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Abstract:  

In this study, the effects of the variable nonlocal parameters on the free vibration of power-law and sigmoid functionally 

graded nanoplates are investigated using a simple inverse hyperbolic shear deformation theory incorporating with nonlocal 

elasticity theory. The novelty of this study is that the nonlocal parameter is assumed to vary smoothly through the thickness of 

the functionally graded nanoplates. The governing equations of motion are established using the variation form of Hamilton’s 

principle, and they are solved via Navier’s closed-form solution. Some verification studies are carried out to demonstrate the 

accuracy and efficiency of the proposed algorithm in predicting the free vibration behavior of functionally graded nanoplates. 

The effects of some parameters such as the aspect ratio, the side-to-thickness ratio, the power-law index as well as the variation 

of the nonlocal parameters are also considered carefully. The results show that the variation of the nonlocal parameter plays 

significant effects on the free vibration response of the functionally graded nanoplates. The influence of the nonlocal parameters 

on the free vibration of various kinds of functionally graded nanoplates is completely different, it depends on the variation of the 

material ingredients across the thickness of the functionally graded nanoplates. 

Keywords: Functionally graded materials; nanoplates; nonlocal elasticity theory; variable nonlocal parameter; free 

vibration. 

 

1. Introduction 

The investigation of micro/nanostructures is completely different from that of macro structures due 

to the small-scale effects. Therefore, the application of the classical continuum theory to study these 

structures can lead to erroneous results. To address this drawback, molecular dynamics (MD) can be served 

as an excellent method to predict the exact behavior of the micro/nanostructures, but the MD usually costs 

expensive computation. So, many higher-order continuum theories have been developed to analyze these 
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structures. For example, the nonlocal elasticity theory [1-4], couple stress theory and modified couple stress 

theory [5-9], strain gradient theory and nonlocal strain gradient theory [10-16] have been introduced. The 

readers can get more information about these theories from the two review studies of Thai et al. [17] and 

Farajpour et al. [18].  

The nonlocal elasticity theory, which is first established by Eringen, is usually used in combination 

with shear deformation theories by many scientists to analyze nanoplates, nanobeams and nanoshells. This 

nonlocal elasticity theory has been applied to analyze the mechanical and thermal behavior of 

micro/nanostructures made of isotropic homogeneous and heterogeneous materials. Functionally graded 

materials (FGMs) have many advantages in comparison with traditional materials, for instance, high 

performance, the resistance of high temperatures, etc. Therefore, the FGMs are also applied to produce 

micro/nanostructures in many fields of engineering and industry. More information about the fabrication, 

applications and analysis can be read from some researches of Tahir and Tounsi et al. [19-26], Vinh et al. 

[27-32] and their references. In the case of micro/nanostructures, Zhang et al. [33] applied nonlocal 

elasticity theory and classical shell theory to analyze buckling of multiwalled carbon nanotubes subjected 

to axial compressed load. Hu et al. [34] analyzed wave propagation in single-walled and double-walled 

carbon nanotubes via a combination of classical shell theory and nonlocal elasticity theory. Bellal et al. [35] 

studied buckling behavior of a single-layered graphene sheet resting on viscoelastic medium using a 

nonlocal four-unknown integral theory. Hussain et al. [36] employed nonlocal elasticity theory to analyze 

free vibration of armchair and zigzag single-walled carbon nanotubes. Asghar et al. [37] analyzed nonlocal 

frequencies of double-walled carbon nanotubes using nonlocal elasticity theory. Li et al. [38] studied 

vibration characteristics of multiwalled carbon nanotubes embedded in elastic media by a nonlocal elastic 

shell model. Wang et al. [39] applied a nonlocal elastic shell theory to analyze wave propagation of carbon 

nanotubes. Rouhi et al. [40] employed a nonlocal Flugge shell model to investigate axial buckling of 

double-walled carbon nanotubes with different end conditions. Matouk et al. [41] applied an integral 

Timoshenko beam theory to analyze the hygro-thermal vibration of FG nanobeams. Lu et al. [42] used first-

order shear deformation theory (FSDT) in cooperating with nonlocal elasticity theory to analyze isotropic 



nanoplates. The small-scale effects on the vibration of embedded multilayered graphene sheets were 

investigated by Pradhan et al. [43] via nonlocal continuum models. Aksencer et al. [44] developed a Levy 

type solution for vibration and buckling analysis of nanoplates using nonlocal elasticity theory. The 

vibration of single-layered graphene sheet-based nanomechanical sensor was investigated by Shen et al. 

[45] via nonlocal Kirchhoff plate theory. A nonlocal continuum model based on Eringen nonlocal elasticity 

theory and classical plate theory has been developed by Zhang et al. [46,47]. In which, the kp-Ritz method 

has been employed as an element-free computational framework to analyze vibration and buckling 

behaviors of single-layered graphene sheets. Ansari et al. [48,49] analyzed the vibration of single-layered 

and multi-layered graphene sheets via Reissner-Mindlin theory and nonlocal elasticity theory. Hosseini-

Hashemi [50] established an exact analytical solution based on nonlocal elasticity theory and FSDT for free 

vibration analysis of functionally graded (FG) circular/annular Mindlin nanoplates. Anjomshoa [51] 

developed a continuum model based on the FSDT and the nonlocal elasticity theory for free vibration 

analysis of embedded orthotropic thick circular and elliptical nano-plates resting on elastic foundations. 

Balubaid et al. [52] studied free vibration of FG nanoplates using nonlocal two variables integral refined 

plate theory. Fatima et al. [53] developed a nonlocal zeroth-order shear deformation theory for free vibration 

of FG nanoscale plates. Hoa et al. [54] developed a nonlocal single variable shear deformation theory to 

analyze bending and free vibration of FG nanoplates. Zenkour et al. [55-57] analyzed the mechanical and 

thermal behavior of a carbon nanotube and FG nanoplates via nonlocal shear deformation theory and 

nonlocal mixed variation formula. Aghababaei [58] developed a combination of nonlocal elasticity theory 

and third-order shear deformation theory (TSDT) to study static bending and free vibration of nanoplates. 

Ansari et al. [59] used classical plate theory (CPT), FSDT and higher-order shear deformation theory 

(HSDT) in combination with nonlocal elasticity theory to analyze buckling of single-layered graphene 

sheets. Also, molecular dynamics simulations (MDS) have been adopted to analyze and confirm the 

prediction of the nonlocal plate theories. Hosseini-Hashemi [60] used nonlocal TSDT to study the buckling 

and free vibration of rectangular nanoplates. The stability and free vibration of FG nanoplates have been 

studied by Daneshmehr et al. [61,62] via the nonlocal elasticity theory and the HSDT. Malekzadeh et al. 



[63] used an extended nonlocal two-variable refined plate theory to analyze the free vibration of nanoplates. 

A nonlocal two-variable refined plate theory has been developed by Narendar et al. [64,65] to investigate 

the buckling behavior of orthotropic nanoplates. Sobhy et al. [66-70] developed some nonlocal HSDTs to 

study the thermal and mechanical behavior of single-layered, double-layered, multi-layered and orthotropic 

nanoplates. Zenkour et al. [71]  examined the thermal buckling of nanoplates lying on Winkler-Pasternak 

elastic foundations via nonlocal HSDT. A nonlocal sinusoidal plate theory has been developed by Thai et 

al. [72] to study micro/nanoplates. The thickness stretching effects on the free vibration of nanoplates have 

been investigated by Bessaim et al. [73] via a nonlocal quasi-3D trigonometric theory. A new quasi-3D 

theory has been developed by Sobhy et al. [74] to study vibration and buckling of FG nanoplates. 

It can be seen that numerous works have been done on the thermal and mechanical behavior analysis 

of FG nanoplates using differential and integral forms of Eringen’s nonlocal elasticity theory. However, 

most of the available works on free vibration of FG nanoplates using classical Eringen’s elasticity theory 

were carried out with a constant nonlocal parameter, whilst the number of papers on the free vibration 

analysis of the FG nanoplates with variable nonlocal parameters is still limited (Vinh et al. [75,76], Batra 

[77]). Therefore, this study focuses on modifying the classical Eringen’s nonlocal elasticity theory to 

consider the variation of the nonlocal parameters through the thickness of the FG nanoplates. The proposed 

formulations are applied to analyze the free vibration of the power-law and sigmoid FG nanoplates to 

demonstrate the effects of the variation of the nonlocal parameters on the vibration of the FG nanoplates. 

Besides, the effects of the side-to-thickness ratio, aspect ratio incorporating with variable nonlocal 

parameters are investigated carefully.  

 

2. Formulation 

2.1. Functionally graded nanoplates 

Let’s consider a rectangular functionally graded nanoplates with the dimensions of a b  and the 

thickness of h . The Cartesian coordinates xyz  is located at the middle surface of the FG nanoplates as 



shown in Figure 1. The distribution of the ceramic and metal components through the thickness of the plate 

is described via volume fractions with two laws of power-law function and sigmoid function. 
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Figure 1. The geometric model of FG nanoplates 

2.1.1. Power-law functionally graded nanoplates 

In the case of power-law functionally graded (P-FG) nanoplates, the variation of the material 

properties through the thickness of the plate are computed by 
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where ,c mX X  denote the material properties such as Young’s modulus, mass density of the ceramic phase 

and metal phase, respectively. The volume fraction of the ceramic component, cV ,  is obtained as follows 

 
1

2

k

c

z
V

h

 
  
 

 (2) 

where k  is a non-negative power-law index. When 0k  , the P-FG nanoplate becomes a full ceramic one, 

and when k  , the P-FG nanoplate becomes a fully metallic one. 

2.1.2. Sigmoid functionally graded nanoplates 

The variation of the material properties of the sigmoid functionally graded (S-FG) nanoplates across 

the thickness direction of the plates are expressed as the following formula 
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where 
(1) (2),c cV V  are the volume fractions of ceramic phase, which are calculated by 
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It is obvious that when 0k  , the S-FG nanoplate becomes a homogeneous nanoplate of two 

components (it means the volume fraction of ceramic phase equal to that of metallic phase through the 

thickness of the plate). When k  , the S-FG nanoplate becomes a two-layer plate with metallic layer at 

the bottom and ceramic layer at the top of the plate. 

2.2. Simple shear deformation theory 

2.2.1. Displacement and strain 

In this study, a simple shear deformation theory (SSDT) with a new inverse hyperbolic distribution 

shape function is employed to investigate the free vibration of the FGSW nanoplates. The displacement of 

the proposed SSDT is written as follows (Narendar [64, 65], Sobhy [66]) 
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where ( )f z  is the inverse hyperbolic distribution shape function, which is given by 
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The new inverse hyperbolic distribution shape function ( )f z  satisfies free conditions of the 

transverse shear stress on two surfaces of the plates and the nonlinear distribution through the thickness of 

the plates. So, the proposed SSDT does not need any shear correction factor. The strains fields of the plate 

are obtained as 



 

2 2

2 2

2 2

2 2

2 2

2 2

b s
x

b s
y

b s
xy

s
xz

s
yz

w wu
z f

x x x

w wv
z f

y y y

w wu v
z f

y x x y x y

w
g

x

w
g

x











 
  
  

 
  
  

  
   
     











 (7) 

where ( ) 1 ( )g z f z  . In the matrix form 

 

0

0
( ) , ( )

m b s
x x xx

xz xzm b s
y y y y

yz yzm b s
xy xy xy xy

z f z g z

  
 

   
 

   

      
                   

              
            

            

 (8) 

In which  
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2.2.2. Constitutive relations 

The constitutive equations of the plate are expressed as (Thai et al. [72]) 

 

11 12

12 22

66

0

0

0 0

x x

y y

xy xy

 

 

 

     
    

      
        

 (10) 

 
44

55

0

0

yz yz

xz xz

 

 

       
    

       
 (11) 

where  
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2.3. The nonlocal elasticity theory 

Eringen [1-3] developed a nonlocal elasticity theory to study nanoscale structures with integral and 

differential form. The differential form of the classical nonlocal elasticity theory of Eringen is as the 

following formula (Eringen [1-3]) 
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determined via experimental or simulation of atomistic dynamic, a  is an internal characteristic length 

which depends on the distance of the molecules, diameter of lattice, and granular size. It is obvious that 

these coefficients are the material-dependent parameters. It is noticed that the differential form of the 

classical Eringen’s nonlocal elasticity theory is developed based on the assumption of the constant nonlocal 

parameter. So, the classical nonlocal elasticity theory in the differential form is only suitable for the analysis 

of isotropic and homogeneous structures. In the cases of FG plates, the material properties, including 

nonlocal parameter, vary through the thickness of the plates as well. So, the variation of the nonlocal 

parameter must be considered (). By making a further assumption of the variation of the nonlocal parameter 

through the thickness direction of the FG plates, the nonlocal constitutive relations of the nanoplates can 

be expressed as follows 
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Therefore, the ratio between the nonlocal parameter of the ceramic phase and the metal phase 

/c m    is introduced as a new parameter. It is obvious that the classical Eringen’s nonlocal elasticity 

theory can be obtained by setting ( ) constm cz      or / 1.c m     According to the present 

nonlocal constitutive relations, it can be seen that the small-scale effects not only vary through the in-plane 

directions but also vary through the thickness direction of the nanoplates. Hence, the present nonlocal 

elasticity theory is completely different from the classical nonlocal elasticity theory where the small-scale 

effects are similar through the thickness direction of the nanoplates. The proposed formulations can be 

applied in a wide range of engineering computations for micro/nanostructures.  

 

2.4. Equations of motion 

The variation form of Hamilton’s principle is employed to obtain the governing equations of motion 

as the following formula 
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where U  is the variation of the strain energy and K  is the variation of the kinematic energy of the plate. 

The expression of the variation of the strain energy is calculated as follows (Thai et al. [72]) 
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The variation of the kinetic energy of the plate is calculated as follows (Thai et al. [72]) 
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By introducing Eqs. (7), (10), and (11) into Eq. (17), substituting Eq. (5) into Eq. (18) and 

considering the nonlocal relations of Eqs. (14) and (15), the governing equations of motion of the 

nanoplates are derived from Eq. (16) as the following formulae 
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where , ,i i iN M L  and iR  are the local stress resultants which are calculated by 
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By substituting Eqs. (14) and (15) into Eq. (20) and integrating through the thickness of the 

nanoplates, then reordering these equations into matrix form, one gets 
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where  
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In the case of the conventional nonlocal elasticity theory, the nonlocal parameter   is assumed to 

be constant through the thickness of the nanoplates. So, the coefficients 0 1 2 3 4 5, , , , ,I I I I I I  and 

0 1 2 3 4 5, , , , ,J J J J J J  are calculated as the following formulae 
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It is obvious that when the nonlocal parameter   is constant, one gets i iJ I . Consequently, the 

governing equations of motion Eq. (19) become the conventional governing equations of motion of the 

nanoplates with a constant nonlocal parameter, which is usually used by many researchers in the literature. 

In this study, the nonlocal parameter is assumed to vary through the thickness of the nanoplates as other 

material properties. Thus, the coefficients 0 1 2 3 4 5, , , , ,I I I I I I  are calculated via Eq. (27), while the 

coefficients 0 1 2 3 4 5, , , , ,J J J J J J  are calculated as follows 
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2.5. Navier’s solution 

In this study, an FG nanoplate subjected to simply supported at all edges is considered. The Navier’s 



solution technique is employed to solve the equations of motion, the unknown displacement functions of 

the nanoplates are assumed as the following formulae (Narendar [64, 65]) 
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 (30) 

where /m a   and /n b  ,  , , ,mn mn mn mnU V Wb Ws  are the unknown coefficients,   is the 

frequency of the FG nanoplates. 

Substituting Eq. (30) into Eq. (7) and then Eq. (19), one gets 
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K M 0  (31) 

where ,K M  are the stiffness matrix and mass matrix, and those element are , , , 1,4ij ijK M i j   which are 

calculated as the following formulae 
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  (33) 

By solving Eq. (31), the frequencies and responding eigenvectors of the nanoplates are achieved.  

3. Numerical results 

3.1. Verification study 

Firstly, the numerical results of free vibration of FG nanoplates using the proposed theory are 

compared with those of Sobhy et al. [74]. In this subsection, the FG nanoplates are made of 3 4Si N /SUS304  

with several values of side-to-thickness ratios /a h  and nonlocal parameters   are considered. The 

dimensions of the plates are 10 nma b  , the material properties of 3 4Si N  are 348.43 GPacE  , 

32370 kg/mc  , 0.24c  , whereas those of SUS304  are 201.04 GPamE  , 
38166 kg/mm  , 

0.3.m   The effective material properties are calculated via the power-law function by 

  ( ) 0.5
k

m c mX z X X X z h    . The comparison between the non-dimensional fundamental 

frequencies 10 m mh E    of the FG nanoplates of 3 4Si N /SUS304  using present theory and those of 

Sobhy et al. [74] using higher-order shear deformation theory (HSDT) and quasi-3D theory are shown in 

Table 1. According to this table, it can be concluded that the present results are in good agreement with 

those of Sobhy et al. [74]. 

Table 1. The comparison of the non-dimensional fundamental frequencies of the FG nanoplates of 3 4Si N /SUS304  with 

power-law scheme 

/a h   k   Theory 20   
20.5   

21   
21.5   

22   

5 0 Sobhy et al. [74] (HSDT) 5.10702 4.98549 4.66713 4.24976 3.81763 

Sobhy et al. [74] (quasi-3D) 5.12377 5.00184 4.68243 4.26370 3.83015 



Present 5.10680 4.98527 4.66692 4.24957 3.81746 

1 Sobhy et al. [74] (HSDT) 3.01860 2.94677 2.75859 2.51190 2.25648 

Sobhy et al. [74] (quasi-3D) 3.04445 2.97200 2.78221 2.53340 2.27580 

Present 3.01894 2.94709 2.75890 2.51218 2.25673 

5 Sobhy et al. [74] (HSDT) 2.42443 2.36674 2.21560 2.01747 1.81232 

Sobhy et al. [74] (quasi-3D) 2.44172 2.38362 2.23140 2.03185 1.82525 

Present 2.42459 2.36690 2.21575 2.01760 1.81244 

Metal Sobhy et al. [74] (HSDT) 2.11261 2.06234 1.93064 1.75799 1.57923 

Sobhy et al. [74] (quasi-3D) 2.12231 2.07180 1.93950 1.76606 1.58648 

Present 2.11252 2.06225 1.93056 1.75792 1.57916 

10 0 Sobhy et al. [74] (HSDT) 1.38829 1.35525 1.26871 1.15525 1.03778 

Sobhy et al. [74] (quasi-3D) 1.39015 1.35707 1.27041 1.15680 1.03917 

Present 1.38826 1.35523 1.26869 1.15523 1.03776 

1 Sobhy et al. [74] (HSDT) 0.82250 0.80292 0.75165 0.68443 0.61484 

Sobhy et al. [74] (quasi-3D) 0.82782 0.80812 0.75652 0.68886 0.61882 

Present 0.82294 0.80336 0.75206 0.68481 0.61517 

5 Sobhy et al. [74] (HSDT) 0.66485 0.64903 0.60758 0.55325 0.49699 

Sobhy et al. [74] (quasi-3D) 0.66890 0.65299 0.61129 0.55662 0.50002 

Present 0.66512 0.64929 0.60783 0.55347 0.49719 

Metal Sobhy et al. [74] (HSDT) 0.57695 0.56322 0.52725 0.48010 0.43128 

Sobhy et al. [74] (quasi-3D) 0.57817 0.56441 0.52837 0.48112 0.43220 

Present 0.57694 0.56321 0.52725 0.48010 0.43128 

20 0 Sobhy et al. [74] (HSDT) 0.35558 0.34712 0.32495 0.29589 0.26581 

Sobhy et al. [74] (quasi-3D) 0.35584 0.34737 0.32519 0.29611 0.26600 

Present 0.35558 0.34712 0.32495 0.29589 0.26581 

1 Sobhy et al. [74] (HSDT) 0.21083 0.20581 0.19267 0.17544 0.15760 

Sobhy et al. [74] (quasi-3D) 0.21205 0.20701 0.19379 0.17646 0.15851 

Present 0.21098 0.20596 0.19280 0.17556 0.15771 

5 Sobhy et al. [74] (HSDT) 0.17077 0.16671 0.15606 0.14210 0.12765 

Sobhy et al. [74] (quasi-3D) 0.17175 0.16767 0.15696 0.14292 0.12839 

Present 0.17086 0.16680 0.15614 0.14218 0.12772 

Metal Sobhy et al. [74] (HSDT) 0.14799 0.14447 0.13524 0.12315 0.11063 

Sobhy et al. [74] (quasi-3D) 0.14819 0.14466 0.13543 0.12331 0.11078 

Present 0.14800 0.14448 0.13525 0.12315 0.11063 

 

Continuously, the non-dimensional frequencies of the square FG nanoplates with the material 

properties are calculated via the Mori-Tanaka homogenization scheme are examined. The present numerical 

results using the proposed algorithm are compared with those of Fatima et al. [53] using nonlocal zeroth-



order deformation theory. The FG nanoplates are made of 3 4Si N /SUS304  with the material properties of 

each individual component are similar to those in the previous comparison, but the Poisson’s ratio of both 

components are assumed to be constant 0.3.m m      The dimensions of the nanoplates are 

10 nma b  , the effective Young’s modulus and Poisson’s ratio of the nanoplates are calculated via Mori-

Tanaka homogenization scheme while the effective mass density is calculated via mixtures scheme as 

follows (Fatima et al. [53]) 
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with 
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The non-dimensional frequency is calculated as 

 ˆ m

m

h
E


    (38) 

The non-dimensional fundamental frequencies of the FG nanoplates using present theory and those 

of Fatima et al. [53] are presented in Table 2. The comparison shows that the present numerical results are 

closed to the solutions of Fatima et al. [53].  

According to the two above comparison studies. It can be concluded that the present algorithm is 

suitable for the examination of the FG nanoplates. 



 

Table 2. The comparison of the non-dimensional fundamental frequencies of the FG nanoplates of 3 4Si N /SUS304  with 

Mori-Tanaka scheme 

/a h    0k   1k   5k   

Fatima et al. [53] Present Fatima et al. [53] Present Fatima et al. [53] Present 

10 0 0.1409 0.14099 0.0793 0.08216 0.0655 0.06637 

1 0.1288 0.12884 0.0725 0.07509 0.0599 0.06066 

2 0.1193 0.11938 0.0672 0.06957 0.0555 0.05620 

3 0.1117 0.11173 0.0629 0.06512 0.0519 0.05260 

4 0.1053 0.10539 0.0593 0.06142 0.0490 0.04962 

20 0 0.0361 0.03617 0.0203 0.02109 0.0168 0.01705 

1 0.0330 0.03305 0.0186 0.01927 0.0153 0.01559 

2 0.0306 0.03062 0.0172 0.01786 0.0142 0.01444 

3 0.0286 0.02866 0.0161 0.01671 0.0133 0.01352 

4 0.0270 0.02703 0.0152 0.01576 0.0125 0.01275 

 

 

3.2. Parameter study 

In this section, a functionally graded nanoplates of 2Al/ZrO  with a constant area of 

2. 100 (nm )S a b   is considered. The material properties of Al  are 70 GPa,mE   
32707 kg/m ,m   

= 0.3m  and those of 2ZrO  are 151GPa,cE 
33000 kg/m ,c   = 0.3c . The nonlocal parameter of the 

metal phase of Al  is constant and taken as 
22 (nm )m  , and it plays as reference nonlocal value. The 

variation of the effective Young’s modulus, mass density and nonlocal parameter through the thickness of 

the P-FG and S-FG nanoplates are presented in Figures 2-4. For convenience, the non-dimensional 

frequencies are calculated as 
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a) P-FG 

 

b) S-FG 

Figure 2. The variation of the effective Young’s modulus through the thickness of the FG nanoplates 

 

 

a) P-FG 

 

b) S-FG 

Figure 3. The variation of the effective mass density through the thickness of the FG nanoplates 



 

a) P-FG 

 

b) S-FG 

Figure 4. The variation of the effective nonlocal parameter through the thickness of the FG nanoplates ( 2k  ) 

 

Firstly, the non-dimensional fundamental frequencies of the square P-FG and S-FG nanoplates with 

several values of material parameter k  and ratio of nonlocal parameters are given in Table 3. The 

dimensions of the nanoplates are 
210 (nm )a b  , the thickness of the nanoplates is /10h a . From Table 

3, it can see clearly that when the ratio of the nonlocal parameters increases, the fundamental frequencies 

of the nanoplates decrease. In general, when the power-law index k  increases, the fundamental frequencies 

of the P-FG and S-FG nanoplates decreases. However, the frequency of the P-FG nanoplates decrease faster 

than those of the S-FG nanoplates. The reason is that when the power-law index increases, the volume 

fraction of ceramic of the P-FG nanoplates increases, so the stiffness of the P-FG nanoplates increase 

rapidly. In the case of S-FG nanoplates, both volume fractions of ceramic and metal increase when the 

power-law index increases, so the stiffness of the S-FG nanoplates increase slower than that of the P-FG 

nanoplates. 

Table 3. The non-dimensional fundamental frequency of the square P-FG and S-FG nanoplates 

Types   0k   0.25k   0.5k   1k   2k   5k   10k   

P-FG 0.5 1.18288 1.07773 1.02145 0.96498 0.92212 0.88136 0.85256 

0.75 1.13695 1.04194 0.99222 0.94357 0.90810 0.87446 0.84886 

1 1.09599 1.01125 0.96754 0.92569 0.89643 0.86871 0.84577 

1.25 1.05916 0.98423 0.94596 0.91010 0.88624 0.86367 0.84305 

1.5 1.02581 0.96003 0.92669 0.89616 0.87710 0.85912 0.84059 



1.75 0.99542 0.93810 0.90921 0.88350 0.86875 0.85494 0.83832 

2 0.96758 0.91804 0.89321 0.87185 0.86104 0.85105 0.83620 

S-FG 0.5 0.99726 0.99332 0.98695 0.97608 0.96399 0.95369 0.95070 

0.75 0.97880 0.97488 0.96854 0.95776 0.94574 0.93545 0.93243 

1 0.96133 0.95743 0.95114 0.94042 0.92848 0.91822 0.91517 

1.25 0.94476 0.94089 0.93463 0.92400 0.91214 0.90191 0.89884 

1.5 0.92902 0.92517 0.91896 0.90841 0.89663 0.88644 0.88335 

1.75 0.91404 0.91022 0.90405 0.89358 0.88188 0.87173 0.86863 

2 0.89977 0.89596 0.88984 0.87945 0.86784 0.85774 0.85462 

 

Next, the non-dimensional first eight frequencies of the square P-FG and S-FG nanoplates with 

/ 10a h   are given in Table 4. It can be seen that the power-law index and ratio of nonlocal parameters 

play significant effects on the frequencies of the nanoplates. The inclusion of the nonlocal parameter leads 

to a decrease in the frequencies of the nanoplates. Besides, the influence of the nonlocal parameters on the 

higher frequencies of the nanoplate is stronger than the lower frequencies. When the nonlocal parameter’s 

ratio increases, the higher frequencies of the nanoplates decrease faster than the lower frequencies. When 

the power-law index is small, the frequencies of the P-FG nanoplates are higher than that of the S-FG 

nanoplates. When the power-law index is higher, the frequencies of the P-FG nanoplates are smaller than 

that of the S-FG nanoplates as demonstrated in Table 4. 

Table 4. The non-dimensional first eight frequencies of the square P-FG and S-FG nanoplates 

Types k     Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6 Mode 7 Mode 8 

P-FG 0 0.5 1.18288 2.52699 2.52699 3.54287 4.09703 4.09703 4.79581 4.79581 

1 1.09599 2.19083 2.19083 2.95115 3.34887 3.34887 3.83728 3.83728 

1.5 1.02581 1.96082 1.96082 2.58224 2.90180 2.90180 3.29069 3.29069 

2 0.96758 1.79076 1.79076 2.32419 2.59630 2.59630 2.92625 2.92625 

1 0.5 0.96498 1.99528 1.99528 2.73969 3.13617 3.13617 3.62828 3.62828 

1 0.92569 1.85100 1.85100 2.49411 2.83074 2.83074 3.24438 3.24438 

1.5 0.89616 1.75131 1.75131 2.33194 2.63307 2.63307 3.00127 3.00127 

2 0.87185 1.67403 1.67403 2.20998 2.48632 2.48632 2.82321 2.82321 

5 0.5 0.88136 1.77332 1.77332 2.39461 2.71916 2.71916 3.11666 3.11666 

1 0.86871 1.72826 1.72826 2.31920 2.62608 2.62608 3.00064 3.00064 

1.5 0.85912 1.69501 1.69501 2.26435 2.55881 2.55881 2.91737 2.91737 

2 0.85105 1.66763 1.66763 2.21968 2.50429 2.50429 2.85022 2.85022 

S-FG 0 0.5 0.99726 2.05336 2.05336 2.81275 3.21635 3.21635 3.71666 3.71666 



1 0.96133 1.92164 1.92164 2.58855 2.93740 2.93740 3.36579 3.36579 

1.5 0.92902 1.81240 1.81240 2.41062 2.72036 2.72036 3.09860 3.09860 

2 0.89977 1.71990 1.71990 2.26497 2.54526 2.54526 2.88637 2.88637 

1 0.5 0.97608 2.01242 2.01242 2.75907 3.15639 3.15639 3.64944 3.64944 

1 0.94042 1.88204 1.88204 2.53765 2.88126 2.88126 3.30396 3.30396 

1.5 0.90841 1.77410 1.77410 2.36216 2.66739 2.66739 3.04093 3.04093 

2 0.87945 1.68282 1.68282 2.21865 2.49497 2.49497 2.83207 2.83207 

5 0.5 0.95369 1.96958 1.96958 2.70342 3.09458 3.09458 3.58070 3.58070 

1 0.91822 1.84022 1.84022 2.48421 2.82257 2.82257 3.23971 3.23971 

1.5 0.88644 1.73337 1.73337 2.31085 2.61149 2.61149 2.98037 2.98037 

2 0.85774 1.64320 1.64320 2.16932 2.44156 2.44156 2.77464 2.77464 

 

Continuously, Figure 5 shows the effects of the variation nonlocal parameter on the non-

dimensional fundamental frequencies of the square P-FG and S-FG nanoplates. The dimensions of the 

plates are 
210 (nm )a b  , the thickness of the plates is /10h a , the nonlocal parameter’s ratio   varies 

from 0.5  to 2 . According to this figure, the variation of the nonlocal parameter has strong effects on the 

free vibration of the nanoplates. When the ratio of nonlocal parameters increases, the frequencies of the 

nanoplates decreases. In the case of P-FG nanoplates, the rate of decrease is fast when the power-law index 

is small, and the rate of decrease is slow when increasing the power-law index. On the other hand, the 

frequencies of the S-FG nanoplate decrease with a similar speed with a different value of the power-law 

index. It is obvious that the effects of the nonlocal parameters on the free vibration behavior of P-FG and 

S-FG nanoplates are different, this is completely different from other published work. The reason is that 

the nonlocal parameter is assumed to be constant in other published studies, so the effects of the nonlocal 

parameters are similar with different kinds of FG nanoplates. However, in the present model, the nonlocal 

parameter is assumed to vary through the thickness of the FG nanoplates as other material properties, so 

the influence of the nonlocal parameters depends on the power-law index and the kinds of FG nanoplates. 



 

a) P-FG 

 

b) S-FG 

Figure 5. The effects of the variation of the nonlocal parameter on the fundamental frequencies of the FG nanoplates 

 

Next, the influence of the ratio of nonlocal parameters on the higher frequencies of the square P-FG 

and S-FG nanoplates are investigated. Figure 6 shows the variation of the non-dimensional frequencies of 

the P-FG and S-FG nanoplates with 
210 (nm )a b  , /10h a  and 2k  . For both cases of P-FG and S-

FG nanoplates, the frequencies of the plates decrease as the increase of nonlocal parameter’s ratio.  The 

effects of the variation of the nonlocal parameters on higher frequencies are stronger than lower frequencies. 

The speed of the decrease of high frequencies is faster than that of low frequencies for both P-FG and S-

FG nanoplates.  

 

a) P-FG 

 

b) S-FG 



Figure 6. The effects of the variation of the nonlocal parameter on high frequencies of the FG nanoplates 

 

Continuously, the influence of the material parameter k  on the free vibration behavior of the P-FG 

and S-FG nanoplates are studied. The dimensions of the plates are 
210 (nm )a b  , the thickness of the 

plates is /10h a . Figure 7 presents the variation of the non-dimensional fundamental frequencies of the 

nanoplates as the functions of the material parameters. It is obvious that when the power-law index increases, 

the non-dimensional frequencies of the nanoplates decrease for both cases of P-FG and S-FG nanoplates. 

In general, the frequencies of the nanoplates decrease rapidly when the power-law index increase from 0 to 

2. When the power-law index greater than 2, the frequencies of the nanoplates decrease slower. It can be 

seen that when the power-law index increases, the effects of the nonlocal parameter’s ratio decrease in the 

case of P-FG nanoplates and almost unchanged with S-FG nanoplates. 

 

a) P-FG 

 

b) S-FG 

Figure 7. The influence of the material parameter on the fundamental frequencies of the FG nanoplates 

 

Figure 8 demonstrates the effects of the aspect ratio on the non-dimensional fundamental 

frequencies of the P-FG and S-FG nanoplates. It is noticed that the area of the plate is constant, 

2. 100 (nm )S a b  , it means when the length a  increases, the wide b  decreases, and vice versa. The 

thickness of the plates is /10h S , the power-law index is 2k  . It is pleasant that when the aspect ratio 

increases from 0.5 to 1, the non-dimensional frequencies of the P-FG and S-FG nanoplates decreases. But 



the non-dimensional frequencies increase when the aspect ratio increases from 1 to 2. The frequencies reach 

the minimum when the aspect ratio equals 1. It means the frequency of the square P-FG and S-FG nanoplate 

is the smallest. It can be seen that the frequency of the square plate is approximate 85%  as of the rectangular 

one with / 0.5a b   and / 2.a b   This minimum of the frequency of the rectangular FG nanoplates should 

be noticed to avoid the resonant phenomenon. 

 

a) P-FG 

 

b) S-FG 

Figure 8. The effects of the aspect ratio on the fundamental frequencies of the FG nanoplates 

 

Lastly, the influence of the side-to-thickness ratio /a h  on the non-dimensional frequencies of the 

P-FG and S-FG nanoplates are considered. The dimensions of the plates are 
210 (nm )a b  , the ratio of 

the nonlocal parameter is 1  . The dependence of the non-dimensional fundamental frequencies of the 

P-FG and S-FG nanoplates as the functions of the side-to-thickness ratio is plotted in Figure 9. The increase 

of the side-to-thickness ratio leads to a decrease of non-dimensional frequencies of the P-FG and S-FG 

nanoplates. Once again, the effects of the power-law index on the free vibration of P-FG nanoplates are 

stronger than that of S-FG nanoplates. It is seen that the frequency of the nanoplate with / 5a h   

approaches four times to that of the nanoplates with / 20.a h    

 



 

a) P-FG 

 

b) S-FG 

Figure 9. The variation of the fundamental frequencies of the FG nanoplates as function of side-to-thickness ratio 

 

4. Conclusions 

In this work, the nonlocal free vibration characteristics of the P-FG and S-FG nanoplates have been 

investigated. The classical Eringen’s nonlocal elasticity theory has been modified to take into account the 

variation of the nonlocal parameter through the thickness of the FG nanoplates. Some special cases of the 

free vibration of the FG nanoplates with constant nonlocal parameter have been considered to confirm the 

accuracy and correctness of the proposed algorithm. A comprehensive study on the effects of some 

parameter has been carried out carefully. The inclusion of the nonlocal parameter leads to reduction in the 

frequencies of the FG nanoplates. The numerical results showed that the variation of the nonlocal parameter 

plays an important role in the free vibration of the FG nanoplates, especially for higher frequencies. The 

effects of the nonlocal parameters not only depend on the dimensions of the nanoplates but also depend on 

the variation of the material components through the thickness of the FG nanoplates.  
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