
Vol.:(0123456789)1 3

Arabian Journal for Science and Engineering 
https://doi.org/10.1007/s13369-021-05627-2

RESEARCH ARTICLE-MECHANICAL ENGINEERING

Development of a Generalized Mathematical Model for Slider‑Crank 
Mechanism Based on Multiobjective Concurrent Engineering 
with Application

Hoang Minh Dang1 · Van Phuong Bui2 · Van Binh Phung3 · Do Van Thom3 · Phung Van Minh3 · 
Sergey Sergeevich Gavriushin2,4 · Nguyen Viet Duc5 

Received: 6 January 2021 / Accepted: 30 March 2021 
© King Fahd University of Petroleum & Minerals 2021

Abstract
A design optimization of a slider-crank mechanism (SCM) based upon multiobjective concurrent engineering is presented 
in this paper. The proposed generalized mathematical model includes geometric equations, kinetic–dynamic expressions, 
fatigue strength and stability requirements and allows to take into consideration the manufacturing capabilities available. 
The model also allows for describing the actual mechanism characteristics and can be used directly for the detailed design 
stage of SCMs, in contrast to the simplified physical models available for preliminary design. Based on this approach, the 
multiobjective model of SCM which includes 11 variables, seven constrained expressions and the three most important 
objective functions (total mass, required power and maximum dynamic reaction) was developed. The closed-form analytical 
expressions were established to the relationship between objective functions, constraints and variables. The correctness of 
the model was checked by using the finite element method. By using the developed model, the optimization design of the 
main transmission of a fruit/vegetable washer was carried out. The genetic algorithm optimization has yielded 73 Pareto 
optimal solutions, and the three most suitable solutions according to the specific manufacturing capability were determined 
by employing a decision-making process based on the method of successive concessions. Further, a comparative study 
showed that the solutions obtained by the developed model have excelled the one obtained by means of the experience-based 
approach. It is noteworthy that the generalized mathematical model and the problem-solving approach adopted in this work 
can also be used for the SCM synthesis of other mechanical systems.

Keywords  Slider-crank mechanism synthesis · Multiobjective optimization model · Concurrent engineering · Decision-
making process · Genetic algorithm optimization · Fruit vegetable washer

1  Introduction

Slider-crank mechanism (SCM) has been widely used in dif-
ferent kinds of devices [1]. However, the design of SCMs is 
still is a complex issue that has drawn the attention of many 
researchers [2, 3]. To this end, the design of a mechanical 
device is traditionally divided into several steps, as it can 
be observed in Fig. 1a. Once a preliminary design had been 
reached, it could be modelled in a three-dimensional coordi-
nate system (3D), and then the kinematic–dynamic analysis 
could be properly examined. After that, the strength of every 
structural element, which refers to the most important link 
of SCM such as a crank or a connecting rod (or conrod, for 
short), is verified. If the design option is suitable, it will be 
used for the manufacturing process, otherwise the 3D model 
configuration needs to be rectified. For this purpose, this 
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process is usually carried out by means of computer-aided 
design (CAD) software, in which for every design option the 
calculation is performed by manually shifting over differ-
ent computing modules to check the corresponding require-
ments. However, the calculation process has to be carried 
out repeatedly until a valid solution is reached, which is both 
costly and time-consuming [4]. It is thus evident that only 
a small number of solutions are ordinarily analysed. The 
selected one sometimes depends on the subjective evalua-
tion of a design engineer instead of the actual optimal one 
for the case.

Although there are numerous publications regarding 
design optimization of SCMs, most of them have concen-
trated on several particular features rather than the develop-
ment of a generalized mathematical model. For instance, 
Refs. [5, 6] are only concerned about equations describ-
ing the boundary geometry and kinetics of SCM. Also, the 
dynamics of SCMs are studied in Refs. [7, 8], while the 
structural equilibrium of SCMs is analysed in Refs. [9, 10].

In Ref. [11], the dynamics of SCMs is analysed taking 
into account the effect of joint clearances. Further, Refs. 
[12, 13] explored the influence of both flexible components 
and joint clearance on the dynamics of SCMs. Besides, it is 
noteworthy that in many multiobjective mathematical mod-
els presented in the published works many important factors 
were either simplified or omitted. As an example, the models 
of Khemili et al. [14] and Mariti et al. [15] only involved 
kinetics and dynamics of SCMs, but shape and dimension 
of the structural elements (crank and conrod) were not taken 
into consideration. In contrast to this, the shape of the crank 
and the conrod was studied in the models of Azegami et al. 

[16] and of Chaudhary [17], but manufacturability and 
strength requirements were not considered. Equally impor-
tant, the mathematical sub-models were also drastically 
simplified, i.e. for kinematic analysis, only the dimension 
of structural elements was considered, leaving out of the 
analysis its shape and mass. While dealing with dynamics, 
several structural element features, such as weight, moment 
of inertia and gravity centre, were taken into account in [18], 
but its shape and s0tiffness were disregarded. (The links 
were assumed to be a rigid body).

With respect to the detailed design of the crank and the 
conrod, Ref. [19] presented a mathematical model, in which 
the exerted load on the system was given as an input datum, 
with a constant magnitude, while dynamic factors were 
ignored. This means that most of published works concen-
trated mainly on calculations for preliminary design stages 
[20], and the solution obtained from the optimization prob-
lem only served as guidelines or recommendations, rather 
than being directly useful for manufacturing purposes. Yet, 
most of developed multiobjective models have simplified 
physical forms and overlooked the features of a real structure 
such as strength, shapes and sizes suitable for the manufac-
turing facilities available.

As a result of this, the whole design process of SCMs 
still follows the traditional approach, as shown in Fig. 1a. 
To overcome the limitations of traditional approaches, a 
new one is proposed in this paper, i.e. an approach based on 
multiobjective concurrent engineering [21, 22] as shown in 
Fig. 1b. The essence of this approach is the development 
of a generalized mathematical model for SCM analyses. 
This new model takes into account numerous requirements 

Fig. 1   Design process of slider-
crank mechanism. a Traditional 
approach; b Proposed approach
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at different design stages. Apart from the features that 
belong to the traditional approach, such as geometrical and 
kinetic–dynamic characteristics, SCM strength and stabil-
ity requirements, manufacturability is included in the gen-
eralized mathematical model. This model can be directly 
implemented for the detailed design of SCMs. Accordingly, 
the model allows for the automatic calculation of kinematic 
(trajectory, velocity, acceleration) and dynamic (support 
reaction, torque) variables, as well as structural strength, 
stability and fatigue analyses of SCMs. With this model, 
numerous design solutions can be quickly analysed. The 
optimization algorithm, i.e. the genetic algorithm, is used 
for the determination of the set of Pareto optimal solutions. 
Some reasonable solutions are then selected with the aid 
of a decision-making method. As an example, this process 
was used for the fabrication of fruit/vegetable washer main 
transmission [23, 24].

The rest of this paper is organized as follows. Section 2 
presents a generalized mathematical model, in which the 
geometric, kinematic and dynamic equations, structural 
characteristics, manufacturability and assembly condition 
are fully described. The generalized mathematical model and 
validation of the model are presented in Sect. 3. Section 4 
introduces the determination of Pareto optimal solutions as 

well as the filter of solutions with the multiobjective deci-
sion-making method. Then, the results and discussions are 
figured out. Section 5 concludes some novelty contributions 
of this work.

2 � Generalized Mathematical Model

The configuration of an SCM is determined by seeking to 
comply with space limitations and geometrical restrictions 
in order to avoid possible singularities. The shape and the 
dimensions of structural elements are selected on the basis 
of standardized elements and manufacturability. Kinematic 
and dynamic equations are set to describe the performance 
of the mechanism. Besides, strength and stability equations 
are developed to ensure safety and reliability for the whole 
structure. SCMs are analysed as schematically shown in 
Fig. 2.

2.1 � Geometric Equations

In the design of SCMs, the first problem that as to be 
faced is its adequate location, as shown in Fig. 3. Also, the 
whole device should be bounded by outer working space 
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Fig. 2   Schematic overview of the analysis process
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dimensions h and b and its slider undergoes a resistive 
force F. Hence, to synthesize an SCM, it is necessary to 
define lengths l1 and l2, as well as eccentricity e that con-
form to the working space limitation. In order to comply 
with these requirements, it is possible to analyse one of the 
two systems of equations, each corresponding, to a specific 
situation, as depicted in Fig. 4.

Should the groove with length s fall beyond the radius 
of the crank, Fig. 4a, geometrical constraints are included 
in the system of Eq. 1.

On the other hand, if the groove/sliding link falls within 
the crank circle, Fig. 4b, the geometrical constraints are 
included in the system of Eq. 2

(1)

⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩

��
l2 + l1

�2
− e2 −

��
l2 − l1

�2
− e2 = s

l1 +

��
l2 + l1

�2
− e2 = b

l1 + e = h

l1 > 0

l2 ≥ l1 + e = h

e > l1

If s and h were equal, the second design option will bring 
an in-line SCM, and then e = 0, l1 = h/2, l2 = b–h, while if 
s < h, only the first design option is suitable, otherwise, if 
s ≥ h, it is possible to use both solutions. Although the first 
set of equations would provide a more effective solution, the 
total length of bars (l1 + l2) would be greater, thereby result-
ing in larger dynamic forces being generated.

2.2 � Manufacturability and Assembly Condition

Shapes of the crank and the conrod are determined on the 
basis of manufacturability and assembly condition [16, 17]. 
Links are usually symmetrical, with dimensions depicted 
as in Fig. 5.

Bushing housing diameters d1 and d2 are selected from 
standard bushing sizes, while dimensions of the key are ht, 
bt and tt.

The following expression (3) provides additional dimen-
sional conditions so that the crank can rotate freely, where 
Δi, i = 1…4 are safety excesses.

Further, there are conditions regarding manufacturability 
and requirements for assembly, which are set forth in expres-
sion (4), where Δi, i = 5…8 are safety excesses.

(2)

⎧
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h

2
+ e

e ≤ l1

(3)
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Fig. 3   Schematic representation of an SCM, where the trajectory s 
lays on the line Bd-Bc, with Bd being the starting point and Bc the end 
of the stroke
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2.3 � Kinematic and Dynamic Models

To reduce shaking force, a spring is attached to the SCM 
(spring-SCM), rather than using counterweights [9]. This 
prevents the increase of mass, size and volume of the struc-
ture, and the spring-SCM system will turn into the tradi-
tional SCM if spring stiffness K is null. The calculation 

(4)

⎧⎪⎪⎪⎨⎪⎪⎪⎩

b1 ≥ d1 + Δ5

b2 ≥ d2 + Δ6

b3 ≥ d2 + Δ7

b1

b2
≥ Δ8

scheme for kinematic and dynamic analysis of the spring-
SCM system under a single force F is illustrated in Fig. 6.

Friction at the joints is assumed negligible. The segment 
OA (crank) and AB (connecting rod) possess length l1 and 
l2, mass m1 and m2, gravity centre C and G, respectively. 
The slider B, which has mass m3, slides in the groove with 
an eccentricity e from the O-axis of the motor. The slider B 
is impelled by the external force F, consisting of the drag 
force Fc and the spring force. The dynamics of an SCM can 
be solved by using D´Alambert´s principle [25]. To build the 
model for the SCM, support reactions at joint O (XO, YO), 
joint A (XA, YA), joint B (XB, YB), and reaction NB at the slider 
B are considered as well as the required power P, which is 
obtained on the basis of moment M of the motor and angular 
velocity � =

��

�t
 at the joint O of the segment OA.
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Dynamic reaction at joint A:

Dynamic reaction at joint B:

Required driving power:

(5)
XO =

−
(
xA − xB

)
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(
yA − yB

)F + m1aCx +
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Drag force F can be derived as follows:

(12)F = −K(xB − l2) − s ⋅ Fc − s ⋅ � ⋅ NB

where μ is an average coefficient of friction between the 
slider and the groove.

Dynamic reaction at joint B is obtained by the following 
formula:
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with the kinetic features being provided in detail in 
Appendix 1.

For convenience, the analytical expressions describing 
geometrical features, mass and moment of inertia of the 
crank and the conrod are build based on the geometrical 
parameters of the structure [26]. Coordinates of gravity 
centres of the crank (uC) and conrod (uG) are given by:

while the moments of inertia corresponding to gravity cen-
tres of the crank (ICz) and the conrod (IGz) can be determined 
from:

Mass of the crank and the conrod and the entire structure 
are given by:

(13)
NB = −

(
yA − yB

)[
K
(
xB − l2

)
+ s ⋅ Fc

]

xA − xB + s ⋅ 2�
(
yA − yB

) +
1
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)[−IGz�AB+

−m2
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− m3

(
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(
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)
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(
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))]

(14)

⎧
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∑
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zCiV
CS
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∑
i

VCS

i

−
b1

2
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l2

2

(15)
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ICz =
�
i

IYY
Ci

+
�
i

mCS
i
r2
CCi

IGz =
�
j

IYY
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+
�
j

mCR
j
r2
GGj

where zCi is the coordinate of the gravity centre correspond-
ing to the rotation axis of the crank; Vi

CS and Vj
CR represent 

the volume of the crank and the conrod; ICi
YY, IGj

YY are the 
moment of inertia about the y-axis of the crank and the con-
rod; rCCi, rGGj are the swing arm length of the crank and the 
conrod; whilst m1, m2 and m represent as the mass of the 
crank, the conrod and total mass, respectively.

2.4 � Structural Model

The structural model is built in order to comply with the 
requirements on strength, fatigue and stability of SCM struc-
ture. Diagrams representing the crank and the conrod are 
presented in Fig. 7.

2.4.1 � Strength Limits

For the structural analysis, the crank can be considered as 
a beam subject to a transversal load P and an axial load N1, 
while the conrod is only submitted to an axial load N2.

(16)
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Fig. 7   Crank and conrod 
diagrams
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(i)	 Strength limits of the crank and conrod are expressed 
by [19]:

where nb is the strength safety factor; σ1 and σ2 are nor-
mal stresses of crank and conrod, respectively, which 
are defined as:

	   Determination of crank cross section A1(z), compres-
sion/tension load N1 and N2, and load T is provided in 
Appendix 2.

	 (ii)	 The conditions for the crank and the conrod not fail 
by shear at joints O and A (Fig. 5) is that the maxi-
mum shear stress at the sections of working cycles 
does not exceed the critical shear stress, τc, comply-
ing to:

(17)

⎧
⎪⎨⎪⎩
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max �1
≥ nb

�b

max �2
≥ nb

(18)

⎧
⎪⎪⎨⎪⎪⎩

�1 = �N1
± �M =

N1

A1(z)
±

My(z)x(z)
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± 6

P(l1 − z)

t1b
2(z)

�2 =
N2

A2

=
N2

b3t2

	 (iii)	 The strength conditions for the key are expressed as 

follows:

where ht, tt, bt are the dimensions of the key.

2.4.2 � Fatigue

Fatigue strength of the crank and conrod is expressed by 
[19].

where �� =
max �1−min �1

2
  and �m =

max �1+min �1

2
 represent 

stress amplitude and average stress of the crank, respec-
tively; k is a product of various factors that can influence 
the fatigue strength; and nf is the fatigue safety factor.

2.4.3 � Stability

To avoid lateral buckling of the crank, its thickness is lim-
ited by the formula t1

b1
≥

1

10
 [27]. Further, the condition on 

which the crank will be stable under axial loads N1 and N2, 
Fig. 8, should be investigated. From the theoretical point 
of view, instability can occur in two different planes [19]. 
However, with the assumed geometry for the SCM struc-
tural elements, instability of the crank and conrod will first 
occur on a plane perpendicular to the plane of motion 

(19)
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Fig. 8   Buckling of the crank and conrod in two different planes—
plane of motion and a plane perpendicular to the plane of motion
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(symmetric planar 2, as shown in Fig. 8). Hence, a study 
on this plane is needed. Critical loads of the crank Ncr1 and 
Ncr2 are derived by using the strain energy method [28, 29].

The total potential energy Э of the crank is:

Table 1   Model parameters Parameter Units Details

Size, working space h m Width limit
b m Length limit
s m Working trajectory

Load m3 kg Slider mass (const.)
F N Drag force

Power n (rev/min) Angular velocity of crank
Material properties ρ kg/m3 Density

µ − Slider—groove coefficient of friction
σb MPa Critical normal stress
τc MPa Critical shear stress
n − The safety factor in terms of the 

requirements on strength, fatigue 
and shear

E N/m2 Elastic modulus
σ-1 MPa Fatigue limit
k, ασ − Coefficient of material effect on 

oscillating feature (symmetrical 
and asymmetrical)

Table 2   Variable vector α Symbol in the model Real symbol Units Detail

α1 t1 m The least thickness of crank
α2 t2 m The least thickness of connecting 

rod
α3 K N/m Stiffness K of spring
α4 b1 m The maximum width of crank
α5 b2 m The minimum width of crank
α6 b3 m Width of connecting rod
α7 d1 m Internal diameter of the crank upper 

part
α8 d2 m Internal diameter of the crank lower 

part
α9 h1 m Thickness of the crank upper part
α10 h2 m Thickness of the crank lower part
α11 h3 m Thickness of the connecting rod 

ends

Table 3   Constraints Constraint Detail Expressions

f1 Geometry of SCM (1), (2)
f2 Manufacturability and assembly requirements (3), (4)
f3 Strength limits of the crank and connecting rod (17)
f4 Condition for the crank and connecting rod not to be broken (19)
f5 Strength requirement for the key (20)
f6 Fatigue requirement for the crank and connecting rod (21)
f7 Stability requirement for the crank and connecting rod (26)
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where I(z) = b1t
3

1

12

(
l1−z

l1

)
+

b2t
3

1

12

z

l1
 is the moment of inertia of 

the crank cross section.
An approximation of function y is selected by using the 

boundary conditions y(0) = 0, y’(0) = 0, y(l1) = 0, y’(l1) = 0 
as follows:

Based on the principle Lagrange–Dirichlet, the criti-
cal load N1cr is obtained by means of the first derivative 
condition of .

On the other hand, the critical load on the conrod is 
derived by the formula Euler [19]:

Yet, the requirement that the crank and connecting rod 
will not be unstable is:

where nst is a buckling safety factor (commonly in the range 
of 5—6) [19].

3 � Multiobjective Optimization Model 
of SCM

3.1 � Generalized Mathematical Model

The above-mentioned expressions (1)–(26) can be consid-
ered as a database of the generalized model. It includes the 

(22)

(23)y = �

(
1 − cos

(
2�z

l1

))

(24)Ncr1=
1

6

�2t3
1
E(b1 + b2)

l2
1

(25)Ncr2 =
�2E

(0.5l2)
2

b3t
3

2

12
=

�2Eb3t
3

2

3l2
2

(26)

⎧⎪⎨⎪⎩

Ncr1

maxN1

≥ nst

Ncr2

maxN2

≥ nst

majority of the technical factors in the design process of an 
SCM. However, their use varies according to each design 
circumstance and design engineer’s perception. For instance, 
a designer can only bear in mind some factors and leave 
behind others from his subjective point of view. Doing this 
results in different models in terms of variables, constraints 
and objective functions representing quality criteria for 
an SCM. In this work, it is presented a generalized model 
including 14 parameters, 11 variables, seven constrained 
expressions and three objective functions. These data are 
set forth in Tables 1, 2, 3 and 4.

3.1.1 � Parameters

The listed parameters in Table 1 are constant, among them 
σb, τc, E, σ-1, ασ, k are taken from the literature [19, 30].

3.1.2 � Variables

The variables of the SCM structure are included in Table 2.

3.1.3 � Constraints

Based on the analysis in Sect. 2, the constrained expressions 
for SCM structure are established and presented in detail in 
Table 3.

3.1.4 � Objective Function

The criteria in the multiobjective design of SCM structure 
are provided in Table 4.

3.2 � Validation of the Mathematical Model

Since the expressions (1)–(26) have been built by using 
classical mechanics, they are theoretically reliable. To vali-
date the developed model, several factors are analysed in 
comparison with the results obtained by the finite element 
method (FEM). The comparative study involves a particu-
lar parameter set such as: b1 = 0.045 m, b2 = 0.02, b3 = 0.02, 
t1 = t2 = 0.006 m, h1 = h3 = 0.018, h2 = 0.016 m, d1 = 0.01 m, 
d2 = 0.005 m.

Figure 9 shows the stress distribution of a crank obtained 
by means a FEM analysis and the developed model. It can be 
observed that the stress distribution along the crank length 
from these two tools is quite similar. Yet, the model allows 
for the determination of stress distribution not only at a par-
ticular moment, but also for the entire cycle. Also, the stress 
distribution in the crank over the tine of a single cycle from 
the model almost coincides with the one from FEM, as it 
can be seen in Fig. 10.

Table 4   Criteria in the multiobjective design of an SCM structure

Criteria Detail Expressions

Ф1 → MIN Mass of SCM (16)
Ф2 → MIN Required power (11)
Ф3 → MIN Maximum dynamic reaction 

at joint A
(7)
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Fig. 9   Stress distribution in the crank in a single cycle. a—FEM; b and c—developed model

Fig. 10   Stress distribution in the 
crank over the time of a single 
cycle from the model and FEM
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Table 5 provides maximum stress of crank and conrod 
given by the developed model and by FEM. It also reveals 
that the deviation is less than 3%, which is minor. Regard-
ing critical loads Ncr1 of crank and Ncr2 of conrod, which are 
presented in Table 6, the deviation between FEM and the 
ones provided by the proposed model is also negligible (less 
than 5%). These results indicate that the model is precise 
and reliable.

4 � Case study—Main Transmission System 
of Fruit and Vegetable Washer

One spring-SCM application is the main transmission sys-
tem of a fruit/vegetable washer [24, 31, 32]. The spring-
SCM creates a shaking motion of the washer drum, as 
illustrated in Fig. 11, in order to clean fruit and vegetable 
properly. With an experience-based approach, there is an 
initial variable set and an interval of variables, which are 
presented in Table 7.

4.1 � Determination of Pareto Optimal Solutions

Based on the developed model, a genetic algorithm optimi-
zation [33] is used to determine Pareto optimal solutions. 
This procedure is carried out by using MATLAB, and 73 
Pareto optimal solutions were found, some of which are 
included in Table 8. Distribution of solutions in the space 
of objective functions is illustrated in Fig. 12. Hence, as 
the number of Pareto solutions is quite large, the question 
of which ones should be selected for design purposes is of 
major concern to the analyst.

4.2 � Filter of Solutions with Multiobjective 
Decision‑Making Method

Among the aforementioned 73 Pareto optimal solutions, it 
is possible to filter out the suitable one based on the deci-
sion-making method. In fact, the priority order of criteria or 
objective functions is diversified upon the customer require-
ments. As soon as the priority order varies, the obtained 

Table 5   Maximum stress of the crank and conrod

Value Devel-
oped 
model

FEM Devi-
ation 
(%)

Crank maxσ1 (MPa) 8.957 8.712 2.812
minσ1(MPa) − 7.884 − 7.706 2.310

Connecting Rod maxσ2 (MPa) 1.835 1.835 0.0

Table 6   Critical loads on the crank and connecting rod

Developed model FEM Deviation (%)

Ncr1 (N) 461,897 426,930 4.8
Ncr2 (N) 31,581 31,492 0.3

Fig. 11   Spring-SCM in the fruit 
and vegetable washer [23]

Table 7   Initial variable set and 
interval of variables

α1 α2 α3 α4 α5 α6 α7 α8 α9 α10 α11

S0 0.009 0.004 487.7 0.067 0.047 0.032 0.055 0.025 0.019 0.011 0.02
maxα 0.003 0.003 0 0.03 0.03 0.03 0.006 0.006 0.009 0.006 0.006
minα 0.03 0.03 1000 0.1 0.1 0.1 0.06 0.03 0.055 0.03 0.03
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design option would be different. One of the most common 
decision-making methods for dealing with multiobjective 
optimization problems is the method of successive conces-
sions [34, 35], which is used in this study. Table 9 provides 
three resultant solutions once the priority order of objective 
functions Ф1, Ф2, Ф3 varies.

5 � Results

The design solutions (corresponding to solutions S1, S2, S3) 
obtained by the developed model are analysed in compari-
son with the ones (S0) from the experience-based approach, 
which is described in Ref. [36]. For the sake of convenience, 
the objective function values are established in the interval 
[0,1] by using the formula ‖Φ‖ =

Φ−minΦ

maxΦ−minΦ
 . Parameter set 

obtained by the experience-based approach and the devel-
oped model are presented in Table 10 and the comparative 
results can be observed in Table 11 and Fig. 13.

It can be observed in Table 12 and in Fig. 13 that solu-
tions obtained by the developed model are better the one 
obtained by the experience-based approach, i.e. mass, 
required power and dynamic forces are reduced by 1–3%, 
13–24% and 17–25%, respectively. Every solution S0, S1, 
S2 and S3 corresponds to a particular configuration of the 
SCM, as shown in Fig. 14.

Table 8   Several available Pareto optimal solutions

No. α1 α2 α3 α4 α5 α6 α7 α8 α9 α10 α11 Ф1 Ф2 Ф3

1 0.176 0.177 570.2 0.841 0.578 0.608 0.483 0.25 0.251 0.259 0.280 39.521 3.483 83.587
2 0.118 0.166 676.8 0.715 0.514 0.506 0.506 0.3 0.220 0.211 0.242 39.083 2.067 97.194
3 0.117 0.165 702.1 0.712 0.511 0.510 0.502 0.3 0.218 0.222 0.242 39.039 2.084 99.663
4 0.174 0.174 571.0 0.779 0.537 0.649 0.486 0.25 0.241 0.253 0.254 39.547 3.301 83.783
5 0.176 0.176 570.9 0.832 0.571 0.613 0.482 0.25 0.247 0.258 0.278 39.523 3.443 83.697
6 0.173 0.173 570.5 0.837 0.568 0.601 0.486 0.25 0.246 0.253 0.274 39.496 3.347 83.930
7 0.135 0.166 662.5 0.727 0.515 0.513 0.501 0.3 0.220 0.221 0.241 39.118 2.177 95.559
8 0.150 0.166 611.9 0.741 0.528 0.510 0.490 0.3 0.224 0.227 0.242 39.211 2.279 90.349
9 0.175 0.176 570.7 0.827 0.565 0.586 0.484 0.25 0.234 0.253 0.278 39.480 3.247 84.083
10 0.171 0.173 573.4 0.780 0.546 0.538 0.486 0.25 0.242 0.250 0.270 39.386 2.855 85.202
…
64 0.153 0.166 688.2 0.767 0.530 0.512 0.499 0.3 0.226 0.236 0.244 39.071 2.355 97.873
65 0.131 0.166 665.2 0.721 0.524 0.507 0.505 0.3 0.221 0.221 0.243 39.107 2.146 95.855
66 0.176 0.174 570.7 0.832 0.568 0.574 0.487 0.25 0.246 0.254 0.279 39.458 3.230 84.216
67 0.174 0.173 571.7 0.812 0.561 0.556 0.489 0.25 0.243 0.249 0.270 39.416 3.033 84.713
68 0.143 0.166 662.2 0.739 0.521 0.509 0.499 0.3 0.220 0.235 0.252 39.122 2.255 95.368
69 0.119 0.166 646.0 0.739 0.517 0.510 0.504 0.3 0.221 0.214 0.242 39.146 2.143 94.043
70 0.177 0.173 570.2 0.762 0.522 0.637 0.486 0.25 0.237 0.249 0.276 39.559 3.265 83.726
71 0.132 0.171 593.8 0.757 0.520 0.517 0.495 0.3 0.237 0.226 0.246 39.265 2.336 88.515
72 0.162 0.095 618.5 0.797 0.489 0.436 0.414 0.25 0.204 0.249 0.188 38.779 1.144 99.558
73 0.172 0.174 574.0 0.789 0.559 0.550 0.490 0.25 0.246 0.247 0.264 39.398 2.938 85.088

Fig. 12   Distribution of Pareto optimal solutions by GA-optimization

Table 9   Resultant solutions once the priority order of objective func-
tions varies

Solution Priority order № Ф1 Ф2 Ф3

S1
{
Φ1 ↦ Φ2 ↦ Φ3

}
72 38.779 1.144 99.558

S2
{
Φ1 ↦ Φ3 ↦ Φ2

}
59 38.851 1.150 97.260

S3
{
Φ2 ↦ Φ3 ↦ Φ1

}
25 38.845 1.186 98.601
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One solution of the three from the developed model 
(S1, S2, S3) was selected for the manufacture of the main 
transmission system of the fruit and vegetable washer, as 

illustrated in Fig. 15. It is noteworthy that with the devel-
oped model, the design process of the spring-SCM for the 
washer has become more flexible, convenient and effective. 
The model allows to generate a Pareto optimal set based on 
this the suitable optimal solutions can be selected according 
to specific manufacturing scenarios.

6 � Conclusion

A generalized model for SCM with a spring system, in 
which there are 11 variables, seven constrained expres-
sions and three objective functions is developed in this 
paper. Some variables were of a discrete type, which are 
common data of the standard components available in the 
market. Also, the constraint includes multiple factors of 
SCMs such as strength limits, fatigue and stability from the 
structural standpoint, geometrical conditions of the system, 

Table 10   Parameter set 
obtained by the experience-
based approach (S0) and the 
developed model (S1, S2, S3)

Solutions t1 t2 K b1 b2 b3 d1 d2 h1 h2 h3

S0 0.149 0.079 912.5 0.812 0.518 0.498 0.341 0.17 0.267 0.280 0.190
S1 0.162 0.095 618.5 0.797 0.489 0.436 0.414 0.25 0.204 0.249 0.188
S2 0.172 0.065 592.4 0.886 0.487 0.447 0.288 0.25 0.228 0.243 0.158
S3 0.117 0.166 702.1 0.712 0.511 0.510 0.502 0.30 0.218 0.222 0.242

Table 11   Comparative results Objective function Experience-
based approach 
S0

Developed model

S1 S2 S3

Ф1, W 40.022 39.067 39.224 39.040
Improvement of Ф1, % (in comparison with S0) − − 2.39% − 1.99%
Ф2, kg 2.497 1.894 2.148 2.084
Improvement of Ф2, % (in comparison with S0) − − 24.14% − 13.98% − 16.53%
Ф3, N 120.825 92.391 90.145 99.663
Improvement of Ф3, % (in comparison with S0) − − 23.53% − 25.39% − 17.51%

0
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0.4

0.6

0.8

1

||P_max|| ||RO_max|| ||m||

S0

S1

S2

S3

Fig. 13   Illustrative comparison of the outcome. S0—from experi-
ence-based approach [36] and S1, S2, S3- from the developed model

Fig. 14   3D model of SCM 
based on the outcome. S0, from 
experience-based approach [36] 
and S1, S2 and S3, from the 
developed model
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manufacturability and assembly requirements. The most 
important three criteria or objective functions are total of 
mass, the required driving power and the maximum dynamic 
support reaction. The correctness of the model was verified 
by means of a numerical simulation.

Next, the developed model was applied for the design 
process of a main transmission of the patented fruit and 
vegetable washer. Besides, by using the genetic algorithm 
optimization, 73 Pareto optimal solutions were determined. 
Then, with a decision-making process based on the method 
of successive concessions, the three most suitable optimal 
solutions according to the specific manufacturing scenario 
were defined. The comparative study showed that the solu-
tions obtained by the developed model have excelled the one 
yielded by the experience-based approach. At the same time 
mass of SCM, the required power and maximum dynamic 
reaction are reduced by 1–3%, 13–24% and 17–25%, respec-
tively. Therefore, they were implemented effectively for fur-
ther manufacture of fruit/vegetable washer.

It is remarkable that, in addition to design main transmis-
sion system of the fruit/vegetable washer, the generalized 
mathematical model also can be used for SCM design in 
many kinds of mechanical system, in which there might be 
different numbers of variable, constraint and criteria depend-
ing upon the specific circumstance. The model would yield a 
reliable design parameter set without having to re-check by 
using the costly analysis software based on the finite element 
method. Besides, the multiobjective optimization problem 
can be solved conveniently by using the model that would 
save time and expenditure in an efficient manner. And last 
but not least, it can be seen that the approach proposed in this 
paper can be widely applied for design of other mechanisms.

Appendix 1

Dynamic Formulation

⎧⎪⎪⎨⎪⎪⎩

�OA = � = �(t);

�OA = � =
d

dt
�(t) = ��(t);

�OA = � =
d2

dt2
�(t) = ���(t)

Angular coordinate, 
velocity, acceleration 
of the crank

xA = l1 cos�;yA = l1 sin� Joint A coordinates

xB = xA +

√
l2
2
−
(
yA − Δ

)2
;

yB = Δ = const

Slider B coordinates

xC = cos� ⋅ uC − sin� ⋅ vC;

yC = sin� ⋅ uC + cos� ⋅ vC

Gravity centre C coordi-
nates of the crank

sin � =
yA−Δ

l2
; cos � =

√
1 − (sin �)2 Sine and cosine of the 

angle θ, formed by the 
conrod and horizontal 
direction as shown in 
Fig. 1{

xG = xA + cos � ⋅ uG + sin � ⋅ vG

yG = yA − sin � ⋅ uG + cos � ⋅ vG

Gravity centre G coordi-
nates of the conrod

vB∕Cx∕Cy∕Gx∕Gy =
d

dt

(
xB
/
xC
/
yC
/
xG

/
yG

)

= f1÷5
(
�,��

)

aB∕Cx∕Cy∕Gx∕Gy =
d2

dt2

(
xB
/
xC
/
yC
/
xG

/
yG

)

= f6÷10
(
�,��,���

)

Velocity and acceleration 
of the slider B, grav-
ity centres C and G, 
respectively

�AB =
vB

PB
=

vB

xB tan� − Δ
= f11

(
�,��

)

�AB =
d

dt
�AB = f12

(
�,��,���

)
Angular velocity and 

acceleration of the 
conrod

Fig. 15   Application of the 
spring-SCM for the fruit and 
vegetable washer
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s = signum
(
vB
)
= ± This function determines 

sign and direction of 
slider B motion at any 
time t. As the slider 
moves right hand, s 
possesses the sign “ + ” 
and vice versa

Appendix 2

Cross Section and Loads on the Crank and Conrod

•	 Cross section of the crank: b(z) = b1
l1−z

l1
+ b2

z

l1
, z = 0..l1

•	 Compress ion / t ens ion  load  on  t he  c rank : 
N1 = XA ⋅ cos�(t) + YA ⋅ sin�(t)

•	 L o a d  o r t h o g o n a l  t o  t h e  c r a n k : 
T = XA ⋅ sin�(t) − YA ⋅ cos�(t)

•	 Compression/tension load on the connecting rod: 
N2 = XA ⋅ cos �(t) − YA ⋅ sin �(t)

Appendix 3

Nomenclature

F	� External force (N)
S	� Cross-sectional area of drum (cm2)

Greek Letters

ƞ	� Viscosity coefficient of water (kg/m × s)
µ	� Friction coefficient
ρ	� Density of water (kg/m3)
ω	� Angular velocity (rad/s

Subscripts

opt	� Optimized
max	� Maximum
min	� Minimum
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