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Ultra Dense Network (UDN) in which Base Stations (BSs) are deployed at an ultra high density is
a promising network model of the future wireless generation. Due to ultra densification, reuse of
frequency bands with an ultra high density is compulsory for this network. Conventionally, the research
on frequency reuse technique such as Fractional Frequency Reuse (FFR) classifies the active users into
only two groups. However, this approach is not suitable for UDNs where the signal experiences a
Keywords: huge amount of power loss over distances. Thus, this paper proposes a generalized model of FFR for
5G UDNs where the active users are classified into more than two groups The paper introduces a simple
Ultra Dense Network approach to obtain the coverage probability of a typical user in the case of a general path loss model. In
Fractional Frequency Reuse the case of stretched path loss model for UDNSs, the closed-form expression of user coverage probability
Poisson Point Process is derived. From the analytical and simulation results, it is stated that the proposed model can improve
Coverage probability user performance without increasing BS power consumption. Furthermore, two additional interesting
conclusions are found in this paper: (i) the user coverage probability increases to a peak before passing
a decline when the density of BSs increases; (ii) an increase in BS transmission power may decrease

the user performance.

© 2021 Elsevier B.V. All rights reserved.

1. Introduction

In recent years, the number of networked devices has risen
critically. According to Cisco report [1], the number of networked
devices in 2023 will reach 29.3 billion which are about 3 times
greater than the world population. This will make the mobile data
traffic increase by 8 times in the next few years. The explosive
growth has encouraged the development of new generations of
mobile networks, particularly 5G, to provide the ultra-high data
rate, ultra-low latency, ultra-high number of connections as well
as ultra-wide coverage area [2,3]. To meet the requirements of 5G
networks, Ultra Dense Networks (UDNs) in which the distance
between two adjacent Base Stations (BSs) is around 10 m has
been introduced as a promising solution [4-6]. The millimeter
wave (mmWave) is recognized as the ideal operational frequency
bands for UDNs.

However, the deployment of BSs with an ultra-high density in-
troduces new challenges. Specifically, the power loss of the trans-
mitted signal should be carefully investigated since the mmWave
is extremely sensitive to the transmission environment. More-
over, the interference between cells cannot be ignored when
the BSs are very close together. Therefore, a large number of
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research works have been conducted to investigate UDN per-
formance through path loss modeling and intercell interference
coordination technique.

The performance of wireless systems strongly depends on the
power loss of the radio signal. To analyze the network perfor-
mance, the path loss model should be studied first. The multi-
slope path loss model in which the signal experiences more than
one path loss exponents was widely studied [7-10]. For each
slope, the power loss follows the conventional model which is
formulated as Loss = r~%, where r and o are the horizontal
distance and the path loss exponent, respectively. The authors
based on the probability of Line-of-Sight (LoS) and non-Line-of-
Sight (nLoS) to compute the power loss over the wireless link.
The coverage probability and spectrum efficiency were analyzed.
The impacts of the density of BSs and their heights were exam-
ined [11-13]. Other related works modeled the power loss as a
exponential function of the distance such as [14,15]. Recently, the
Stretched Path Loss Model (SPLM) was introduced in Ref. [16].
In this model, the power loss over a distance of r is determined
as arf in which o and B are turnable parameters. This model
is considered a simplified model of a multi-slop model with a
finite number of slopes. Through experimental measurements,
the authors proved that the SPLM is more suitable for UDNs than
previous models in the literature. Thus, we utilize this model to
analyze the UDNs.

Frequency Reuse is a popular technique in wireless commu-
nications that allows two BSs to share their frequency bands.
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The demand for reuse of frequencies became more necessary in
the 4G networks since these systems require much more BSs to
cover the service area than its previous generations. Thus, the
Frequency Reuse technique has been improved to allow adjacent
BSs to transmit on the same frequency bands at the same time.
This technique is known as Fractional Frequency Reuse (FFR).
FFR was originally used to define reuse of frequency between
cells where each BS is allowed to utilize a part of whole fre-
quency bands. For such definition, FFR with reuse factor of N
means that every N adjacent BSs employ the same frequency
reuse pattern and each BS is allocated 1/N of whole frequency
bands. It is reminded that the term frequency reuse pattern is
used to describe the approach that the sub-bands are used in
a group of N adjacent BSs. This term is commonly used in the
documents of European Telecommunications Standards Institute
(ESTI) such as in Ref. [17]. This original FFR scheme could not
optimize radio spectrum efficiency. Thus, new FFR schemes such
as Soft FFR, Strict FFR, and distributed FFR [18,19] have been
introduced to allow each BS to utilize whole frequency bands.
Due to the new introduction of FFR, the concept of FFR with reuse
factor N is explained as following aspects: (i) each BS is allowed
to utilize full bandwidth; (ii) every N adjacent BSs use the same
frequency reuse pattern. Conventionally, FFR scheme divides the
associated users and allocated frequency resources into 2 groups
respectively so that each group of users is served by a group of
frequency resources. By this way, the Intercell Interference (ICI)
can be minimized and the user performance can be improved.

Although FFR has been well-investigated for 4G systems, the
deployment of this technique for future cellular network sys-
tems is being at the early stage [20-25]. The authors in [20,
26] discussed the challenges and approaches of FFR utilization
in the these systems. The effects of FFR algorithm on network
performance were discussed in [23]. In that work, the optimal
frequency reuse factor was derived to optimize energy and spec-
tral efficiency. The authors in [25] introduced an approach to
achieve load-balancing between macro and small BSs. Although
these works derived important concepts about FFR techniques
for future mobile systems, the classification of users into groups
has not been well-discussed. The authors in [24] discussed the
user classification. However, this work only performed simula-
tion with the mmWave at 26-GHz band. Moreover, in all works
discussed above, the two-phase operation of FFR algorithm has
not been studied. This motivates us to model and examine the
performance of FFR algorithm in UDNs.

The performance analysis of FFR for regular cellular networks
with low densities of BSs has been conducted in some interesting
works. Ref. [27] introduced an analytical approach and important
initial results regarding to the effects of FFR on the cellular
networks. In our recent work [28], the uplink performance with
power control was considered. The closed-form expressions of
performance metrics were given by utilizing Gaussian Quadra-
ture. Recently, the author in [29,30] presented fully closed-form
expression. However, these works only studied regular path loss
models in which the received power over a distance of r is Pr—¢
(P is the transmission power). In the case of UDNs, as discussed
in the previous paragraphs, this path loss model is no longer
suitable and should be replaced by SPLM. With the deployment of
SPLM, the kernel integral of user performance metric expressions
became more complicated [16,31]. Thus, the approaches in [28-
30] are no longer applicable and the closed-form expressions
were only found in the form of Polylogarithm function when 2/8
is an integer number. This paper bases on the Taylor expansions
to obtain the simple form of the performance metrics before
utilizing confluent hypergeometric function and Gauss-Laguerre
quadrature to derive their closed-form expressions for all cases of
B. In the case of 2/8, the closed-form expressions become more
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simple forms which do not rely on confluent hypergeometric
function.

Moreover, the works in the literature only discussed FFR with
two user groups and two power levels which is equivalent to FFR
with the reuse factor of 3. In our recent works [32], a general
FFR algorithm with N user groups was introduced for sparse
cellular networks with a low density of BSs and the regular path
loss model. Conventionally, sparse cellular networks such as 3G,
4G work with a frequency range from 700 MHz - 4 GHz [33]
while UDNs are recommended to work with mmWave radio
signals whose frequencies are greater than 24 GHz [34]. Thus,
the downlink signal and consequently SINR in sparse networks
do not experience so fast attenuation as others in UDNs. Thus, an
increase in the number of user groups N did not bring any benefit
to the user performance as shown in [32]. In contrast, this paper
indicates that the user coverage probability in UDNs is signifi-
cantly improved when the number of user groups increases from
2 to 3 while the total power consumption remains unchanged.

Generally, compared to the aforementioned works in the liter-
ature, the contributions of this work are summarized as follows:

e We propose a generalized model of FFR for UDNs in which
the users are classified into more than two groups. The
analytical results show the proposed model can improve the
user performance without increasing BS’s power consump-
tion.

e We introduce an approach to obtain the simple form of
user coverage probability expression under a general path
loss model. In the case of a regular path loss model, the
user coverage probability is derived as a sum of elemen-
tary functions as in Corollary 3.3. In the case of SPLM,
the closed-form expression is obtained by following conflu-
ent hypergeometric functions and Gauss quadratures as in
Section 4.

e The analytical results that are verified by Monte Carlo sim-
ulation indicate that an increase in the density of BSs A only
improves the user coverage probability if A is in a small
regime such as A < 60 BS/km? and SNR = 20 dB. In
addition, higher transmission powers may result in a decline
in the user coverage probability if both SNR and X are in high
regimes such as SNR > 10 dB and A = 180 BS/km®. Thus,
if an increase in the density of BSs is compulsory for UDNs
utilizing FFR, then reducing their transmission power is an
effective solution.

2. System model

This paper studies single-tier UDNs in which BSs are dis-
tributed according to a spatial Poison Point Process (PPP) with
mean A (BS/km?). The network is assumed to cover an infinite
area. Thus, the number of BSs reaches infinity where all BSs are
allowed to utilize the whole frequency bands. The distance from
the typical user to other BSs may vary from 0 to co. Consequently,
to analyze the performance of the typical user, the integrals of
distances should be taken to oo. In practical networks, only the
BSs that are close enough to the typical user can have impacts on
the performance of this user. Thus, the Monte Carlo simulation
assumes that the networks cover a finite area of S where S needs
to be large enough to cover all BSs that have impacts on the
typical user.

It is supposed that all the signals traveling within the network
area experiencing the same path loss model and Rayleigh fading
with PDF f(y) = exp(—y). Denote L, as the power loss over a
distance of r. Thus, L, is a decreasing function.

The user usually prefers a connection to BS n with the
strongest average received signal strength. For example, the user
associates with a BS at a distance of r if its average received
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signal strength PL, > PL(r,) Vk € O\norr < r,Vk € 6\n
where 6 is the set of BSs in the networks. Thus, it is stated that
in the case of the same path loss model, the BS with the highest
average received signal of a user is the nearest BS of that user,
.i.e the nearest association procedure. The PDF and CDF of r are
respectively given by

f(r) = 2w exp(—mAr?) (1)
and F(r) = 1 — exp(—mAr?) (2)

The following table lists the all important notations in this
paper

Notation Description

A Density of BSs

N Number of user groups

Iy Interfering power of a user during establishment
phase

I Interfering power of a user during
communication phase

SINR© SINR of a typical user during the establishment
phase

SINR;, SINR of a user in Group n during the

communication phase
Py Serving power of users in Group n
To, T1, ..., Ty SINR thresholds

Py, P4, ..., Py Transmission powers

Pan Probability that a user is assigned to Group n

Pn Coverage probability of a typical user

1F(, . Confluent hypergeometric function of the first
kind

ug,.,.) Confluent hypergeometric function of the
second kind

r'(x,y) Incomplete Gamma function

o? power of Gaussian noise

The operation of FFR can be modeled as two consecutive
phases, .e.g. the establishment phase and communication phase.
While the establishment phase has responsibility for user clas-
sification, the data exchange process is taken play during the
communication phase. In the next section, we will discuss these
phases in detail and derive the SINR expression for each phase.

2.1. Establishment phase

According to 3GPP specification [35], the received signal qual-
ity on the downlink control channel can be used for user clas-
sification purpose during the establishment phase. The establish-
ment phase cycle can be adjustable and depends on characteristic
of wireless environment. In particular networks, this phase can be
taken place as soon as the user reports Channel Quality Indicator
(CQI) which maybe every 40 ms.

In this work, we assume that UEs are classified into N groups
by N + 1 SINR thresholds, denoted by Ty, T, ...., Ty (To < T, <

< Ty). While Ty and Ty are lower and upper bounds of
SINR respectively, other values of Ty, Ty, ..., Ty_1 can be chosen
appropriately for specific purposes such as user performance
optimization or minimize power consumption. The event that a
user with downlink SINR on the control channel, SINRC)(r), is
assigned into Group n is defined as:

To_1 < SINRO(r) < T, (3)

In other words, it can be said that a group of users consists users
that have the same SINR range. The corresponding probability is
given by

Pan(r) =P [T,_1 < SINRO(r) < T,] (4)
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Because of utilizing the same transmission power Py and
sharing frequency resource between BSs, each control channel
is affected by ICI from all adjacent BSs. Thus, total ICI power of
a user on a downlink control channel during the establishment
phase is given by:

=2 PngLy (5)
jeo
where gjo) is the power gain of the channel from the user to
interfering BS j, PDF of gj(o) is f(g?) = exp(—gj(o)), and L, is
the power loss on the wireless linf( from user to its serving BS,
L, = exp(—arjﬂ).
Thus, the SINR is obtained by:

_ PugLy

SINR)(r
(r) o2

(6)

Pan(r) =P |:Tn—1 <

|1

where o2 is power of Gaussian noise.
Substituting Eq. (6) into Eq. (4), we obtain
Pug®L
< Ty|r
I, + 02
I 2 I 2
oto < (°)<Tn°+76r (7)
PyL; PyL;
The probability above can be obtained from Appendix A with
T = 0. Hence, the association probability Pa,(r) is given by
2w A 2w A
Pan(r) = Sn—1 €Xp <_ U(Tn—l)> — Sn €Xp (_ U(Tn)) (8)
Tn71 Tn
in which
v(x)

L;j
Conaa (SO [ Ly
- + Z%:O(_-l)mxm+2Lr—l—m f:{é erg?Jrldrj

X

Z%=0(_1)mxm+2Lr—]—m froo Lg»le)'drj

for x>1

for x<1
9)

and M is an integer and is selected so that the Taylor series

in Eq. (A.6) converges. For sufficient computation, M = 10 is se-
1T 1 Ty

lected in this paper; § = exp _ﬁ%) and s, = exp <_WW>‘

The association probability of the typical user with Group n is
obtained by

o 2w A
Pan = 27 Sn—1exp | ———v(T;—1)
0 Tn—l

~spexp (— il v(n))]f(r)dr
where f(r) is defined in Eq. (1).

(10)

2.2. Communication phase

With the deployment of FFR, all BSs are allocated the whole
frequency bands. To serve N groups of users that are determined
in the establishment phase, each BS also divides the allocated
frequency bands into N orthogonal groups of sub-bands by which
every N adjacent BSs utilize the same frequency reuse pattern.
Conventionally, the ratio between the number of users from
different groups is proportional to the number of allocated sub-
bands. Fig. 1 gives an example of frequency reuse pattern with
N = 4. As seen from this figure, a group of sub-bands (Group
of Frequency, GF) that is used to serve a Group of Users (GU)
will be re-used to serve a different group of users in adjacent
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Fig. 1. An example of proposed FFR with N = 4. GU: Group of UEs, GF: Group of Frequencies.

cells. Take GF1 for example, GF1 is used to serve GU1 by BS1
but it is re-used to serve GU4 by BS2, GU3 by BS4. As in 3GPP
specification [36], BSs are interconnected together by employing
X2 interface with a latency of up to 10 ms. Conventionally, the
scheduling mechanism re-allocates frequency resources for users
every time slot, i.e. 1 ms. Thus, X2 interface is not possible to
carry real-time resource allocation strategies between BSs. As a
result, BSs can allocate the same sub-bands to their active users.
Thus, when the number of users is large enough, all BSs may
transmit on the same sub-bands at the same time. In addition, the
groups of frequencies should not be changed to avoid bandwidth
fragmentation, signaling overload, as well as ICI. Hence, this pa-
per assumes that the groups of sub-bands are fixed during the
communication phase.

While the establishment phase utilizes SINR on the control
channel, data transmission process during the communication
phase only depends on the data channel. In addition, the trans-
mission power on control channels are the same for all BSs while
the power levels on data channels are adjustable [35]. Thus, we
assume that each group of users is served by a specific power
level during the communication phase. In other words, each BS
utilizes N power levels such as Py, Py, ..., Py (P1 > Py > --- > Py)
in which Group n containing users with T,_; < SINR < T, served
by transmission power level P,.

The lowest power level Py is the transmission power on the
control channel that can be used by a BS to communicate with
nearby users. According to 3GPP specification [35], the transmis-
sion power of each BS should not dynamically change. Thus, each
BS should select appropriate transmission power levels on each
frequency group to optimize its operation. One of the main con-
tributions of this paper is to analyze the effects of transmission
power on user coverage probability.

Fig. 1 illustrates the communication phase of our proposed FFR
model with N = 4 where every 4 adjacent BSs indexed by BS 1,
BS 2, BS 3, and BS 4 forming a group of BSs. When only two power
levels are applied, the proposed model becomes the well-known
FFR schemes in the literature. For example,

e P; = P, = 0, the proposed model degrades into Strict
FFR [18].

e P, = P; = P, the proposed model corresponds to Soft
FFR [19]

In a given group, a user in Group 1 (GU1) of BS 1 can be
affected by ICI from adjacent BSs transmitting on Group of Fre-
quencies 1 (GF1), particularly BSs 2, 3, and 4 with corresponding
transmission power are P4, P3; and P,. Since the frequency reuse
pattern is repeated in every group of 4 adjacent BSs, this user
is also affected by interference from BS 1 on GF 1 in other BSs’
groups.

In general, the interfering BSs can be classified into N groups
where interfering group k transmits at a power level of P, during
the communication phase. Let A as the density of interfering BSs
in Group k. Then U’,:le 0, = 0 and ijzl Ak = A. The ICI power of
a typical user from BSs in Group k is determined by

=P ) gl

J€bk

(11)

where rj and gj are the distance and channel power gain from the
typical user to its interfering BS j in Group k.
The total ICI power at the typical user is given by

N
I:ZPngerj

k=1 jeby

(12)

The downlink SINR of a user in Group n during the communi-
cation phase is

Pogl.
SINRy(r) = — n&lr
21 Pe 2 jeo, gl + 02

where g and r are channel power gain and distance from the user
to its serving BS respectively.

It is seen from Eq. (13) that BS j is considered to have a nega-
tive effect on SINR,(r) if L, is large enough, i.e. rj is small enough.
Moreover, rj > r due to the assumption of the nearest association
procedure. Therefore, BS j is considered the interfering source of

(13)
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the user if the value of r; is around that of r, i.e. r; > r. This

condition will be utilized to derive the closed-form expression of
the user coverage probability.

3. Performance evaluation
3.1. Definition metrics

Coverage probability of a user in group n. The user in Group n is
under network coverage if

(1) Its downlink SINR during the establishment phase satisfies
Inequality (3)

(2) Then, its downlink SINR during the communication phase
is greater than the pre-defined coverage threshold T

Therefore, the coverage probability of the user in Group n is
formulated as the following conditional probability

) =P (suan(r) > FIT,_y < SINRO(r) < Tn> (14)
in which
e T,_1 < SINR®(r) < T, is the event that the user associates
with Group n_
e SINR,(r) > T is to ensure that the received SINR of the

user during the communication phase is greater than the
required SINR for successful data transmission.

The coverage probability definition in Eq. (14) covers other
definitions in related works in the literature such as:

e The definition in Refs. [18,37] for single group of users can
be obtained by selecting N =1, Tp =0 and T; = o©

e The definition in Refs. [27,38] for two groups of users corre-
spondstoN =2, 71 =0, Ty =Tand T, =

For particular cellular systems, in order to obtain ultimate user
experience for high speed data services such as video streaming
and gaming, the minimum required SINR is SINR(dB) ~ -5
dB [39].

Theorem 3.1.
given by

2w A /oo R
P =
Pan
Sn—1 l_[k 1€XPp |: szn?k ; (U (fy*ﬁ) - U(Tn—l))]
—sn [Ty €xp [ Vimﬁ (U (fy*:) - U(Tn)>:|

The coverage probability of the user in Group n is

x f(r)dr

Proof. See Appendix A. O

Coverage probability of a typical user. The typical user is located
at a random position in the network and can be assigned to any
group. Thus, the coverage probability of the typical user is defined
as

N
=Y E [pnmr)mn(r)] (16)

n=1
in which

e Pu(T|r) is the coverage probability of the user at distance r
from its serving BS.
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e Puy(r) is the probability of that user to be assigned into
Group n

Taking the expected value with respect to variable r, we get

N o0
P(F) = 27 an/ E [Pn(ﬂr)PAn(r)] exp (—zAr?)rdr  (17)
n=1 0

Corollary 3.2. The coverage probability of the typical user is given
by

N
p(T) =27 Z An
n=1
00 ngl §Sn,1 exp [_TLEJT_?;k . (U (f ) - U(Tn—1)>i|
>< / n—
0

(1) -vin)
x exp(—mArd)rdr

B~

27 A

]_[k 1 Ssp exp [_TT (

c

(18)

Proof. The coverage probability in Eq. (16) is re-formulated as
follows

N
P =Y E []P (SINR(r) > T[T, 1 < SINRO(r) < Tn)

x P(Ty—1 < SINK(r) < T,)]

=

Z [ <SINR(r > T.T, 4 < SINRO(r) < Tn)] (19)

where (19) is obtained by following the Bayes rule.
Using the result of Appendix A, the desired result is given. 0O

The expressions of user coverage probability P, in Egs. (15)
and (18) can cover all related cases in the literature. For example,
the results in [27] refer to N = 2 and threshold T = 0,T, = T
and T3 = oco. P; and P, corresponds to coverage probability of
Cell-Center User and Cell-Edge User, respectively.

Furthermore, this expression is much more simple than re-
lated previous expressions in the literature for N < 2 such
as [16,27]. Take the regular path loss model in which the path
loss over a distance of r and the path loss exponent 7 is r~* for
example, the integral of v(x) has a form of faoo y~?dy (z > 0) and
can be computed easily.

Corollary 3.3. For regular path loss model and N = 1, the closed-
form expression of user coverage probability can be simply obtained
in both cases of noise-limited networks and regular networks.

Proof. Substituting L, = r~ into Eq. (9), we obtained
u(x)

x> 1

M 2/at+1_y1— 2/a+1

r’ Zm:O(_l)m (X am—é - + ):ym—z) for
M

EDDINC Dias L 27¢x(1m+1) for  x=<1
(20)

Thus, v(x) has a form of v(x) = K(f)rz. The user coverage
probability in Eq. (18) in the case of N = 1 has the form of

. * T .n (2
P(T)=mx exp | ——r%" —
0 14

B

K(T) + m) r) ar (21)
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In regular networks, the closed-form expression P(f) can be
obtained from Refs. [29,30] with parameters of A = g and B =

Qj”f*K(f) + A ). Since parameter B in [29,30] is in the form of
the infinity integral, the obtained closed-form expressions of our
approach should be more simple.

In the noise-limited network, the closed-form expression is
found as follows

Pl = —— (22)

Some works have derived the closed-form expressions in the case
of noise-limited network such as [27,40]. In the normal networks,
these expressions still have an infinity integral. The expression
in Eq. (22) is exactly closed-form since it is represented through
a limited number of standard operations. O

The power consumption. Since a user at a distance r from its
serving BS is assigned to Group n and served by a power level
of P, with a probability of P4,, the power consumption of a BS,
which is utilized to serve this user is

ﬁn = PnPan (23)

in which Py, is defined in Eq. (8).
The power consumption of the BS uses to serve the typical user
is obtained by

N 00
P= Z /0 Py Panf (r)dr (24)
n=1

4. Approximated expressions for stretched path loss model

The path loss under SPLM over distance r is defined by L, =
exp(—ar?) where o and 8 are tunable parameters. The inverse
function of SPLM is L~!(x) = (— ' Ve

It is seen from Egs. (10), (15) and (18) that the performance
metrics are the functions of v(x). To find the closed-form of the
performance metrics, the closed-form expression of v(x) should
be derived first.

Theorem 4.1. The closed-form expression of v(x) is given by

v(x)

(= F, (1,1+%,(1 —m)rx)

_p2x0em (1, 1+2,(1- m)ﬁ) forx>1
. SV (=1 (qm) 2Py <1_ 21— %,mfx)

EPBRICE Vi

%ZM“( 1)m=1xm+1(gm)~%/FU (1 — % 1-— ﬁ,mn> for x <1
(25)
in which

o 7, = ar? +log(x) and t; = arf.

e Fi(.,.,.)is confluent hypergeometric function of the first kind

e U(.,.,.) is confluent hypergeometric function of the second
kind
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4.1. When 2/8 is an integer

When 2/ is an integer, v(x) can be obtained by

v(x)
26
b1y A s
xE
2 (2/B) =1 =1 (—m@
@/p) = —r2g; m=t (e for  x>1
- (Z/ﬂ =] 2/ 7' MH1 (—m!
+x Dot (1)1 Zem=1 mZ/p-o+
<2/5—1)! 2/5 f“’ M+1 _ (=x)"
X= 78 p Bl @ ]1) m=1 (my1)2/p—o1 for x=<1
(26)

Proof. See Appendix B. O

Lemma 4.2. The association probability of user in Group n in
Eq. (10) and the coverage probability of the typical user in Eq. (16)
can be expressed by the following approximated closed-forms

Mg
[t . i
77A:”%;a)] {C (Tn—1705r: Tl,')\,) _;-(Trhoar_ 7_[)\)]

(27)
Yo @ I:f(Tn—l, T,r) = ¢(Ty, T, r = ntin )]
Pn
Ir\nﬂil wj [;(Tn—h 0,r= \/%) _ ((Tn, 0,r= \/%):I
(28)
. N Ng
P = Zwa
n=1 m=1
X Tpq, T.r = b T T r= &
{ n—1, 4,1 = ﬂkn { LT, r= H)Ln
(29)

where Ng is the degree of the Laguerre polynomial, t; and w; are the
i" node and weight of the quadrature, respectively.

Proof. The desired results are obtained by using a change of vari-
able y = wAr?, y = mwA,r? and utilizing the Gauss-Laguerre [41]
which states that [;* f(t)e™* ~ SN wf () O

5. Simulation and performance analysis
5.1. Theoretical validation

To validate the accuracy of analytical approach for both regular
path loss model (sparse network) and SPLM (UDN), Monte Carlo
simulation is utilized. It is assumed that there is only one user
group in these networks. For regular networks with whose BSs
are usually located with a low number of density, A is set at
0.25 BS/km? and the path loss exponent is 3.5. In the case of
UDNS, the density of BSs A is selected at 300 BS/km? and the
tunable parameters are § = 2/3,«¢ = 0.3. It is seen from
Fig. 2, the analytical curves visually match with the corresponding
simulation ones. This validates the accuracy of our analytical
approach.

5.2. User performance of each group

The tunable parameter of SPLM are selected as § = 2/3 and
o = 0.3. The number of users groups is N = 3 and four thresholds
are adopted as Ty = —o0,T; = —15,T, = —13,Tz = ®©
dB. According to 3GPP recommendations [42], the power ratio
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Fig. 2. Simulation and analytical results.

between groups varies from 2 to 20. Thus, the serving powers
of user groups are selected as Py = 10Ps;, P, = 5P5. The density
of BSs is assumed at A = 30 BS/km?.

With the selection of SINR thresholds, the users in Group 1,
2 and 3 are with downlink SINR on the control channel during
the establishment phase in ranges (—oo, —15), (—15, —13), and
(—13, o0) dB, respectively. However, Fig. 3 indicates that the typi-
cal user during the communication phase in Group 1 outperforms
others in Group 2 and Group 3. For example, when coverage
threshold T = 0 dB, the coverage probability of the typical user in
Group 1P; = 0.7112 which is 1.256 and 1.448 times greater than
others in Group 2 and Group 3, respectively. This phenomenon
can be explained as follows

e During the communication phase, all users experience the
same statistical interference power.

e The serving power of the users in Group 1 is 10 and 5 times
greater than those in Group 2 and 3, respectively.

Therefore, the users in Group 1 can experience higher SINRs and
consequently better coverage probability.

5.3. Effects of SNR and density of BSs

In Fig. 4, we examine the effects of SNR and the density of BSs
on the coverage probability of the typical user in which SNR is
defined as SNR = P/o2. It is assumed that there are two groups of
users N = 2. The related parameters are adopted as 8 = 2/3, a =
0.3, SINR threshold T = —5 dB, coverage threshold T = —10 dB.
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Fig. 3. Coverage probability of user groups.

There are two interesting conclusions that contradicts to other
related works on FFR performance analysis in the literature.

(1) Conclusion 1 as shown in Fig. 4a: when the density of BSs
A increases, the user coverage probability increases to the
peak if A is a small regime. Otherwise, it experiences a
decline.

(2) Conclusion 2 as shown in Fig. 4b: In high regimes of SNR
and A, increasing the serving power of a user may result in
the decline of its performance.

Regarding to Conclusion 1, the authors in [ 16] stated that the user
coverage probability exponentially reduces when A increases. In
addition, the authors assumed that SNR ~ +oc. Hence, the effect
of SNR on the network performance was not considered.

In the case of SNR is limited, the downlink SINR from Egs.(11)
and (13) is re-written as follows

. 8L,
1/P, + 1/SNR

When X is a small number, i.e. A in a small regime such as
A < 60 and SNR = 20 dB, an increase in A leads to the growth
of serving power and interfering power which is still small com-
pared to 1/SNR. Thus, the denominator of Eq. (30) increases at a
higher rate than the numerator. Consequently, the received SINR
and user coverage probability increase in this case. Specifically,
when A increases from 10 to 40, the user coverage probability
rises by 63% from 0.4968 to 0.8905. In contrast, when A is large
enough, an increment in interfering power is obtained when A
increases and be greater than 1/SNR. Thus, both the received SINR
and user coverage probability experience declines.

Regarding Conclusion 2, most of the works in the literature
for FFR with two groups of users stated that when transmission
power increases, the user performance reaches a peak and keeps
constant. However, in a low regime of SNR such as SNR < 10 dB
and A = 180 BS/km?, an increase in the transmission power leads
to an improvement to the received SINR during the establishment
phase [43]. Thus, some users will be pushed from lower groups
with high serving powers such as Group 1 to higher groups such
as Group 2 with low serving powers. When A is a small number,

SINRa() (30)

the number of interfering sources and consequently interfering
power are relatively smaller than 1/SNR. Thus, an increase in
SNR leads to a significant decline in 1/SNR and consequently the
interfering power + 1/SNR. Thus, the user coverage probability
increases with SNR when A is relatively small. In contrast, the
interfering power is significantly greater than 1/SNR if X is large
enough. Therefore, the positive effects of SNR on the user cov-
erage probability reduces with SNR. This may result in a decline
in user coverage probability when SNR increases. Take A = 180
for example, the user coverage probability is 0.7863 at SNR =
10 dB which is 7.6% greater than that at SNR = 30 dB. Generally,
this conclusion can state that if an increase in the density of
BSs is compulsory for UDNs utilizing FFR, then reducing their
transmission power is an effective solution.

In the high regime of SNR such as SNR > 10 dB and A = 180
BS/km?, the network is pushed into interference — limited state.
Thus, an increase in SNR does not make any remarkable change
in SINR during both establishment and communication phases.
Hence, the user coverage probability remains unchanged.

5.4. Effects of the number of user groups

In this section, we compare the user coverage probability for
two cases of N = 2 and N = 3. The transmission power ratios
are setat Py : P, : P3 = 10 : 1 : 0.5 in the case of N = 3
and P; : P, = 10 : 1 in the case of N = 2. For each value of A,
we find the optimal values of SINR thresholds so that the total
power consumption of two cases is the same. Hence, the user
coverage probability is computed from Eq. (18). In Fig. 5, the user
coverage probability is compared in different channel conditions,
particularly different values of o and .

Since mmWave signal experiences fast attenuation over dis-
tances, the received SINR on the downlink of the typical user
varies in a large range. Thus, the use of a specific power level may
not efficiently improve the performance of users. It is illustrated
from Fig. 5 that the system with N = 3 outperforms an other with
N = 2 in all selected channel conditions. Take « = 3.107!, 8 = 1
and the density of BSs is A = 400 (BS/km?) for example, the user
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Fig. 4. Effects of SNR and density of BSs on user performance.

coverage probability increases by 13.55% from 0.541 to 0.6143
when the number of user groups changes from 2 to 3.

The goals of increasing the number of user groups can be
explained as follows

e In the case of N = 2 with SINR threshold T;dB, there are
some users with very low values of SINR such as SINR <« T;
dB. These users require a significantly higher power level
to achieve acceptable performance. Thus, the serving power
10P is a suitable choice for these users. However, there exist
users with very high values of SINR such as SINR > T;. In
other related works in the literature such as [37], it was
stated that increasing transmission power cannot improve

the user performance with good received channel condi-
tions. In other words, the users with SINR > T; achieve the
same performance when the transmission power is P and
lower levels. Since there are only two transmission power
levels in the case of N = 2, all the users with SINR > Ty,
including users with SINR > Ty, are served by transmission
power level P. This may result in a waste of power.

In the case of N = 3, three power levels such as 10P, P and
0.5 are utilized. All the users with SINR > T; are served by
the lower power level such as 0.5P and they also achieve
the similar performance as in the case of serving power P.
Meanwhile, compared to the case of N 2, more users
with SINR < Ty are served by higher power levels such as
10P and 2P, and achieve significantly higher performance.
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This results in a significant improvement in user coverage P (SINRn(T) >T, T < SINR©)(r) < Tn)
probability as seen in Fig. 5. = (A.1)

P (Ty—1 < SINRO)X(r) < Ty)
6. Conclusion The numerator of Eq. (A.1) is computed as the following steps

This paper modeled the UDN network systems utilizing FFRin ~ p (SINRn(r) > T, To1 < SINRO(r) < Tn)
which the associated users of each BS are classified into N groups.

By which each group is served by a predetermined power level. Pagl(r) - gL(r)

. . =P >T, Tho1< ———<T,
Throughout the mathematical transformation, the user coverage | + 02 I,+1/y
probability was derived. The paper introduced a simple approach ) 5 )
to obtain user coverage probability in the case of a general path =P(g T [+o , Taa (I" to ) < glo) Tn (I" to )
loss model and the approximated closed-form in the case of PagL(r) PyL(r) PyI(r)

SPLM. Through the analytical and simulation results, two inter- (A2)
esting statements were found: (i) the user coverage probability

reaches the peak before passing a decline when the density of BSs in which I, and I are defined in Eqs. (6) and (12). Since g and g(®
increases, (ii) an increase in transmission power may result in a are exponential random variables with CDF f(x) = exp(—x), the
decline in user coverage probability. The paper also stated that an probability above can be re-written as follows

increase in the number of user groups can improve the user per-

formance without any additional requirement of BS transmission sno1 [Tip exp  — T"*Igj(u)‘(’f)>
power, particularly the user coverage probability increases 13.1% l_[ 1—[ ex ( T P ngL(rJ)> Je L((:)
. Tng; L(1})

when the number of user groups rises from 2 to 3. iy PaL(r) . ( 5 )
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Appendix A. Proof of Theorem 3.1 « exp (_n Arz) dr

The coverage probability of the user at a distance of r from The expectation in Eq. (A.4) can be expressed as the differ-
its serving BS which is defined in Eq. (14) can be re-written as ence of two expectations in which the second one, denoted by
follows ¢(Ty, T, 1) can be evaluated as follows
PSNR _ p <SINRn(r) > T[T,y < SINRO)(r) < Tn> ¢(T,. T.7)
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1 Appendix B
=FE Ssnl_[l_[ PkLr 1_[ Tn—1Ly; o 5 .
k=1jed, 1+ T,, I jeo 1 I Substituting L, = exp (ar; ) there integrals of v(x) can be
computed as follows
o 1 1
= SSp 1_[ Eg, l_[ pklr L (1) The first integral
k=1 jeo 1+ T ] + L,J =
Ly
N 0 X LMy
o 1 1 / b J
=SS, 1_[ exp | —2m Ay / 1-— il T ridr; . T
1 r 1+T%1L: 1+Tnﬁ (rﬂ+%)”ﬁ

= / rj exp (—a(l — m)rjﬁ) dr;

27T Ay & VkLrj 1 r
—Ssnl—[exp[— T,,/r oL ) 1 (e

vnl
A4 T o =_ u?P~Vexp (—a(1 — m)u) du
L 1 /8 0
-
_72 5 — | (A5) 17 .
L 4 +Tn# ~3 u?PVexp (—a(1 —mu)du  (B.1)
" 0
in which Eq. (A.5) i _ ! 2P| Fy E,l—i-z,(m—l)rx
22285 g1ty

As stated in Eq. ( ) 7 2 r is examined in th1s work Thus, 5 5 5
it can be assumed 20 ~ 1, L;/Ly ~ 1. Hence, these integrals — r—1F1 <7, 1+ E (m— ])‘L’]) (B.2)

L
in Eq. (A.5) can be si/mpllfled using Taylor series that states [44] 2 B
o . m which Eq. (B.1) follows transformation of variable u =
1 (D™ for x> 1 (A6) f Eq. (B.2) follows [45, p. 348]
x+1 ZM (—1)"X" for x<1, ) Usmg the properties of confluent hypergeometric function
m=0 B of the first kind, {Fy(a, b, z) = €*1Fi(b — a, b, —z), then
Thus the second integral, denoted by v(T,), can be expanded as L;rl .
follows Jr ¥ il mdrj equals
o If T, > 1, L)
f gy "y
M ]_Zrl r J
u(Ty) =L Ty (=1 / T Ly " 2
/B _ —
— r ! =5q2p o exp((m— 1)) Fr | 1.1 +2 5’ (1 —m)zy
M 1
- 2//3
+ T (=) /ﬁ Ly drj ~ogzpt exp(m— 1))k
T x <1,1+7,(1—m)r1> (B.3)
o If T, <1, B
" e When 2/ is an integer, the confluent hypergeometric
u(T,) = T1T+2Lr_1_m Z(_])m / Lg'“rjdrj (A7) function of the first kind {F; is obtained by [44, p. 324]
m= r
Similarly, the first integral in Eq. (A.5) can be expressed as 2 & 1
Y & 4 P F(L1+ 2. 0-mn ) =) (1= m)z)™
(T “) Hence ¢ (T, T, r) can be re-written as follows B — (2/8)
(B4)
(T, =3, 1_[ exp 2 v (T2 — u(Ty) (2) The second integral ch1°1 riL™1dr; is computed as
T Yk _ T Yn L7r i
o0
(A.8) f log()\ /B 1j exp(—a(m + ])T]ﬂ)dr]
. £ logtx)
Similarity, the first expectation in Eq. (A4) is ¢(Tp-1,T. 1) (r T )
which is obtained by replacing T in Eq. (A.8) by T%. 1 u?P~1 exp(—a(m + 1)u)du
The numerator can be obtained by utilizing above approach /3 rh 4 106X
for T = 0. Hence, the numerator is given by 1 2
2/B
= —(a(m+1)“"r{—,(m+ 1)z, (B.5)
© U(Tn,1 ) U(Tn) p P
2w A Sp—1exXp | —2nA—— | —spexp|—27A 1 2/8
0 Tn—1 Ty 3( a(m+1))"7" exp (—(m+ 1)1
x f(r)dr 2 2
) x U 1—7,1—7,(m+1)r> (B.6)
(A9) ( BB "
Substituting these results of Egs. (A.8) into (A.4), and then (A.9) where Eq. (B.5) is obtained by following [45, p. 346] and
into (A.1), the coverage probability P, as in Eq. (15). The Theo- I (x,y) is the upper incomplete gamma function; Eq. (B.6)
rem 3.1 has been proved. follows the relationship between the incomplete gamma

11
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(3

function and the confluent hypergeometric function of the
second kind U [44].

e When 2/ is an integer, the incomplete gamma func-

tion can be computed as I'(n + 1,z) = nle™ Z,’:}

(ilfll)!. Hence, the integral becomes
BQUE DR s 1yt 3 D
(a(m+ e P =R
(B.7)

in which Eq. (B.7) follows the binomial expansion.
Substituting Eqgs. (B.3) and (B.6) into Eq. (9) and
changing the sum index from (0, M) to (1, M + 1), we
get the first case (x > 0) of Eq. (25). The result for
x > 01in Eq. (26) is obtained by substituting Eqs. (B.3)
and (B.7) into Eq. (9).

) The third integral for x < 0 can be computed in the same
manner for the second one, i.e. by letting x = 1.
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