 52! I (pn(t) — s)2a1> ’?

200 — 1 200 — 1 0

(pn(t) — t~)2a71 — (pn( tN) *tN)QOtil
200 — 1 ’

<

Vi0 < 2a —1 <1 vading bat dang thic |z + y|?*~! < |22~ + |y[?*~1, ching ta dat duge

' L = (palt) —pu(D)
/0 ((pn( t)—s)22a  (p,(t) — 3)2—2a> ds < 20— 1 :

Theo dinh nghia p,,, ching ta cing 6 p,(t) — pn(t) <t —t+ % Do do,

/f* 1 1 (t—T)2 14 T2
- — ds < nZ2e T
0 (pn( t ) - 5)2_2a (Pn(t) - 5)2720‘ 200 — 1
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Diéu nay cung vdi (?7) va (?7) cho ta u6c lugng

~ SK2(14Cy) ((T+2)(t—1t)% ! 721
x (M) (¢ —xm (7 2 < )
|| ( 777) ( 777)||m5 = Fz(a) 20 — 1 + (20[ _ 1)7120‘71

B6 dé duge chitng minh xong. O
Bay gid chtng toi sé trinh bay chi tiét ching minh Dinh 1y ??.
Chaing minh Dinh Iy 77. Chon va ¢6 dinh 1 € Xo. Theo cong thitc nghiém dang tich phan (?7) va luge
do sb kiéu Euler-Maruyama (??) cho phuong trinh vi phan phan thit Caputo ngau nhién (?7), ta c6
X" (t,n) = X(t,n)
L[ Wl X)) s X0 o,
0

I'a) (t—s)l—
1 [t o(ra(s), X (ra(s), ) — o5, X (,1))
e / (i s)i-e AW

1 t ! — ! o(T1,(s M) (7 (s
0y (== ~ Fmays) o X e

Ap dung bat ding thitc ||z +y+ 22 < 3(||lz]|>+ ly||> + ||2]|?) v6i moi z,y, z € R%, bat ding thitc Holder
(xem [?, tr. 5]) va tinh ding cu It6 (xem Dinh 1y ?7), ching ta dat dugc

wnx(m(t,n) X ()

<o [ Wty (7)) — s XD,

( 8)2 2a

/ o), X (1 (s),m) = 7, X (5 ) s

( 8)2 2a

2

! (o), X 00 (5) ) e _ () X))l
+/( (oD —Ta(s))1 s ) s (8.13)

Hon nita, nho cac diéu kien (H3) va (H4) ta dé dang thay réng

b (5), X (7 (), 1)) — b, X (5,1) | s

< 202X (7 (5),m) — X (8,0) [ 7ns + 2L |70 (5) — 8, (3.14)
va

o (7 (), X" (70 (5),m)) — o (5, X (5,)) I

< 202X (7 (s),m) — X (5,0) s + 2L3]7a(s) — s (3.15)

Bing cach sit dung diéu kien (H5), Bd dé ?? va bat ding thiic

< 1 - 1 )2 _ 1 - 1
(Pu(t) = Tu(s)7  (t—s)t7e T (t=5)272 (pu(t) — Ta(s))? 72
1 1
(t—s)22 (I ¢ sp-2’

n
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ta suy ra ring

2

" llo(ma(s), X ( (8): 7)) llms _ HU(Tn(S)aX(n)(Tn(S)a77))”1115 s
| (o e et K

2K%(1+ CY) /t( L ! )ds
o \ToFE T i

2K%(1+ Cy)(2T)* 1 1
- (2a—1) n2a—1"

IN

Udc lugng nay cung véi (?7), (??) va (?7) dan t6i ddnh gid sau

||X(n) (t7 77) - X(t7 77) ||2

6L2(t / | X ™) (7,(5),m) — X (s, Tl)llmbd
= I2(a (t—s)2 20
6L2 / |7n(s) — s|2B 6L3 |Tn(8) — s> s
(t— 5)2 20 T2(a) J, (t—s)2 2

6K2(1 +C)(@2T)* >t 1
(2a — DI () nla—1"

(3.16)

Theo dinh nghia 7, ta c6 |7,(s) — s| < % v6i s € [0,T]. Do d6, béng cach tinh toan tryc tiép ta dat
dugce
GL%t ! |Tn(5) - 5|2ﬁ + 6L§ ¢ |Tn(5) - 5|2’Y
s
I2(a) Jo (t—s)>2 I2(a) Jo (t—s)22>

6LIT2+26 1 GL3T*tl ]
(20— D)T2(a) n2% "~ (20— D)%) n27’

ds

(3.17)
Mit khéc, nhs BS dé ?? dan dén

X (ma(s),m) = X (5,1) s

< 20X (7 (s),m) = X (s, 1) [70s + 20X (s,m) = X (5,1) s

20 a— n

<t +2CsIm(s) — s +2) X (s,m) = X (5,1)[17s
205 + 2722714 n

< 3T +2/ XM (s,m) = X (5,1) [ 7as:

& day Cy va C3 duge dinh nghia trong (?7?). Diéu nay ciing vé6i (??) va (??) chi ra ring

sup (| X (s,7) = X (5,1)l[ms
0<s<t

. LT +1) /t supg<, <, | X (r, 1) — X (1) |17 s
=~ F2<O[) o (t _ 8)2 2a
1 1
+D; W+D2 ﬁ—FD:& Fa 1
. GL?TZ"‘*Z’S . 6L2 2p2a+2y-1
[¢] day Dl = 7(20(71)1_‘2(507 4(2(1 D2 () va

6K?(1 4 Cy)(2T)*> !
(2a — 1) («)

6L%(T +1) T?>~!

D5 = .
3 () 2a-—1

+ (205 + 27271 C3)
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Ap dung bat ding thiic Gronwall cho phuong trinh vi phan phan thit (xem [?, B6 dé 7.1.1] hoac [?, He
qué 2]) ta dat duge

0<t<T
D D D5 12L%(T + 1)T?*"'T'(2a — 1
< Tlﬁ 72 + a1 ) F2a-1 ( ) ( ) :
n n?y = n2e- I'2(a)

Do d6, bat dang thitc (??) ding véi

1203(T + V)T~ ' (2a — 1
C:= (D1 + Dy+ D3)Esq— ( ( ) ( )) :

[2(a)
Ching minh Dinh 1y 7?7 dugc hoan thanh. O
Két quéa chinh ctia chuong nay c6 thé duge md rong cho phuong trinh vi phan phan thit Caputo

ngau nhién téng quat hon véi hée s6 o nhan gia tri véc to. Cu thé, xét phuong trinh vi phan phan thi

Caputo ngau nhién bac a € (3,1) trén doan [0,7] c6 dang

Dy, X(t) = bt X (1) Zal (t, X (¢ dgt/f, (3.18)

dday bvaoy,i=1,...N, 1a do dugc va théa man cac gia thiét (H3) va (H4) v6i cing cac hing s6 5, 7.
Dang tich phan tuong ting ctia phuong trinh (??) véi dieu kién gid tri ban dau X (0) =7 € X 1a

B 1 " (s, X(s)) oi(s, X (s ;
X0 =0+ gy [ e ¢ Z/ G v

Bay gid, ching toi ap dung luge do sb kiéu Euler-Maruyama (?7) trong Muc 3.1 cho phuong trinh

nay nhu sau:

V6i mdi n € N*, nghiem xap xi X (™) (-,n) dugce xac dinh béi X (0,7) :=n va véi t € (0,T] ta dat

g L[ e, X0,
X (tﬂ?) =n + )/ d

I (t—s)l—=
i\Tn X(n)
Z/UT (7n (1)a)>sz
7n(s))
& day 7,(s) = 2L = T,En) VA pr(s) = (kH)T =: p,(Cn) véi s € (AL, (k'H)T] Béng ky thuat ching minh

tuong ty Dinh 1y ??, ching t6i thu duge két qua sau day.

Dinh 1y 3.2.5. Gid s b va 0;,i = 1,...N, la cdc ham do dudc va théa man cdc gia thiét (H3) va
(H4). Khi dé, ton tai mot hing s6 C sao cho

n C
sup | XM (t,n) — X(t.n)|7 < -5 (3.19)
0<t<T n

}.

N|—=

J ddy k := min {5,7,@
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3.2.2 Vidu

Trong muc nay, ching toi sé& nghién ctu mot s6 vi du minh hoa cho két qua 1y thuyét da dua ra
6 trén. Trudc tién, ching toi nghién citu phuong trinh vi phan phan thit Caputo ngidu nhién don gian
v6i nhiéu cong tinh. Déi v6i phuong trinh nay, ching t6i c¢6 cong thic hién ciia nghiém va nghiém sb
bing cach dung luge dd s6 kiéu Euler-Maruyama da gidi thiéu ¢ Phan 3.1. Khi d6 bing cach tinh toan
tryc tiép tich phan ching toi dat duge téc do hoi tu la a — 3 (xem Vi du ??). Mat khéc, theo danh
gié téc do hoi tu trong Dinh 1y ?? & Phan 3.2 ta ¢6 tdc do hoi tu trong trudng hop nay la o — 4. Do
dé, chung t6i c6 thé khing dinh téc do hoi tu trong nghién ctu 1y thuyét déi véi vi du nay 1a t6i wu.
Luu ¥ rang déi v6i phuong trinh vi phan ngiu nhién véi nhidu cong tinh thi tdc d6 hoi tu cla luge do
Euler-Maruyama c6 thé bing 1 (xem [?]). Vi vay, toc do hoi tu ma ching t6i tim ra trong Vi du ??

duéi day 1a mot khia canh méi trong tinh toan sd ctia phuong trinh vi phan phan thi ngau nhién.

Vi du 3.2.6. Xét phuong trinh vi phan phan thit Caputo ngdu nhién mot chiéu bic o € (%, 1) trén

doan [0, 1] co dang

AWy

dt -

Khi dé, nghiém chinh zdc cia phuong trinh nay vdi dieu kién ban dau X (0) = 0 dudc cho bdi cong thiic

1 ! 1
X0 = | g

Dong thdi, bang cich ding luge do so kiéu Euler-Maruyama (7?) cho phudng trinh vi phan phan thi

°Dg,X(t) =1

Caputo ngdu nhién ta cé nghiém s6 X (1) dugc zdc dinh bdi cong thic

RO S o 1
X0 = 55 || Ty W

Ap dung tinh chat ding cy Ito (vem Dinh Iy 7?), ta dat duoc

_xme. = L[ L L " s
) =X W1 = gy [ (g~ )

Biing cich dat e, = || X (1) — X (1)|12, téc do hoi tu ctia lige do s6 kiéu Euler-Maruyama cho phuong
Ven
e

2n

vdi cdc gid tri n di lon. Cdc két qud tinh todn

trinh nay sé dugc wdc lugng bdi dai lugng log,

duge thé hién trong Bdng 3.1 néi len rang toc do hoi tu la o — L w6 céce gid tri khdc nhau cia o, tic

2
la /e, ~ N3 khi n — 0o.
Tiép theo, dé tryc quan sy hai tu clia luge dd Euler-Maruyama (?7), chiing t6i xét vi du sau.

Vi du 3.2.7. Xét phuong trinh vi phan phan thi Caputo ngdu nhién mot chiéu bic a = % trén doan

[0,1] ¢d dang

dW,
dt
Dé thay cac hé s6 ciia phuong trinh (??) théa man cac diéu kien (H3) va (H4) cta Dinh ly 3.2.1.

“Dg, X () = cos(X (1)) + sin(X (t)) (3.20)

Do dé, chiing ta cé thé zay dung dugc luge do Euler-Maruyama (7?) cho phuong trinh nay.
Qud trinh tinh mo phéng nghiém zép xi X ™ (t) dugc thuc hién nhu sau: Trudc tién, ching toi sinh

ngau nhién mot chuyén dong Brown. Sau dé, ching toi ding lege do Buler-Maruyama (7?) dé tinh xap
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a=0.75 a=0.6 a=09
en téc do €n toc do €n téc do
n = 1024 0.0072 | 025 | 0.3032| 0.1 |1.03e04| 04
n = 2048 0.0051 | 025 | 0.2639 | 0.1 |0.59e04| 04
n = 4096 0.0036 | 025 | 0.2297 | 0.1 |0.34e04| 04
toc do hoi tu ly thuyét | a— 3 =0.25 a—3=01 a—3=04

Bang 3.1: Téc do hoi tu cho phuong trinh vi phan phan thi Caputo ngiu nhién tuyén tinh mot chidu

mplquydao_sua-eps-converted-to.pdf

Hinh 3.1: M6 phéng nghiém xap xi ctia phuong trinh (?7?)
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=i nghiém vdi n,2n,4n diém chia vdi n = 1024. Két qud ctia qud trinh nay duge thé hién trong Hinh
7.
Tu két qud trén, vé mat truc quan ta thay luge do Euler-Maruyama (??) cho phuong trinh (?7?) la

hot tu.

3.3 Ludc do Euler-Maruyama mi cho phuong trinh vi phan
phan thi Caputo ngau nhién moét chiéu tuyén tinh

3.3.1 Ludc do Euler-Maruyama mii

Xét phuong trinh vi phan phan thit Caputo ngdu nhién mot chiéu tuyén tinh bac o € (%, 1) trén
doan [0, 7] c6 dang
e

“Dg§ X () = AX(t) + pX(t) — (3.21)

v6i T > 0 bat ky va (Wy)ie[0,00) 12 chuyén dong Brown mot chiéu tiéu chuan trén khong gian xéc suét
day du (9, F,P) dugc trang bi bo loc F := (F;)i>o0.

Bai toan xac dinh A, p sao cho phuong trinh (??) 6n dinh tiém can la khong tam thudng vi phuong
trinh nay khong c6 cong thiic nghiém hién. Gan day, van dé nay da duge nghién citu trong [?, Ménh
de 11]. 0 cong trinh nay, tac gia bai bdo da chi ra ring phuong trinh (??) 6n dinh tiém can néu va chi
neu

A<0 va uQ/ s2a—2 (Ea7a()\s°‘))2 ds < 1. (3.22)
0

Coéng cu chinh dé chitng minh két qua trén 1a sit dung cong thiic bién thién hing s6 duge dua ra trong

Dinh 1y 7?7, tic 14 dang tich phan ciia phwong trinh (?7?) duge cho boi
¢
X(t) = B, (M*)X(0) + u/ (t —8) P Eq (Mt — 8)*) X (s) dW,. (3.23)
0

Drra trén luge dd Euler-Maruyama mii cho phuong trinh vi phan ngiu nhién, chting t6i xay dung luge
dd Euler-Maruyama mii cho phuong trinh (??) nhu sau: v6i bude chia h > 0 ¢ dinh, lige do Euler-
Maruyama mi cho phuong trinh tich phan trén duge xéc dinh béi Xj,(0) := X (0) € Xo va véi t € (0, T]
ta dat

-~

X (t) := Eo(M*)X(0) + M/o (t — 71 (8)* Ea.a (At — 71(5)*) X1 (T0(s)) dWs, (3.24)
& day 7, : (0,00) — [0, 00) duge dinh nghia béi

m(s) =kh v6is e (kh,(k+1)h],k=0,1,2,.... (3.25)

3.3.2 Tbéc d6 hoi tu va sy 6n dinh cta lude dd6 Euler-Maruyama mil

Trong muc nay ching t6i quan tam dén téc do hoi tu va sy 6n dinh clia phuong phap sé cho phuong
trinh vi phan phan thit Caputo ngdu nhién mot chidu tuyén tinh (??). Néu nhu phuong trinh vi phan

ngau nhién mot chidu tuyén tinh c6 nghiém hién thi phuong trinh (??) lai khong c6 nghiem hién. Vi
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vay, sé rat khé dé dat duge két qua tuong ty nhu trong [?] vé tinh dn dinh ctia phuong phéap s6 cho
phuong trinh (77).
Dinh 1y dusi day khing dinh két qua vé tdc do hoi tu va sy 6n dinh ciia luge dd Euler-Maruyama

mil & trén cho phuong trinh (?7).
Dinh ly 3.3.1. (Téc do hoi tu va sy 6n dinh ctia luge dd Euler-Maruyama mii). (i) Vi T > 0
bat ky, ton tai hang sé6 C chi phu thuoc vao T, \ va fv sao cho

sup || Xn(t) = X ()|lms < ChO3.
t€[0,T)

(ii) Gid sit diéu kien (??) ding. Véi budc chia h > 0 bat kg, ton tai K > 0 sao cho nghiem X, ciia

phuong trinh (??) théa man
IXn()llms < K[ X(O)lms i moi t >0

va hon nita vdi & € (0,a) bit ky, ta 6 limy_ o0 ]| X () |lms = 0. T d6 suy ra nghiém s6 van on dinh

tiem can.

Truéc khi chitng minh Pinh 1§ ??, ching toi can bén bd dé chuan bi. BS dé ?? va Bs dé ?7? dudc
dung trong chitng minh phan (i) ciia Dinh 1y ?? va khong can dit diéu kién lén A, . Trong khi d6, B6
dé 7?7 va Bd dé 77 1a dé chudn bi cho chitng minh phan (ii) Dinh 1y ?? va do d6 ching t6i can gia thiét
A, p thoéa man diéu kién (?7).

Trudce tién, ching t6i dwa ra mot can trén cho supg<;<r ||)/fh(t)||mS trong Bb dé 77 sau day.
Bé dé 3.3.2. Ddt M1 = maXOStST(Ea(AtQ))2,M2 = maXOStST(Ea,a()\tO‘))Z Va4
Cy = M1 Esq_1 (i MoT' (200 — 1)T%* 1) || X(0) 12,6 (3.26)

Khi do, vdi moi h > 0 ta cé

sup || X5 (t)|2s < Ca.
0<t<T

Chitng minh. Ching toi sé chitng minh bd dé nay qua hai buéc.
Bude 1: Bing phuong phép chitng minh tuong tu bude 1 trong Bé dé ?? ching t6i chiing minh duge

sup || Xn(?)
0<t<EL

2 <00,k =0,1,....n. (3.27)
Budc 2: Ching minh

sup || X5 ()]s < Ca-
0<t<T

Nho (?7?), ta dat duge

(0 = (a0 X0) 4o [ E2eCE D g, 3, ) )

Lay k¥ vong hai vé ctia ding thitc trén va ding tinh chat dang cy It6 (xem Dinh Iy ??) dan dén

IXn(®)2e = (BaXt®)* | X(0)]2,
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2 " (Baa Mt —7(5))? | < :

Vi 7,(s) < s vaham E, () don didu gidm trén R_ (xem [?]), ta suy ra

IXn (Ol < (BaX™)? |X(0)]170

4 / (Eai?(f(tﬁgf” | X0 (ma ()| ds

M X (0)]2 + 52 Mo /

sUPo<, < | Xn(r) |2
t— S 2 2c

IN

5 ds.

Dat my := supg<,<; 1 X5 (5)12,. Khi d6, ta c6 m; < oo va

ms

t
me < M IXO) 20y [ e s

Ap dung bat ding thiic Gronwall cho phuong trinh vi phan phan thit (xem [?, B6 dé 7.1.1] hoac [?, He
qué 2]) ta dat duge
my < My||X(0)|2sEoa—1 (WMol (200 — 1)%*71) .

B& dé dugc chiing minh. O
Tiép theo, ching toi thiét 1ap mot can trén cho | X5 (t) — Xn(1)|2, qua |t — ¢ |21,

B4 dé 3.3.3. Dat

2 2
My = ( max &EEQ()\Q:)) , My = ( max O Eaa(/\x))
z€[0,T%]

z€[0,T%]

Va4

82 MyCly + Ap2 My Oy T2
Cs = 4M5T|| X (0)] 12, = 204/114 . ’

¢ day Cy duge cho trong (27). Khi dé, véi moi h >0 va t,t € [0,T] ta 6

(3.28)

X5 (8) = Xn( €))7 < Csft =7 2271,

Chatng minh. Chon va ¢6 dinh t,t € [0,T] v6i t > t. Nha (??), ta c6

Xn(t) = Xn(T)
— (Ba0) — a1 XO) 4 [ oD%, )y,
" (BaaMt=m(8)")  EaaMt =)™\ g o
‘HL/O ( (t — mh(s)) @ (?_ (s )Xh( n(s)) dWs
Y Eaa M= 70(5)*)  Bau\I=7()*)\ o
#n (= m(s) = e e UL

Ap dung bat ding thic ||z +y + 2 + wl|* < 4(|z]” + [y[* + [|2]* + [[w]]®) v6i moi z,y, 2z, w € R va
tinh ding cy Ito (xem Dinh Iy ?7), ta suy ra

18 (1) — Xn ()]
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< AEa (M) = Ea (X)X (0|7

2
oo [ (el ) ol

=)

o [1 (oot =70(5)%)  EaalAt—74(s)*)\2, o ,
RS =ro ) IRl ds

2 [* (BaoQt=mm(5)?)  EaaAF=m6D)" N1 2 12 de
+ap /O ( (?_ Th(s))lfa (t~— Th(S))lfa ) ”Xh(Th( ))Hmsd

Ap dung Dinh 1y gia tri trung binh, B6 dé ?? va udc luong
1 1 9 1 1

((t — Tp(8)) e B (t— Th(s))lfa) = (t—s)22 B (t — 5)2—2’

ching ta dat dugc

1Xn () = Xn( )3

ms

~ b 442 M, C
< 4M3|ta—<t>a|2||X<o>|\?ns+/ WG )

7 (t—s)2

¢ 1 1
41> M. _ - d
i 204/0 ((t—s)Ha (t—s)2—2“> ’

TMy (= 70()® = (T =70 ()%)’
+4u204/0 TENED ds.

Vil <a<1neén |z4y|* < |z|*+ [y|* véi moi z,y > 0. Do do, ta co

1 Xn(t) = Xn( )7
- 442 M,C. -
< AM(t— )P X(0)|, + 2 ¢ - )2
20 — 1
4PMoCy o~ oy AEMuCy(E)2t L,
LR —1)% t—1)%
200 — 1 ( ) + 200 — 1 ( )
8u2MoCly + Ap2 My Cy T2~ ! ~
< (AMST| X (0)|3, + AR ST Y et
200 —1
Dinh 1y dugc chiitng minh xong. O

Dé chitng minh Dinh Iy ??(ii), chiing t6i nhic lai két qua sau day cho ham Mittag-Leffler.

B6 dé 3.3.4. Gid st \ > 0. Khi dé, ton tai M (A, &) phu thugc vao X va o sao cho

M(A M(A
B0y < M) g ey MO s (3.29)
max{1,t%} ' max{1, 2>}
Ching minh. Xem [?, Dinh 1y 1.4] ho#c [?, Dinh 1y 2]. O

Tiép theo ching toi can bd dé bd trg sau day.

BS dé 3.3.5. Gid sit p2 [ PosOs™)® g5 < 1. Dat § € (0,) bit ky. Khi do, ta co

lim sup p2
t—o00

" (Baa(Mt = 5)")" max{1,t*}
/0 (t —s)272¢  max{1,s2} ds < 1.
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Chitng minh. Vi p? [ (E"S‘;(iéia))z ds < 1 nén ton tai n € (0,1) sao cho

12 [ (Baa(AsY))?

ds < 1.
n2 J, 52— 2

Chon va ¢ dinh mot 1 théa man bat ding thiic & trén. Khi do,

t E _ )2 1 20
oy [ Fraldl 0 mos(1,0)
00 nt (t —s)272 max{1, s2%}
2 " (Baa(A\(t = 5)%))°
< limsup ,u% (Boa(A( 27{;) ) ds
t—oo 1] nt (t_S) @
2 S Au® 2
< [T Baau) ) (3.30)
n 0 u

Mat khac, nha Bb dé ?? ta suy ra

" (Ey.o(A(t — $)*))* max{1,t20} max{1, t25}
/0 (=572 max(L,s5) @ S M@A) /0 (t— )iz

Bang cach uée lugng trye tiép ta dat duce

" 1 ¢
lims t25/ ————ds < lims t25n7 =0
Hnsup , (t—s)xHea § = wnsup (t — yt)22a

Diéu nay dan dén

lim sup ds = 0.

t—o0

/ " (Baya (At = 5)))? max{1,*}
0

(t —s)2~2¢  max{1,s29}

Két hop két qua nay véi (?77?) ta c6 diéu phai ching minh. O
Bay gio chiing t6i sé trinh bay chi tiét ching minh Dinh 1y ?7.
Chatng minh Dinh Iy ??. (i) Nha (7?) va (?77?) ta co
Xn(t) = X (#)

t 1 1 )
e A e e e R L TR LTI
(

i / (E“’“(f ¢ e CU E“’(;‘(A(;fi)a)))?hm(s))czws

Ap dung bat déng thic ||z +y + 2|2 < 3(||z[|2 + ||y[|> + ||2]|?) v6i moi x,y, » € R va tinh ding cu Ito
(xem Dinh 1y ?7?), ta dat dugc

1 Xn(t) = X (1)1,
t 1 1 2 o ~
< 3/142/0 ((t — 8)1_a - (t—Th(S))l_a> |ana()‘(t_7-h(8)) )‘2||Xh(7—h(s))”r2ns ds

2 ! 1
3 ——
A

sy [ PEeBUZ I8 1%, () - X(0) s

Eoa(Mt = 711(5))%) = Ea,a(A(t = 5)%) 2H)?h(7h(8))llfns ds




o8

Hon nita, do t — 7,,(s) <t + h — s v bat dang thiic
1 - 1 2 _ 1 - 1
(t=Ta(s)i7  (t—s)172) T (t—s)2722  (t—7,(s))? 2
ta suy ra
t 1 1 2 t 1 1
- ds < - d
/o ((t N ) >> © = / (<t —s)P2  (hy it s>2—2a) ’
h20¢—1
< .
- 2a-—1
Do d6,
1 2 a2 v 2
) |Ea,a (At = 71(8) %) P | X0 (5 (5)) | 5us ds

¢ 1
3“2/0 <<t— e (t—u(s)

3 M Cy pRa-1
- 2a-1 '

(3.31)

Ap dung Dinh 1y gi4 tri trung binh vd B dé ?? dan dén
t 1 2 o
3u2/0 (=T Eao(M(t = (5))%) = Ea,a(At = 5)%)| [|Xn(7(5))[70s ds
_ e\a|2
W(3)* — (=)

3 MuCs / = 7—(15—5)2 2a
(3.32)

<
< 3uPMiCy / |st_—T§(2 )Lia ds < 3“2]?4@0_‘@12%1 h2e,
Hon nita, nho B8 dé 77
IXn(7n () = X(s)l12e < 20 Xn(7u(s) — Xn ()2 + 20 Xn(s) — X ()12
< 205|7(s) = s 4 2] Xn(s) — X(5) 17
< 205h* 7 2] Xn(s) — X (s)[|2.

Vi vay,

) t|Ea7a()\(t_S)oc)|2 R ,
/ (t—syrza IXn(mn(s)) = X(8) s ds

"t 2C5h2et "2 X (s) — X(s)]2
1% 2 (/0 (t — 8)2720‘ s+ /0 (t _ 5)2 2a
3utMyCsT2~ ! o 2 X5 (s) = X (5)]2
< 2(1——1h +6p" Mo / (t— )220 ds.

IN

Diéu nay cung véi (?7) va (??) suy ra rang
3#2M204 3#2M4C4T2a71h I

Xn(t) — X2
B 201
9 1 2 HXh ) ()“mb
x h2*~ +6MM/ (t —s)2—20 ds.

3M2M2C5T2a71
20 — 1

Ap dung bat dang thic Gronwall cho phuong trinh vi phan phan thi (xem [?, Bo dé 7.1.1] hoac [?, He

qué 2]) ta dat duge
< Oh2a71’

sup_ IXR () = X (0) s
0<t<
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G day

3/1,2M204 3M2M4C4T2a 3[1,2M205T2a_1 9 20—1
C = FEoq_1(6p* Mo (20 — 1)T=71).
(2a1 2 — 1 2a—1 21 (0" Mol (20 = 1) )
Do d6 (i) duge ching minh.

(i) Nh& (??) va tinh déng cu Itd (xem Dinh 1y ?7), ta dat dugdc

IR0 D2 = (Ba(r®)* [X(0)[2,
o " (Baa(A(t = 71(5)))?
*“A (t— 7n(s))2 20

Vi 7,(s) < s vaham E, () don digu gidm trén R_ (xem [?]), ta suy ra

X0 (7h () 1 5ns d5

IXn s < (BaA*)? 1 X(0)[17

o [T (Baa(A(t—s)®))? ,
+“/o e X)) s ds.

Nho B6 dé ?? nén ton tai M(a, ) > 0 sao cho v6i moi X (0) # 0

1% OI2, - M@)o [ (BaaOt =97 [ Zalmals)ll2s
X (0)[I7s = max{1, 20} " F /o (t — 5)2—2a X (0)]2. d (3.33)
Dat
o M(a, M)
K'_ 2 Eas G (3.34)

Do (??) nén ta c6 K > 0. Tiép theo, chiing toi chitng minh bat déng thitc sau bing phuong phap ching
minh phan ching

up IOl _

>0 [[X(0)[|Z
tie la, ton tai T > 0 la thi didm diu tien théa man % > K. Vi vay, ta 6
|1 Xn ()12, [ AGIEN )
=K, B <K veite|0,T). (3.35)
X2, 11X (024

Trong (?7?), thay t = T ta dugc

T — 5)%))?
K < M(a,/\)+u2K/O (Ea’((}()\_(f)zzi )

) a2
< M(a,/\)+M2K/ 7(Ea’“2gu ) g
0 usT e

ds

Diéu nay mau thuin véi dinh nghia ctia K trong déng thitc (?7).
Lay ¢ € (0,a) bat ky va do d6 dé hoan thanh chitng minh ta can chi ra ring lim;_, o, t° H)?h (t)]|ms = 0.

Thue té néu ta chon va ¢b dinh & € (5, ) bat k¥ thi didu nay tuong duong véi

lim sup 20 155 (Ol 3.36
PP X Oz, (330
Gia st (?77) sai. Khi d6, ton tai mot day tang (¢, )nen hoi tu t6i oo sao cho v, := max{1, t?ﬁ%

thdéa man

Yn = max {max{l t25} ||||);;h(( )>||m5 te [O,tn]} véin eN (3.37)
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va lim, 00 ¥ = 00. Biing cach thay ¢ = t,, trong (?7?), ta dat dugc

I Xn(t)lfs o M@)o / (Ba.a(Atn = $)*)* [ Xn(m ()R 4,
0

IX(0)]|2s — max{l,t2

ms

b (tn — s)>722 X (0) I3

Diéu nay cung véi (?7) suy ra rang

25 tn a2 25
< M (o, N) max{1, ¢ o 2/ (Ea,aA(tn, —$)*))” max{1,t2 ds
0

max{1, 13} (tn — )72 max{1,s%}

Do do,

tn a2 25 25
. (1_M2 / (Boo(A(ts — 5)™))* max{1, £2 d3>  M(a, ) max{1, 1"}
0

(tn —s)272 max{1, 323} max{1, 12>

Vi < a nén dan dén

26
Jim sup M(a, A) max{1, t2

S, max{1, 2>}
Hon nita, nhs B dé ?? va lim,, o0 vn, = 00 nén

t a\)2 25
" Eaa A tn - 17tn
lim sup vy, 1—u2/ (Fa.a (A 5 z) )" max{ ——ds | = o0.
n—00 0 (th —$)272*  max{1,s2}

Diéu nay dan dén mau thudn v6i (??) va (?7) nén ta c6 diéu phai ching minh.

(3.38)

(3.39)
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Két luan ctia chuong 3

Trong chuong nay, chiing t6i xay dung luge do s6 kiéu Euler-Maruyama cho phuong trinh vi phan
phan thit Caputo ngdu nhién (xem Phan 3.1). Trong Phan 3.2, chiing t6i chi r6 duge téc do hoi tu cho
luge dd s6 kiéu Euler-Maruyama vita dua ra. Qua vi du duge xét ¢ cudi Phan 3.2, ching toi da chiing
minh dugc tdc do hoi tu tim ra trong nghién ciu 1y thuyét doéi véi vi du nay 1a t6i wu. Ngoai ra, ching
toi con danh gia duge tée do hoi tu va tinh én dinh clia luge do Euler-Maruyama mii cho phuong trinh
vi phan phan thi Caputo ngiu nhién mot chiéu tuyén tinh trong phan cudi ctia chuong.

Dé két thic phan nay, ching toi sé dua ra mot vai binh luan vé céc bai bao viét vé huéng nghién
citu trén. Theo sy hiéu biét clia toi, viec giai s phuong trinh vi phan phan thit Caputo ngdu nhien
mdi chi duge dé cap trong [?]. Tac gia clia bai bao nay da dua ra duge luge dd Euler cho phuong trinh
Volterra ngdu nhién téng quat v6i nhan k¥ di nhung chua dua ra duge téc do hoi tu hién clia luge do
ciing nhu chua nghién ctu duge tinh én dinh clia luge do nay. Vi vay, nhitng két qua thu dude clia
chuong nay da lam phong phi thém 1y thuyét dinh luong phuong trinh vi phan phan thit Caputo ngau

nhién.
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Két luan

1. Két qua dat dudgc
Trong luan 4n nay, ching toi tap trung nghién citu mat sé van dé vé phuong trinh vi phan phan

thtt Caputo ngiu nhién. Luan an da dat dugc mot s6 két qua sau:

o Chiing minh dugc su ton tai va duy nhat nghiém co dién, nghiém nhe déi vdi phuong trinh vi phan

phan thit Caputo ngau nhién bic o € (%, 1).

o Chitng minh duoc su phu thuoc lién tuc vao gid tri ban dau cia nghiém c6 dién phuong trinh vi

phan phan thit Caputo ngdu nhién bac « € (3,1).

o Xay dung dugc cong thic bién thién hing s6 cho phuong trinh vi phdan phan thi Caputo ngdu
nhién bic o € (3, 1).
e Chiing minh dugc khodang cdach tiém can gitta hai nghiém phan biét cia phuong trinh vi phan phan

2
1—

thit Caputo ngau nhién la lén hon t~1-=~° khi t — oo vdi moi € > 0.

o Xay dung dugc lige do s6 kiéu Euler-Maruyama cho phwong trinh vi phan phan thit Caputo ngau
nhién va danh gid duge téc do hoi tu cia luge do nay. Dua ra duge téc do hoi tu va tinh on
dinh ctia luge do Euler-Maruyama mi cho phuong trinh vi phdn phan thi Caputo ngdu nhién mot

chiéu tuyén tinh.
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2. M6t s6 huéng nghién citu tiép theo
Bén canh nhitng két qua da dat dudc trong luan an, mot sd van dé vé phuong trinh vi phan phan
thtt Caputo ngau nhién can duge nghién citu thém trong thdi gian t6i, ching toi dy dinh sé nghién citu

cac van dé sau:

o Tinh on dinh ciia nghiém phuong trinh vi phan phan thit Caputo ngau nhién bic o € (%, 1) dva

trén cac phuong phap nghién ciu trong [?, 7, 7, 7].
e Tinh chinh quy cia nghiém phuong trinh vi phan phan thi Caputo ngau nhién bic « € (%, 1).

e Nghién citu nghiém cia phuong trinh vi phan phan thid ngau nhién véi dao ham "substantial”

phan thi Caputo. Cu thé xét phuong trinh cé dang

t —B(t—s) t o—B(t—s)
1 / e b(s, X(s)) 1 / e o(s,X(s)) awv..
0 0

@) ot (t— s

X =n+ (t—s)t— ')

Chi tiét hon vé phuong trinh nay ching ta cé thé tham khdo trong [?, ?].

o Nghién citu mé rong cdc két qud trong LP vdi p > 2 cho phuong trinh vi phan phan thi Caputo

ngdu nhién bic o € (3,1).

o Xay dung cdc luge do sé khdc cho phuong trinh vi phdn phan thit Caputo ngdu nhién bac o € (%, 1)

va nghién ciu téc do hoi tu cing nhu tinh on dinh cia cdc luge do so do.
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Bang thuat nga

Tiéng Viét Tiéng Anh

chuyén dong Brown, 13 Brownian motion

cong thic bién thién hang s6, 26, 41 variation of constant formula

dao ham Caputo, 23 Caputo derivarive

diéu kien Lipschitz, 20, 21, 58 Lipschitz condition

dinh 1y ton tai duy nhéat nghiém toan cuc, 29, 39 global existence and uniqueness theo-
rem

ham Gamma, 22 Gamma function

ham Mittag-Leffler, 25 Mittag-Leffler function

nghiém cb dién, 28 classical solution

nghiém nhe, 39 mild solution

nghiém toan cuc, 29, 40 glocal solution

s6 mil Lyapunov c6 dién, 54 Lyapunov exponent

s6 mil Lyapunov binh phuong trung binh, 53 mean square Lyapunov exponent

tich phan ngiu nhién Ito, 15, 16, 17, 18 1td’s stochastic integral

tich phan Riemann—Liouville, 22 Riemann—Liouville integral

téc do hoi tu, 21, 59, 69, 73 convergence rate

xap xi Euler-Maruyama, 20, 57, 69 Euler-Maruyama’s approximation.

xap xi Euler-Maruyama mii, 73 exponential Euler-Maruyama’s approx-

imation.
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