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a b s t r a c t

This study focusses on establishing the finite element model based on a new hyperbolic sheareformation
theory to investigate the static bending, free vibration, and buckling of the functionally graded sandwich
plates with porosity. The novel sandwich plate consists of one homogenous ceramic core and two
different functionally graded face sheets which can be widely applied in many fields of engineering and
defence technology. The discrete governing equations of motion are carried out via Hamilton’s principle
and finite element method. The computation program is coded in MATLAB software and used to study
the mechanical behavior of the functionally graded sandwich plate with porosity. The present finite
element algorithm can be employed to study the plates with arbitrary shape and boundary conditions.
The obtained results are compared with available results in the literature to confirm the reliability of the
present algorithm. Also, a comprehensive investigation of the effects of several parameters on the
bending, free vibration, and buckling response of functionally graded sandwich plates is presented. The
numerical results shows that the distribution of porosity plays significant role on the mechanical
behavior of the functionally graded sandwich plates.
© 2021 China Ordnance Society. Publishing services by Elsevier B.V. on behalf of KeAi Communications
Co. Ltd. This is an open access article under the CC BY license (http://creativecommons.org/licenses/by/

4.0/).
1. Introduction

In many fields of engineering and industry, traditional materials
such as wood and metal are widely used for a long time ago.
However, the mechanical properties of these materials do not meet
the special requirements in many fields such as aerospace engi-
neering, submarine engineering, defence engineering and nuclear
power plant. In 1984, a group of material scientists in Japan pro-
posed the functionally gradedmaterials (FGMs) which are mixtures
of two or more individual ingredients with a smooth and contin-
uous varying of volume fractions and mechanical properties
through the thickness of the plates and beams [1]. After that, the
application of these materials is increased quickly. Therefore, a lot
of scientists paid their attention to investigate the mechanical and
thermal behaviors of these structures [2e6].

On the other hand, FGMs have been applied to multi-layered
structures such as laminated or sandwich structures because of
n Vinh).
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the gradual variation of the material properties at the interfaces
between the face layers. These structures are usually used in high-
temperature environments [7], so it is necessary to have an excel-
lent understanding of the static and dynamic response of these
structures. Nguyen et al. [8] applied first-order shear deformation
theory (FSDT) to analyze the vibration and buckling behavior of
functionally graded sandwich plates (FGSPs), in which a new
improvement of the transverse shear stiffness has been employed
to improve the accuracy and efficiency of FSDT. Nguyen et al. [9]
developed a new refined simple FSDT for static bending and free
vibration analysis of advanced composite plates. Thai et al. [10]
analyzed the mechanical behavior of FGSP via a new FSDT, where
the transverse displacement was divided into bending and shear
parts. Also, it has been applied to analyze the static bending
behavior of FGSP byMantari et al. [11]. However, the shear stress of
the FSDT does not equal to zeros at the surface of the plates, so it
needs a shear correction factor which depends on the material,
geometry as well as boundary conditions (BCs), so it is difficult to
predict the exact value of the shear correction factor. It has
prompted scientists to develop new theories that are more suitable
to analyze beams, plates and shells. Zenkour [12,13] developed
lf of KeAi Communications Co. Ltd. This is an open access article under the CC BY
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Fig. 1. The geometry and structure of the functionally graded sandwich plate with porosity.
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third-order shear deformation theory (TSDT) and sinusoidal shear
deformation theory (SSDT) to investigate the deflections, stresses,
free vibration and buckling behavior of FGSPs. Tounsi and his co-
workers [14e20] developed many simple and efficient HSDTs with
non-polynomial shape functions to study the static and dynamic
response of FGSPs. Vinh et al. [21,22] modified single variable shear
deformation theory for static bending and free vibration analysis of
FGM plates and FGM nanoplates. The thermomechanical bending
of FGSP has been investigated by Li et al. [23] using a four-variable
refined plate theory. In the work [24], Nguyen et al. developed a
new HSDT with inverse trigonometric shape function to research
the bending, free vibration and buckling of FGSP. Daikh [25,26] used
HSDT with fifth-order polynomial shape function to investigate the
effects of porosity on the bending, free vibration and buckling
behavior of power-law and sigmoid FGSPs. Daikh et al. [27] used a
hyperbolic shear deformation theory to analyze the static bending
of multilayer nonlocal strain gradient nanobeams reenforced by
carbon nanotubes. Sobhy [28] developed a four-variable shear
deformation theory for hygro-thermal buckling of porous FGM
sandwich microplates and microbeams. Taj et al. [29] analyzed the
FG skew sandwich plates using HSDT in combination with finite
element method (FEM). Xuan et al. [30] used isogeometric finite
element analysis (IGA) based HSDT to analyze composite sandwich
plates. Although the HSDT satisfies the stress-free conditions at two
surfaces of the plates and does not need any shear correction fac-
tors, these theories neglect the effects of the thickness stretching on
the behaviors of FGSPs, which are very important in the cases of
thick plates.

To take into account the thickness stretching effects on the thick
plates, various quasi-3D theories have been developed. Daikh et al.
[31] established a quasi-3D theory in combination with nonlocal
strain gradient for bending analysis of sigmoid FG sandwich
nanoplates. Neves et al. [32,33] developed quasi-3D theories to
investigate the static and dynamic response of the FGSP using the
meshless method and radial basis functions method. Sobhy et al.
[34] established a new quasi-3D theory to analyze free vibration
and buckling behavior of the FGM nanoplates. Akavci [35] devel-
oped a new HSDT and quasi-3D theory to study the behavior of
FGSP resting on elastic foundations. Bessaim et al. [36] established a
new HSDT and normal (quasi-3D) deformation theory to research
the bending and free vibration of FGSP with isotropic face sheets.
The bending analysis of FGSP had been investigated by Zenkour
[37] via a simple four-unknown shear and normal deformation
(quasi-3D) theory. Furthermore, the FSDT and HSDT have been
modified to Zig-Zag theory to study FGSP by Iurlaro et al. [38],
Neves et al. [39], Dorduncu [40] and Garg et al. [41] to analyze the
static and dynamic behavior of FGSPs. Liu et al. [42] used IGA in
cooperation with higher-order layer-wise theory to analyze
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laminated composite and FG sandwich plates. Pandey et al. [43]
used the layer-wise theory to analyze the free vibration of FGSP in
the thermal environment. Burlayenko et al. [44] used three-
dimensional finite elements to investigate the static bending and
free vibration behavior of the FGSP with the material properties are
calculated via Mori-Tanaka homogenization method.

The use of FGSPs in the fact shows that these structures usually
contact to different loads and environments such as static loads,
dynamic loads, blast loads and high-temperature environments
[45]. On the other hand, porosity is usually appeared in materials
during the fabrication process or intentionally created. By including
porosity, the stiffness of the structures is reduced, but it also re-
duces the mass of the structures. Besides, the optimization of the
material distribution, as well as the porous distribution through the
thickness of these structures, can improve the strength of the
structures or avoid the stress concentration phenomenon at the
surfaces. So, the sandwich structures can bemade ofmany different
types of FGM layers to maintain these features. Hence, FGSP with
porosity has been widely applied in many fields of engineering
including defence technology. For example, the FGSP with porosity
can be used to make the tank armor that can withstand nuclear
explosions. The cover of military aircraft or special military equip-
ment can be made from FGSP with porosity to reduce their weight.
Besides, the outer skin and fuel tanks of missiles are made of special
FGSP with porosity to reduce the total weight and increase heat
resistance. A lot of scientists have been focused on the investigation
of the static and dynamic response of the isotropic and sandwich
FG plates with porosity. Shahsavari et al. [46] developed a new
quasi-3D hyperbolic theory for free vibration of FG plates with
porosities resting on elastic foundations. Zenkour [47] analyzed the
mechanical behavior of FG single-layered and sandwich plates with
porosities. Barati et al. [48,49] analyzed vibration and post-buckling
of porous graphene platelet reinforced beams and cylindrical shells
with different porosity distributions. Sobhy et al. [50] considered
the effects of porosity on the buckling and vibration of double-FGM
nanoplates via a quasi-3D refined theory. Zenkour et al. [51] studied
the effects of porosity on the thermal buckling behavior of actuated
FG piezoelectric nanoplates. The displacement and stresses of FG
porous plates are investigated by Zenkour [52] via a quasi-3D
refined theory. Mashat et al. [53] developed a new quasi-3D
higher-order plate theory for bending analysis of porous FG
plates resting on elastic foundations under hygro-thermo-
mechanical loads.

In this study, a novel functionally graded sandwich plate (FGSP)
with three types of porous distribution is introduced and investi-
gated with static bending, free vibration and buckling problems.
The outlines of the paper are as follows: the basic formulation of
the problem is given in section 2, including the construction of
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FGSP with three types of porosity, the formulation of the new hy-
perbolic shear deformation theory and finite element formulations.
Section 3 gives the convergency and verification study as well as
the benchmark numerical results of the static bending, free vibra-
tion and buckling behavior of the FGSP with porosity with many
useful discussions in each subsection. Section 4 gives some
important summaries and good ideas for future works on the
investigation of these structures.

2. Problem formulation

2.1. Functionally graded sandwich plates with porosity

The mechanical behaviors of a novel sandwich plate with
porosity are investigated in this study. The sandwich plate consists
of one homogenous ceramic core and two different functionally
graded face sheets. The dimension of the sandwich plates is a in
x-direction, b in y-direction and the total thickness is h as shown in
Fig. 1. A group of three numbers as “i� j� k ” is used to denote the
ratio of the thicknesses of the bottom-core-top layers. It means the
thickness of the bottom layer is h:i=ði þ j þ kÞ, that of core layer is
h:j=ðiþjþkÞ and that of top layer is h:k=ði þ j þ kÞ.

2.1.1. The FGSP model with even porous face sheets (porosity I)
The variation of the effective material properties through the

thickness of the FGSP with porosity I are obtained by the following
formulae8>>>>>>><>>>>>>>:

PðzÞ¼ PbþðPc�PbÞ
�
z�z0
z1�z0

�p

� x

2
ðPbþPcÞ z0 � z� z1

PðzÞ¼ Pc z1<z<z2

PðzÞ¼ PtþðPc�PtÞ
�
z�z3
z2�z3

�p

� x

2
ðPtþPcÞ z2 � z� z3

(1)

where Pb; Pt and Pc are the material properties of the materials at
bottom surface, top surface and core layer of the sandwich plates,
and x is the coefficient of porosity ðx≪1Þ.

2.1.2. The FGSP model with linear-uneven porous face sheets
(porosity II)

For the FGSP with one perfect core and two linear-uneven
porous face sheets, the effective material properties are calcu-
lated by the following formula
8>>>>>>><>>>>>>>:

PðzÞ ¼ Pb þ ðPc � PbÞ
�
z� z0
z1 � z0

�p

� x

2
ðPb þ PcÞ

�
1� z� z0

z1 � z0

�
z0 � z � z1

PðzÞ ¼ Pc z1 < z< z2

PðzÞ ¼ Pt þ ðPc � PtÞ
�
z� z3
z2 � z3

�p

� x

2
ðPt þ PcÞ

�
z� z2
z3 � z2

�
z2 � z � z3

(2)
2.1.3. The FGSP model with linear-uneven porous core (porosity III)
The effective material properties of FGSP with one linear-

uneven porous core and two perfect face sheets are described by
the following formula
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8>>>>>>>>><>>>>>>>>>:

PðzÞ ¼ Pb þ ðPc � PbÞ
�
z� z0
z1 � z0

�p

z0 � z � z1

PðzÞ ¼ Pc � xPc

�
1� j2z� ðz2 þ z1Þj

z2 � z1

�
z1 < z< z2

PðzÞ ¼ Pt þ ðPc � PtÞ
�
z� z3
z2 � z3

�p

z2 � z � z3

(3)

The perfect FGSP are obtained easily by setting the porous co-
efficient x ¼ 0 in Eqs. (1)e(3).
2.2. Finite element formulation

2.2.1. Displacement field and strains
The higher-order shear deformation theory is adopted in this

study to describe the displacement of the sandwich plate as follows8<:uðx; y; z; tÞ ¼ uðx; y; tÞ þ f ðzÞbuðx; y; tÞ þ gðzÞquðx; y; tÞ
vðx; y; z; tÞ ¼ vðx; y; tÞ þ f ðzÞbvðx; y; tÞ þ gðzÞqvðx; y; tÞ
wðx; y; z; tÞ ¼ wðx; y; tÞ

(4)

where u; v; w; bu; bv; qu; qv are seven unknown displacement
functions at the middle surface of the plate and f ðzÞ, gðzÞ are the
shape function. Numerous shape functions have been introduced in
the literature. In this study, the novel hyperbolic shape functions of
f ðzÞ and gðzÞ are given as follows

f ðzÞ¼U:tanh
�z
h

�
þ F:sinh

�pz
h

�
; gðzÞ

¼ z� U:tanh
�z
h

�
þ F:sinh

�pz
h

� (5)

where

U ¼
5h cosh

�
p
2

�
4
�
tanh 2

�
1
2

�
þ cosh

�
p
2

�
� 1

�; F

¼
5h

�
tanh 2

�
1
2

�
� 1

�
4p

�
tanh 2

�
1
2

�
þ cosh

�
p
2

�
� 1

� (6)

The strain fields of the plate are
ε ¼ ε
0 þ f ε1 þ gε2

g ¼ f ’g1 þ g’g2
(7)

where
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ε
0 ¼

8<:
u;x
v;y
u;y þ v;x

9=; ; ε
1 ¼

8>>><>>>:
bu;x

bv;y

bu;y þ bv;x

9>>>=>>>; ; ε
2 ¼

8>>><>>>:
qu;x

qv;y

qu;y þ qv;x

9>>>=>>>;
(8)

g1¼
(
gu1
gv1

)
¼
�
w;xþbu

w;yþbv

	
; g2 ¼

(
gu2
gv2

)
¼
�
w;xþqu

w;yþqv

	
(9)

The lower comma is used to denote the derivation respect to the
following variable. It can be seen that f 0 ¼0 and g0s 0 at z ¼ ± h=2,
so g2ð±h=2Þ has to equal to zeros to satisfy the shear stress free
conditions at the top and bottom surfaces of the plate. This con-
dition of the shear strain will be treated at element level in finite
element formulation later. As a consequence, the shear strain vec-
tor can be obtained via g1 as follows

g¼
�
gxz
gyz

	
¼ f 0

(
gu1
gv1

)
¼ f 0g1 (10)

2.2.2. Constitutive relations
The linear constitutive relations of the plates are

s ¼ Dε; t ¼ Dsg (11)

where

s ¼ 

sx sy txy

�T
; t ¼ 


txz tyz
�T (12)

D ¼
24C11 C12 0
C12 C22 0
0 0 C66

35 ; Ds ¼
�
C55 0
0 C44

�
(13)

C11¼C22¼
EðzÞ
1� n2

; C12¼nC11; C44¼C55¼C66¼
EðzÞ

2ð1þ nÞ (14)

where EðzÞ; n are Young’s modulus and Poisson’s ratio, respec-
tively. It is noticed that the Poisson’s ratio is assumed constant and
equal to each material.

In this study, Hamilton’s principle is adopted to obtain the
equation of motion of the plates

0¼
ðT
0

ðdPþ dW þ dV � dTÞdt (15)

where dP; dW ; dV ; dT are respectively the variations of strain
energy, work done by external force, work done by in-plane
compressive load and kinetic energy of the plate.

2.2.3. Strain energy
The expression of the variation of the strain energy is obtained

as follows

dP¼1
2
d

ð
V

�
ε
T:sþ f ’g1

T:t
�
dV

¼
ð
V

�h
dε0þ f dε1þgdε2

iT
:D
�
ε
0þ f ε1þgε2

�
þdgT

1:f
’:t

	
dV

(16)
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After rearranging into matrix form and integrating through the
thickness of the plate, the variation of strain energy of the plate can
be calculated as follows

dP ¼
ð
A

�
duTP þ dgT

1Q 1

�
dA (17)

where R and T1 are the vector of stress resultants which are given
by

P ¼ Hu; Q1 ¼ Hsg1; u ¼ 

ε
0T

ε
1T

ε
2T

�T (18)

where

H ¼
ð
z

24D fD gD
fD f 2D fgD
gD fgD g2D

35dz; Hs ¼
ð
z

ðf ’Þ2Dsdz (19)
2.2.4. Work done by external force
The variation of work done by external transverse load is ob-

tained by

dW ¼
ð
A

qdwdA (20)
2.2.5. Work done by in-plane compressive loads
The variation of work done by in-plane compressive loads is

calculated by

dV ¼
ð
V

�
s0

�T
dεNLdV (21)

where

s0 ¼
n
s0x s0y t0xy

oT
(22)

and the Von Karman nonlinear strains εNL is expressed as

εNL ¼
1
2

26666666664

�
vu
vx

�2
þ
�
vv

vx

�2
þ
�
vw
vx

�2

�
vu
vy

�2

þ
�
vv

vy

�2

þ
�
vw
vy

�2

2
�
vu
vx

vu
vy

þ vv

vx
vv

vy
þ vw

vx
vw
vy

�

37777777775
(23)

By including the displacement field Eq. (4) into Eq. (23), the
variation of work done by in-plane compressive loads is obtained as

dV ¼
ð
S

�
VqTS0Vdq

�
dS (24)

where .V ¼ fv=vx; v=vygT., q ¼ fu; v; wgT . The matrix S0 are
given by
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S0 ¼

2666666664

l0 0 0 l1 0 l2 0
0 l0 0 0 l1 0 l2

0 0 l0 0 0 0 0
l1 0 0 l11 0 l12 0
0 l1 0 0 l11 0 l12

l2 0 0 l12 0 l22 0
0 l2 0 0 l12 0 l22

3777777775
(25)

where

l0¼
ð
h

bs0dz; l1 ¼
ð
h

f bs0dz; l2 ¼
ð
h

gbs0dz; l11 ¼
ð
h

f 2 bs0dz; l22

¼
ð
h

g2 bs0dz; l12 ¼
ð
h

fgbs0dz

(26)

bs0 ¼
24 s0x t0xy

t0xy s0y

35 (27)
2.2.6. Kinetic energy
The variation of the kinetic energy of the plate is obtained as

dT ¼
ð
V

r
�
_ud _uþ _vd _vþ _wd _w



dV ¼

ð
S

d _qTI0 _qdS (28)

where I0 are obtained as the following formulae

I0 ¼
ð
h

LTrLdz; L ¼
241 0 0 f 0 g 0
0 1 0 0 f 0 g
0 0 1 0 0 0 0

35 (29)
2.2.7. Finite element formulations
A four-node quadrilateral plate element with seven degrees of

freedom is employed to investigate the FGSP with porosity. The
nodal displacement vector of the i� th node is

di ¼


ui vi wi bui bvi qui qvi

�T
; i ¼ 1;4 (30)

The nodal displacement vector of the plate element, Ue, is
defined as

Ue ¼
n
dT1 dT2 dT3 dT4

oT
(31)

The coordinates and displacement variables at any points of the
element are approximated via the shape functions as following
formulae
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8>>>>>>>>>><>>>>>>>>>>:

x ¼
X

Nixi y ¼ P
Niyi

u ¼
X

Niui v ¼ P
Nivi

w ¼
X

Niwi

bu ¼
X

Nib
u
i bv ¼

X
Nib

v
i

qu ¼
X

Niq
u
i þ Nmq

u
m qv ¼

X
Niq

v
i þ Nmq

v
m

(32)

where Ni are the linear shape functions and Nm is a quadratic shape
function which are given by

N1 ¼ 1
4
ð1� xÞð1� hÞ; N2 ¼ 1

4
ð1þ xÞð1� hÞ

N3 ¼ 1
4
ð1þ xÞð1þ hÞ; N4 ¼ 1

4
ð1� xÞð1þ hÞ

Nm ¼ 1
16

�
1� x2

��
1� h2

� (33)

The coefficients qum; qvm are used to treat the condition g2 ¼ 0 at
the bottom and top surfaces of the plates, which is performed in the
integral form as followsð
A

g2dA¼
ð
A

�
w;x þ qu

w;y þ qv

	
dA ¼ 0 (34)

By substituting w; qu; qv from (32) into (34), one gets

ð
A

8<:
X

Ni;xwi þ
X

Niq
u
i þ Nmq

u
mX

Ni;ywi þ
X

Niq
v
i þ Nmq

v
m

9=;dA¼0 (35)

From the expression of Eq. (35), the parameter qum and qvm can be
calculated by

qum ¼�1
J

�
tu1w1 þ tu2w2 þ tu3w3 þ tu4w4 þ c1q

u
1 þ c2q

u
2 þ c3q

u
3 þ c4q

u
4



(36)

qvm ¼�1
J

�
tv1w1 þ tv2w2 þ tv3w3 þ tv4w4 þ c1q

v
1 þ c2q

v
2 þ c3q

v
3 þ c4q

v
4



(37)

In Eqs. (36) and (37), the parameters tui ; tvi ; ci and J are
calculated as the following formulae

tui ¼
ð
A

Ni;xdA; tvi ¼
ð
A

Ni;ydA; ci ¼
ð
A

NidA; J¼
ð
A

NmdA; i¼1;4

(38)

Now Eqs. (36) and (37) can be rewritten in matrix form as
follows
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qum ¼ Bu
f0Ue; qvm ¼ Bv

f0Ue (39)

where
Bu
f0 ¼ �1

J

�
0 0 tu1 0 0 c1 0 0 0 tu2 0 0 c2 0 0 0 tu3 0 0 c3 0 0 0 tu4 0 0 c4 0

�
Bv
f0 ¼ �1

J

�
0 0 tv1 0 0 0 c1 0 0 tv2 0 0 0 c2 0 0 tv3 0 0 0 c3 0 0 tv4 0 0 0 c4

� (40)
Eq. (39) is inserted into Eq. (32), it leads to

qu ¼
X

Niq
u
i þ Nmqum ¼

X
Niq

u
i þ Nm

�
Bu
f0

�
Ue

qv ¼
X

Niq
v
i þ Nmqvm ¼

X
Niq

v
i þ Nm

�
Bv
f0

�
Ue

(41)

2.2.7.1Introducing Eq. (41) into expression of dε2, one gets

dε2 ¼

8>>>><>>>>:

X
Ni;xdq

u
iX

Ni;ydq
v
iX

Ni;ydq
u
i þ

X
Ni;xdq

v
i

9>>>>=>>>>;

þ

8>>>><>>>>:
Nm;xBu

f0dUe

Nm;yBv
f0dUe

Nm;yBu
f0dUe þ Nm;xBv

f0dUe

9>>>>=>>>>;

(42)

The variation of the axial strain vector can be rewritten in short
form as

du ¼ BdUe ¼
�
Bmf þ Bf

�
dUe (43)

In which the expression of Bmf and Bf are given by

Bmf ¼
h
B1
mf B2

mf B3
mf B4

mf

i
; Bf ¼

26666666664

0
0

Nm;xBu
f0

Nm;yBv
f0

Nm;yBu
f0þNm;xBv

f0

37777777775
(44)

where

Bi
mf ¼

26666666666664

Ni;x 0 0 0 0 0 0
0 Ni;y 0 0 0 0 0
Ni;y Ni;x 0 0 0 0 0
0 0 0 Ni;x 0 0 0
0 0 0 0 Ni;y 0 0
0 0 0 Ni;y Ni;x 0 0
0 0 0 0 0 Ni;x 0
0 0 0 0 0 0 Ni;y
0 0 0 0 0 Ni;y Ni;x

37777777777775
; i ¼ 1;4 (45)

The variation of the shear strain vector can be expressed in the
matrix form as
495
dg1 ¼ BsdUe (46)

where
Bs ¼
h
B1
s B2

s B3
s B4

s

i
;

Bi
s ¼

"
0 0 Ni;x Ni 0 0 0
0 0 Ni;y 0 Ni 0 0

#
; i ¼ 1;4

(47)

By inserting Eqs. (43) and (46) into the expression of the vari-
ation of the strain energy, one gets

dP¼
ð
A

dUT
e

�
Bmf þBf

�T
H
�
Bmf þBf

�
UedAþ

ð
A

dUT
eB

T
sHsBsUedA

(48)

The variation of work done by external force in terms of nodal
displacements are obtained as the following formula

dW ¼
ð
A

dUT
eN

T
wqdA (49)

where Nw is given by

Nw ¼ ½Nw1 Nw2 Nw3 Nw4 �;
Nwi ¼ ½0 0 Ni 0 0 0 0 �; i ¼ 1;4 (50)

The variation of work done by compressive load are calculated
as following formula

dVE ¼ dUT
e

ð
S

ðDNÞTS0ðDNÞdSUe ¼ dUT
e

ð
S

�
GTS0G

�
dSUe (51)

where G is given by

G ¼ DN; D ¼ diagðV;V;V;V;V;V;VÞ (52)

The variation of kinetic energy is obtained as the following
formula

dT ¼ 1
2

ð
A

ð
z

�
Nd _Ue

�T
LTrL

�
N _Ue

�
dzdA ¼ 1

2

ð
A

d _U
T
eN

TI0N _UedA

(53)

Inserting Eqs. 48e52 into (15), and using the trivial manner of
classical FEM, one gets the finite element equations of static
bending, free vibration and buckling problem of the plates.

For the bending problem

KU ¼ f (54)

For the free vibration problem



Table 2
The comparison of the non-dimensional axial stress of FG sandwich plates.

p Method 1-0-1 1-2-1 1-1-1 2-2-1 1-2-1

0 Present 1.99178 1.99178 1.99178 1.99178 1.99178
Zenkour [12] (TSDT) 2.04985 2.04985 2.04985 2.04985 2.04985
Zenkour [12] (SSDT) 2.05452 2.05452 2.05452 2.05452 2.05452

1 Present 1.54246 1.29012 1.39234 1.39234 1.29012
Zenkour [12] (TSDT) 1.57923 1.49587 1.42617 1.32062 1.32309
Zenkour [12] (SSDT) 1.58204 1.49859 1.42892 1.32342 1.32590

2 Present 1.78157 1.44532 1.59201 1.59201 1.44532
Zenkour [12] (TSDT) 1.82167 1.72144 1.62748 1.47095 1.47988
Zenkour [12] (SSDT) 1.82450 1.72412 1.63025 1.47387 1.48283

5 Present 1.94773 1.60268 1.77944 1.77944 1.60268
Zenkour [12] (TSDT) 1.99272 1.91302 1.8158 1.61181 1.63814
Zenkour [12] (SSDT) 1.99567 1.91547 1.81838 1.61477 1.64106

Table 3
The comparison of the non-dimensional shear stress of FG sandwich plates.

p Method 1-0-1 1-2-1 1-1-1 2-2-1 1-2-1

0 Present 0.22930 0.22930 0.22930 0.22930 0.22930
Zenkour [12] (TSDT) 0.23857 0.23857 0.23857 0.23857 0.23857
Zenkour [12] (SSDT) 0.24618 0.24618 0.24618 0.24618 0.24618

1 Present 0.27853 0.24078 0.24881 0.24881 0.24078
Zenkour [12] (TSDT) 0.29203 0.27104 0.26117 0.25951 0.25258
Zenkour [12] (SSDT) 0.29907 0.27774 0.26809 0.2668 0.26004

2 Present 0.31115 0.24557 0.25836 0.25836 0.24557
Zenkour [12] (TSDT) 0.32622 0.28838 0.27188 0.26939 0.25834
Zenkour [12] (SSDT) 0.33285 0.29422 0.27807 0.27627 0.26543

5 Present 0.36976 0.25148 0.27195 0.27195 0.25148
Zenkour [12] (TSDT) 0.38634 0.31454 0.28643 0.28265 0.26512
Zenkour [12] (SSDT) 0.39370 0.31930 0.29150 0.28895 0.27153

Table 4
The convergency and comparison of the non-dimensional center deflection of FGSP
with porosity.

x Method 1-0-1 1-1-1 1-2-1 2-1-2 2-2-1
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�
K � u2M

�
U ¼ 0 (55)

For the buckling problem

�
K � lKg



U ¼ 0 (56)

In which, K ; M; Kg; f ; U are respectively the global stiffness
matrix, the global mass matrix, the global geometric stiffness ma-
trix, the global nodal force vector and global displacement vector of
the plate. These matrices and vectors are assembled by the element
stiffness matrix Ke; the element mass matrix Me; the element
geometric stiffness matrix Kge and the element nodal force vector
f e: They are computed by the following formulae

Ke ¼ Lmf þ Ls (57)

Lmf ¼
ð
A

�
Bmf þ Bf

�T
H
�
Bmf þ Bf

�
dA (58)

Ls ¼
ð
A

BT
sHsBsdA (59)

Kge ¼
ð
A

GTS0GdA (60)

Me ¼
ð
A

NTI0NdA (61)
Table 1
The convergency and comparison of the non-dimensional center deflection of FG
sandwich plates.

p Method 1-0-1 1-2-1 1-1-1 2-2-1 1-2-1

0 Present ð2 � 2Þ 0.15980 0.15980 0.15980 0.15980 0.15980
Present ð8 � 8Þ 0.19342 0.19342 0.19342 0.19342 0.19342
Present ð16 � 16Þ 0.19540 0.19540 0.19540 0.19540 0.19540
Present ð32 � 32Þ 0.19590 0.19590 0.19590 0.19590 0.19590
Present ð40 � 40Þ 0.19596 0.19596 0.19596 0.19596 0.19596
Zenkour [12] (TSDT) 0.19606 0.19606 0.19606 0.19606 0.19606
Zenkour [12] (SSDT) 0.19605 0.19605 0.19605 0.19605 0.19605

1 Present ð2 � 2Þ 0.26399 0.22333 0.23963 0.23963 0.22333
Present ð8 � 8Þ 0.31925 0.26739 0.28813 0.28813 0.26739
Present ð16 � 16Þ 0.32251 0.27005 0.29103 0.29103 0.27005
Present ð32 � 32Þ 0.32333 0.27072 0.29176 0.29176 0.27072
Present ð40 � 40Þ 0.32343 0.27080 0.29185 0.29185 0.27080
Zenkour [12] (TSDT) 0.32358 0.30632 0.29199 0.28085 0.27094
Zenkour [12] (SSDT) 0.32349 0.30624 0.29194 0.28082 0.27093

2 Present ð2 � 2Þ 0.30269 0.24969 0.27220 0.27220 0.24969
Present ð8 � 8Þ 0.36828 0.29868 0.32845 0.32845 0.29868
Present ð16 � 16Þ 0.37210 0.30164 0.33179 0.33179 0.30164
Present ð32 � 32Þ 0.37307 0.30238 0.33263 0.33263 0.30238
Present ð40 � 40Þ 0.37319 0.30247 0.33273 0.33273 0.30247
Zenkour [12] (TSDT) 0.37335 0.35231 0.33289 0.31617 0.30263
Zenkour [12] (SSDT) 0.37319 0.35218 0.3328 0.31611 0.30260

5 Present ð2 � 2Þ 0.33061 0.27475 0.30103 0.30103 0.27475
Present ð8 � 8Þ 0.40368 0.33037 0.36640 0.36640 0.33037
Present ð16 � 16Þ 0.40791 0.33370 0.37021 0.37021 0.33370
Present ð32 � 32Þ 0.40898 0.33454 0.37118 0.37118 0.33454
Present ð40 � 40Þ 0.40911 0.33464 0.37129 0.37129 0.33464
Zenkour [12] (TSDT) 0.40927 0.39183 0.37145 0.34960 0.33480
Zenkour [12] (SSDT) 0.40905 0.3916 0.37128 0.34950 0.33474

0 Present ð2 � 2Þ 0.30269 0.27220 0.24969 0.28655 0.25933
Present ð8 � 8Þ 0.36828 0.32845 0.29868 0.34756 0.31198
Present ð16 � 16Þ 0.37210 0.33179 0.30164 0.35115 0.31512
Present ð32 � 32Þ 0.37307 0.33263 0.30238 0.35205 0.31592
Present ð40 � 40Þ 0.37319 0.33273 0.30247 0.35216 0.31601
Daikh and Zenkour [25] 0.37326 0.33283 0.30262 0.35224 0.31614

0.1 Present ð2 � 2Þ 0.35702 0.31414 0.28173 0.33458 0.29541
Present ð8 � 8Þ 0.43557 0.37902 0.33573 0.40657 0.35491
Present ð16 � 16Þ 0.44014 0.38288 0.33903 0.41079 0.35848
Present ð32 � 32Þ 0.44130 0.38385 0.33986 0.41186 0.35938
Present ð40 � 40Þ 0.44144 0.38397 0.33996 0.41199 0.35949
Daikh and Zenkour [25] 0.44152 0.38408 0.34012 0.41208 0.35963

0.2 Present ð2 � 2Þ 0.43217 0.36958 0.32210 0.39968 0.34209
Present ð8 � 8Þ 0.52830 0.44487 0.38116 0.48588 0.40960
Present ð16 � 16Þ 0.53389 0.44938 0.38484 0.49094 0.41369
Present ð32 � 32Þ 0.53530 0.45052 0.38577 0.49222 0.41472
Present ð40 � 40Þ 0.53547 0.45066 0.38589 0.49237 0.41485
Daikh and Zenkour [25] 0.53558 0.45079 0.38606 0.49248 0.41501

Table 5
The comparison of the non-dimensional axial stress of FGSP with porosity.

x Method 1-0-1 1-1-1 1-2-1 2-1-2 2-2-1

0 Present 1.78061 1.59120 1.44463 1.68389 1.43449
Daikh and Zenkour [25] 1.78397 1.59409 1.44725 1.68697 1.43712

0.1 Present 1.70550 1.48770 1.31517 1.59596 1.30495
Daikh and Zenkour [25] 1.70865 1.49029 1.31746 1.59879 1.30725

0.2 Present 1.61925 1.36725 1.16859 1.49357 1.16225
Daikh and Zenkour [25] 1.62215 1.36952 1.17052 1.49611 1.16421
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Table 6
The comparison of the non-dimensional shear stress of FGSP with porosity.

x Method 1-0-1 1-1-1 1-2-1 2-1-2 2-2-1

0 Present 0.30400 0.25197 0.23977 0.26754 0.25016
Daikh and Zenkour [25] 0.32991 0.27529 0.26224 0.29161 0.27318

0.1 Present 0.31157 0.25804 0.24278 0.27834 0.25581
Daikh and Zenkour [25] 0.35817 0.28392 0.26722 0.30541 0.28114

0.2 Present 0.32099 0.26459 0.24603 0.29046 0.26191
Daikh and Zenkour [25] 0.39364 0.29385 0.27292 0.32158 0.29020
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f e ¼
ð
A

NT
wqdA (62)

3. Numerical results and discussions

3.1. Convergency and verification study

To verify the convergent rate and the accuracy of the present
algorithm, some comparisons between the results of the present
procedure with published data will be considered in this
subsection.

Firstly, a square FGM sandwich plates with one homogenous
ceramic core of ZrO2 and two FGM face sheets of Al=ZrO2 is
examined. Young’s modulus of ZrO2 and Al are Ec ¼ 151 GPaand
Em ¼ 70 GPa, respectively; while the Poisson’s ratio is constant
n ¼ 0:3, and the side-to-thickness ratio of the plate is a=h ¼ 10. The
plate is simply supported at all edges and subjected to sinusoidal
load. The non-dimensional center deflections, axial and shear
stresses are computed as the following formulae ðE0 ¼ 1 GPaÞ

w¼10hE0
a2q0

w
�
a
2
;
b
2

�
; sx¼10h2

a2q0
sx

�
a
2
;
b
2
;
h
2

�
; txz¼ h

aq0
tx

�
0;
b
2
;0
�
(63)
Table 7
The convergency and comparison of the non-dimensional frequency of FG sandwich pla

p Method 1-0-1 2-1-2

0 Present ð2 � 2Þ 2.38279 2.38279
Present ð8 � 8Þ 1.85410 1.85410
Present ð16 � 16Þ 1.83181 1.83181
Present ð32 � 32Þ 1.82629 1.82629
Present ð40 � 40Þ 1.82563 1.82563
Zenkour [13] (TSDT) 1.82445 1.82445
Zenkour [13] (SSDT) 1.82452 1.82452

0.5 Present ð2 � 2Þ 1.87122 1.92111
Present ð8 � 8Þ 1.46728 1.50772
Present ð16 � 16Þ 1.44994 1.48994
Present ð32 � 32Þ 1.44564 1.48553
Present ð40 � 40Þ 1.44513 1.48500
Zenkour [13] (TSDT) 1.44424 1.48408
Zenkour [13] (SSDT) 1.44436 1.48418

1 Present ð2 � 2Þ 1.60331 1.67077
Present ð8 � 8Þ 1.26283 1.32049
Present ð16 � 16Þ 1.24804 1.30515
Present ð32 � 32Þ 1.24437 1.30135
Present ð40 � 40Þ 1.24393 1.30089
Zenkour [13] (TSDT) 1.24320 1.30011
Zenkour [13] (SSDT) 1.24335 1.30023

5 Present ð2 � 2Þ 1.24506 1.28361
Present ð8 � 8Þ 0.96154 0.99779
Present ð16 � 16Þ 0.94976 0.98574
Present ð32 � 32Þ 0.94685 0.98276
Present ð40 � 40Þ 0.94650 0.98240
Zenkour [13] (TSDT) 0.94598 0.98184
Zenkour [13] (SSDT) 0.94630 0.98207
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Table 1 presents the comparison between the present numerical
results and those of Zenkour [12] of an FG sandwich plate without
porosity. It can see clearly that the numerical results converge at
the mesh of 32� 32. The results in Tables 2 and 3 are calculated
using the mesh of 32� 32. According to Tables 1e3, the present
results at the mesh of 32�32 are in good agreement with the re-
sults of Zenkour [12] using TSDT and SSDT.

Next, the authors examine the static bending of a square FGSP of
Al=ZrO2 with different values of porosity coefficients. The geometry
and materials properties are similar to those of previous compari-
son, the volume fraction index is p ¼ 2. It is noticed that this
sandwich plate is achieved easily from FGSP of porosity I by setting
two metal ingredients at the bottom and top layer with similar
material properties. The present results are compared with those of
Daikh and Zenkour [25] using an analytical solution. The compar-
ison the non-dimensional center deflections, axial stress and
transverse shear stress are presented in Tables 4e6. It is obvious
that the numerical results converge at the mesh of 32� 32, and
close to the results of Daikh and Zenkour [25] using the analytical
solution.

Secondly, the non-dimensional frequency and critical buckling
load of a square FG sandwich of Al=Al2O3 using the present algo-
rithm are compared to those of Zenkour [13] using TSDT and SSDT.
In this examination, the square FG sandwich plate is made of one
homogenous ceramic core of Al2O3, two similar FGM face sheets of
Al=Al2O3, and the side-to-thickness ratio of a=h ¼ 10. The material

properties of Al2O3 are Ec ¼ 380 GPa, rc ¼ 3800 kg=m3, n ¼ 0:3,

and those of Al are Em ¼ 70 GPa, rm ¼ 2707 kg=m3,n ¼ 0:3. The
following non-dimensional parameters are used

u¼u
a2

h

ffiffiffiffiffi
r0
E0

r
; Ncr ¼Ncr

a2

100h3E0
; E0 ¼1 GPa; r0 ¼1 kg=m3

(64)

The numerical results of the present algorithm and those of
Zenkour [13] are exhibited in Tables 7 and 8. It is obvious that the
tes.

2-1-1 1-1-1 2-2-1 1-2-1

2.38279 2.38279 2.38279 2.38279
1.85410 1.85410 1.85410 1.85410
1.83181 1.83181 1.83181 1.83181
1.82629 1.82629 1.82629 1.82629
1.82563 1.82563 1.82563 1.82563
1.82445 1.82445 1.82445 1.82445
1.82452 1.82452 1.82452 1.82452
1.95019 1.96498 2.00212 2.03518
1.53041 1.54338 1.57179 1.59954
1.51236 1.52521 1.55327 1.58074
1.50789 1.52071 1.54868 1.57609
1.50735 1.52017 1.54813 1.57553
1.51253 1.51922 1.55199 1.57451
1.51258 1.51927 1.55202 1.57450
1.71394 1.73411 1.78997 1.83933
1.35432 1.37442 1.41746 1.46166
1.33858 1.35856 1.40107 1.44490
1.33468 1.35462 1.39701 1.44074
1.33421 1.35415 1.39652 1.44024
1.34888 1.35333 1.40789 1.43934
1.34894 1.35339 1.40792 1.43931
1.34153 1.34893 1.42682 1.48792
1.04722 1.06121 1.12644 1.19186
1.03468 1.04873 1.11328 1.17842
1.03157 1.04564 1.11002 1.17508
1.03120 1.04527 1.10963 1.17468
1.07432 1.04466 1.14731 1.17397
1.07445 1.04481 1.14741 1.17399



Table 8
The comparison of the non-dimensional critical buckling load of FG sandwich plates.

p Method 1-0-1 1-1-1 1-2-1 2-1-2 2-2-1 2-1-1

0 Present ð2 � 2Þ 11.98620 11.98620 11.98620 11.98620 11.98620 11.98620
Present ð8 � 8Þ 6.61972 6.61972 6.61972 6.61972 6.61972 6.61972
Present ð16 � 16Þ 6.45984 6.45984 6.45984 6.45984 6.45984 6.45984
Present ð32 � 32Þ 6.42089 6.42089 6.42089 6.42089 6.42089 6.42089
Present ð40 � 40Þ 6.41624 6.41624 6.41624 6.41624 6.41624 6.41624
Zenkour [13] (TSDT) 6.50248 6.50248 6.50248 6.50248 6.50248 6.50248
Zenkour [13] (SSDT) 6.50303 6.50303 6.50303 6.50303 6.50303 6.50303

0.5 Present ð2 � 2Þ 6.67085 7.17967 7.43750 7.61543 7.96074 8.30996
Present ð8 � 8Þ 3.74432 4.03723 4.18139 4.28915 4.47910 4.68612
Present ð16 � 16Þ 3.65548 3.94165 4.08238 4.18781 4.37316 4.57558
Present ð32 � 32Þ 3.63382 3.91834 4.05824 4.16309 4.34733 4.54862
Present ð40 � 40Þ 3.63124 3.91556 4.05536 4.16014 4.34424 4.54540
Zenkour [13] (TSDT) 3.68219 3.97042 4.11235 4.21823 4.40499 4.60841
Zenkour [13] (SSDT) 3.68284 3.97097 4.11269 4.21856 4.40519 4.60835

1 Present ð2 � 2Þ 4.63547 5.20108 5.51782 5.72375 6.16348 6.61062
Present ð8 � 8Þ 2.62572 2.96698 3.14629 3.28388 3.52989 3.81288
Present ð16 � 16Þ 2.56401 2.89780 3.07290 3.20782 3.44799 3.72513
Present ð32 � 32Þ 2.54895 2.88092 3.05499 3.18926 3.42800 3.70371
Present ð40 � 40Þ 2.54716 2.87891 3.05285 3.18704 3.42561 3.70115
Zenkour [13] (TSDT) 2.58357 2.92003 3.09697 3.23237 3.47472 3.75328
Zenkour [13] (SSDT) 2.58423 2.92060 3.09731 3.23270 3.47490 3.75314

5 Present ð2 � 2Þ 2.48482 2.80422 3.10767 3.21744 3.66736 4.09886
Present ð8 � 8Þ 1.35242 1.54703 1.72908 1.81860 2.08772 2.40286
Present ð16 � 16Þ 1.31917 1.50954 1.68754 1.77571 2.03882 2.34845
Present ð32 � 32Þ 1.31107 1.50041 1.67741 1.76524 2.02689 2.33516
Present ð40 � 40Þ 1.31011 1.49932 1.67620 1.76399 2.02547 2.33357
Zenkour [13] (TSDT) 1.32910 1.52129 1.70176 1.78978 2.05605 2.36734
Zenkour [13] (SSDT) 1.33003 1.52203 1.70224 1.79032 2.05644 2.36744

Table 9
The convergency and comparison of the non-dimensional frequency of FGSP with porosity.

x Method 1-0-1 1-1-1 1-2-1 2-1-2 2-2-1 2-1-1

0 Present ð2 � 2Þ 1.37808 1.51826 1.64927 1.44506 1.58889 1.49887
Present ð8 � 8Þ 1.07843 1.20683 1.32227 1.14006 1.26316 1.18358
Present ð16 � 16Þ 1.06561 1.19298 1.30739 1.12674 1.24867 1.16978
Present ð32 � 32Þ 1.06243 1.18954 1.30370 1.12345 1.24507 1.16636
Present ð40 � 40Þ 1.06205 1.18913 1.30326 1.12305 1.24464 1.16595
Daikh and Zenkour [26] 1.06155 1.18847 1.30244 1.12248 1.24391 1.16529

0.1 Present ð2 � 2Þ 1.26860 1.41866 1.56616 1.33770 1.49820 1.39811
Present ð8 � 8Þ 0.99806 1.13772 1.26797 1.06328 1.19998 1.11053
Present ð16 � 16Þ 0.98632 1.12490 1.25400 1.05106 1.18642 1.09773
Present ð32 � 32Þ 0.98341 1.12172 1.25053 1.04803 1.18305 1.09455
Present ð40 � 40Þ 0.98307 1.12134 1.25012 1.04766 1.18265 1.09417
Daikh and Zenkour [26] 0.98258 1.12071 1.24933 1.04712 1.18195 1.09355

0.2 Present ð2 � 2Þ 1.11837 1.29766 1.47126 1.20049 1.39023 1.27136
Present ð8 � 8Þ 0.89214 1.05732 1.20880 0.96920 1.12709 1.02089
Present ð16 � 16Þ 0.88195 1.04581 1.19590 0.95842 1.11466 1.00937
Present ð32 � 32Þ 0.87943 1.04295 1.19269 0.95574 1.11157 1.00651
Present ð40 � 40Þ 0.87912 1.04260 1.19231 0.95542 1.11120 1.00616
Daikh and Zenkour [26] 0.87867 1.04201 1.19156 0.95491 1.11054 1.00557
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frequency and critical buckling load of the sandwich plate converge
at the mesh of 32�32 and those are very closed to the results of
Zenkour [13].

Continuously, the non-dimensional frequency and critical
buckling load of FG sandwich plates of Al=Al2O3 with porosity using
the present algorithm are compared to those of Daikh and Zenkour
[26] using an analytical method. In this examination, the square
FGSP is made of one homogenous ceramic core of Al2O3, two
similar FGM face sheets of Al=Al2O3. The geometry and materials
properties are similar to those of previous comparison, the volume
fraction index is p ¼ 2. The numerical results of the present algo-
rithm and those of Daikh and Zenkour [26] are performed in
Tables 9 and 10. It is obvious that the frequency and critical buckling
load of the sandwich plate converge at the mesh of 32� 32 and
those are very closed to the results of Daikh and Zenkour [26].
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According to several comparison studies, the numerical results
of the present algorithm converge at themesh of 32� 32, and are in
good agreement with published results. Hence, in the rest of the
paper, the mesh of 32� 32 is used to investigate the mechanical
behavior of the FGSP with porosity.
3.2. Parameter study and discussions

In the recent work, the FGSP contains one homogenous ceramic
core of Al2O3, one bottom face sheet of Al=Al2O3 and one top face
sheet of SUS304=Al2O3. The material properties of Al2O3 are Ec ¼
380 GPa, rc ¼ 3800 kg=m3, n ¼ 0:3, those of Al are Eb ¼ 70 GPa,
rb ¼ 2707 kg=m3, n ¼ 0:3, and those of SUS304 are Et ¼ 207 GPa,
rt ¼ 8166 kg=m3, n ¼ 0:3. The effective Young’s modulus andmass
density through the thickness of the (1-1-1) perfect FGSP are



Table 10
The comparison of the non-dimensional critical buckling load of FGSP with porosity.

x Method 1-0-1 1-1-1 1-2-1 2-1-2 2-2-1 2-1-1

0 Present ð2 � 2Þ 3.23337 4.23062 5.17442 3.72137 4.70103 4.04855
Present ð8 � 8Þ 1.80770 2.44165 3.03866 2.11528 2.71401 2.30550
Present ð16 � 16Þ 1.76457 2.38541 2.97006 2.06572 2.65152 2.25156
Present ð32 � 32Þ 1.75405 2.37168 2.95329 2.05362 2.63626 2.23840
Present ð40 � 40Þ 1.75280 2.37004 2.95129 2.05218 2.63444 2.23683
Daikh and Zenkour [26] 1.77856 2.40449 2.99342 2.08228 2.67334 2.27031

0.1 Present ð2 � 2Þ 2.44896 3.44813 4.43923 2.92840 3.93224 3.25514
Present ð8 � 8Þ 1.38406 2.02670 2.66009 1.69026 2.30549 1.87636
Present ð16 � 16Þ 1.35139 1.98090 2.60131 1.65128 2.25322 1.83296
Present ð32 � 32Þ 1.34342 1.96971 2.58693 1.64176 2.24045 1.82237
Present ð40 � 40Þ 1.34247 1.96837 2.58521 1.64062 2.23892 1.82110
Daikh and Zenkour [26] 1.36232 1.99718 2.62234 1.66484 2.27248 1.84884

0.2 Present ð2 � 2Þ 1.67704 2.67936 3.71711 2.14854 3.17253 2.47038
Present ð8 � 8Þ 0.97464 1.62659 2.29569 1.27996 1.90694 1.45601
Present ð16 � 16Þ 0.95230 1.59108 2.24657 1.25141 1.86479 1.42306
Present ð32 � 32Þ 0.94685 1.58238 2.23454 1.24443 1.85448 1.41500
Present ð40 � 40Þ 0.94620 1.58135 2.23311 1.24360 1.85325 1.41404
Daikh and Zenkour [26] 0.96028 1.60465 2.26539 1.26208 1.88149 1.43604

Fig. 2. The effective Young’s modulus and mass density of perfect FGSP.

Fig. 3. The effective Young’s modulus and mass density of FGSP with porosity I ðx ¼ 0:2Þ.
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demonstrated in Fig. 2. Figs. 3e5 presents the effective Young’s
modulus and mass density through the thickness of the (1-1-1)
FGSP with porosity. In two cases of porosity I and porosity II, the
porosity reduces the effective Young’s modulus andmass density of
the materials at two face sheets, while the porosity III reduces the
effective Young’s modulus and mass density of the material at the
499
ceramic core of the sandwich plates.
Four types of boundary conditions of the plate are considered,

which are fully clamped at all edges (CCCC), fully simply supported
at all edges (SSSS), clamped at two opposite edges and simply
supported at two opposite edges (SCSC), and clamped at two
continuous edges and simply supported at next two edges (SSCC).



Fig. 4. The effective Young’s modulus and mass density of FGSP with porosity II ðx ¼ 0:2Þ.

Fig. 5. The effective Young’s modulus and mass density of FGSP with porosity III ðx ¼ 0:2Þ.

Table 11
The non-dimensional center deflections of FGSP with porosity.

Porosity x p 1-0-1 1-1-1 1-2-1 2-1-2 2-2-1 2-1-1

Perfect 0 0 0.07784 0.07784 0.07784 0.07784 0.07784 0.07784
2 0.19109 0.15673 0.13592 0.17193 0.15864 0.17887
10 0.24594 0.20065 0.16784 0.22211 0.20828 0.23712

Porosity I 0.1 0 0.08493 0.08454 0.08386 0.08480 0.08389 0.08432
2 0.23407 0.18315 0.15343 0.20534 0.18511 0.21586
10 0.32501 0.24499 0.19456 0.28046 0.25764 0.31023

0.2 0 0.09299 0.09209 0.09051 0.09268 0.09059 0.09157
2 0.29909 0.21860 0.17511 0.25259 0.22089 0.27043
10 0.47842 0.31147 0.22984 0.37627 0.33571 0.44758

Porosity II 0.1 0 0.08300 0.08211 0.08141 0.08253 0.08162 0.08211
2 0.22091 0.17288 0.14592 0.19354 0.17445 0.20243
10 0.29786 0.22751 0.18310 0.25915 0.23732 0.28251

0.2 0 0.08863 0.08668 0.08517 0.08761 0.08561 0.08668
2 0.26039 0.19211 0.15715 0.22046 0.19327 0.23244
10 0.37557 0.26159 0.20087 0.30940 0.27497 0.34851

Porosity III 0.1 0 0.07784 0.07802 0.07825 0.07792 0.07830 0.07814
2 0.19109 0.15734 0.13704 0.17225 0.15948 0.17929
10 0.24594 0.20186 0.16963 0.22294 0.20953 0.23763

0.2 0 0.07784 0.07820 0.07867 0.07800 0.07876 0.07845
2 0.19109 0.15796 0.13818 0.17258 0.16033 0.17973
10 0.24594 0.20311 0.17146 0.22379 0.21078 0.23816
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Table 12
The non-dimensional axial stress of FGSP with porosity.

Porosity x p 1-0-1 1-1-1 1-2-1 2-1-2 2-2-1 2-1-1

Perfect 0 0 1.99061 1.99061 1.99061 1.99061 1.99061 1.99061
2 2.36072 2.04071 1.80772 2.19584 1.94116 2.12279
10 2.75247 2.50872 2.17768 2.67675 2.39789 2.60347

Porosity I 0.1 0 1.93447 1.92622 1.90938 1.93224 1.89685 1.90985
2 2.36329 1.97078 1.68829 2.16169 1.84558 2.07883
10 2.90035 2.52517 2.08732 2.76812 2.40110 2.72709

0.2 0 1.87754 1.85990 1.82542 1.87252 1.80104 1.82684
2 2.39753 1.89420 1.55336 2.13503 1.74591 2.05296
10 3.25626 2.57769 1.98653 2.95732 2.46079 3.04606

Porosity II 0.1 0 1.88788 1.86618 1.84896 1.87661 1.84447 1.85616
2 2.24758 1.85908 1.60265 2.04051 1.74646 1.95971
10 2.72074 2.34696 1.96135 2.57161 2.22755 2.51212

0.2 0 1.78398 1.74169 1.70877 1.76190 1.70062 1.72280
2 2.12517 1.66244 1.38876 1.86945 1.54184 1.78692
10 2.72139 2.16908 1.73071 2.46239 2.04870 2.44052

Porosity III 0.1 0 1.99061 1.99317 1.99845 1.99133 2.00988 2.00455
2 2.36072 2.04218 1.81652 2.19461 1.95474 2.13176
10 2.75247 2.51090 2.19028 2.67475 2.41148 2.60959

0.2 0 1.99061 1.99572 2.00625 1.99206 2.02948 2.01851
2 2.36072 2.04353 1.82509 2.19337 1.96849 2.14081
10 2.75247 2.51281 2.20250 2.67269 2.42502 2.61573

Table 13
The non-dimensional shear stress of FGSP with porosity.

Porosity x p 1-0-1 1-1-1 1-2-1 2-1-2 2-2-1 2-1-1

Perfect 0 0 0.22560 0.22560 0.22560 0.22560 0.22560 0.22560
2 0.32286 0.25732 0.24289 0.27618 0.25987 0.28613
10 0.46859 0.28207 0.25266 0.32705 0.28625 0.34939

Porosity I 0.1 0 0.22734 0.22964 0.22765 0.23192 0.22886 0.22238
2 0.33496 0.26302 0.24581 0.28644 0.26441 0.28419
10 0.50908 0.28828 0.25572 0.34129 0.29014 0.34743

0.2 0 0.22942 0.23405 0.22985 0.23895 0.23238 0.21885
2 0.34952 0.26906 0.24897 0.29764 0.26904 0.28119
10 0.56002 0.29389 0.25891 0.35503 0.29201 0.33831

Porosity II 0.1 0 0.22880 0.22698 0.22648 0.22759 0.22679 0.22738
2 0.33042 0.25956 0.24439 0.27957 0.26175 0.28913
10 0.48497 0.28414 0.25421 0.33086 0.28743 0.35179

0.2 0 0.23217 0.22841 0.22738 0.22965 0.22801 0.22922
2 0.33829 0.26191 0.24599 0.28307 0.26368 0.29205
10 0.50140 0.28612 0.25588 0.33421 0.28824 0.35247

Porosity III 0.1 0 0.22560 0.21290 0.21509 0.21094 0.22246 0.22915
2 0.32286 0.24383 0.23220 0.25928 0.25758 0.29227
10 0.46859 0.26826 0.24206 0.30828 0.28509 0.35907

0.2 0 0.22560 0.19882 0.20313 0.19504 0.21913 0.23294
2 0.32286 0.22872 0.21996 0.24077 0.25516 0.29887
10 0.46859 0.25264 0.22986 0.28753 0.28389 0.36961

Fig. 6. The distribution of the axial stress through the thickness of FGSP with porosity (SSSS).
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Fig. 7. The distribution of the shear stress through the thickness of FGSP with porosity (SSSS).

Fig. 8. The effects of several parameters on the center deflection of the (1-1-1) FGSP with porosity.
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Table 14
The non-dimensional fundamental frequency of FGSP with porosity (SSSS).

Porosity x p 1-0-1 1-1-1 1-2-1 2-1-2 2-2-1 2-1-1

Perfect 0 0 1.82629 1.82629 1.82629 1.82629 1.82629 1.82629
2 1.02749 1.17836 1.29127 1.10772 1.23215 1.15030
10 0.87183 1.01271 1.13653 0.94368 1.06179 0.98375

Porosity I 0.1 0 1.86540 1.82852 1.81619 1.84189 1.82052 1.83194
2 0.97557 1.12927 1.24925 1.05628 1.17743 1.08889
10 0.79390 0.94757 1.08370 0.87282 0.98465 0.89327

0.2 0 1.92054 1.83532 1.80824 1.86551 1.81758 1.84283
2 0.91187 1.07373 1.20391 0.99615 1.11504 1.01505
10 0.68815 0.87097 1.02510 0.78573 0.89152 0.77481

Porosity II 0.1 0 1.82537 1.81580 1.81399 1.81882 1.81401 1.81627
2 0.97917 1.14174 1.26335 1.06548 1.19361 1.10236
10 0.81021 0.96686 1.10240 0.89042 1.01005 0.91828

0.2 0 1.82690 1.80627 1.80240 1.81272 1.80249 1.80729
2 0.92523 1.10286 1.23454 1.01967 1.15257 1.04963
10 0.73873 0.91720 1.06670 0.83119 0.95332 0.84301

Porosity III 0.1 0 1.82629 1.83943 1.84445 1.83448 1.83928 1.83415
2 1.02749 1.18429 1.30011 1.11116 1.24032 1.15545
10 0.87183 1.01635 1.14240 0.94550 1.06821 0.98808

0.2 0 1.82629 1.85285 1.86328 1.84275 1.85262 1.84215
2 1.02749 1.19034 1.30929 1.11462 1.24874 1.16067
10 0.87183 1.02002 1.14848 0.94733 1.07485 0.99248
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The following formulations are used to estimate the non-
dimensional deflections, stresses, natural frequencies and critical
buckling loads of the FGSP with porosity
w* ¼ 10hE0
a2q0

w
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b
2

�
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sx

�
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ffiffiffiffiffi
r0
E0

r
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100h3E0
; E0 ¼ 1 GPa; r0 ¼ 1 kg=m3; h0 ¼ a
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(65)
3.2.1. Static bending analysis of FGSP with porosity
For the static bending analysis, the FGSP is subjected to a sinu-

soidal distribution load with the maximum value of q0 ¼ 1. The
non-dimensional center deflections, axial stress and transverse
shear stress of the fully simple supported at all edges FGSP with
b=a ¼ 1; a=h ¼ 10 are presented in Tables 11e13 for several values
of power-law index and coefficient of porosity. It can be seen that
the deflections and stresses of the plates do not depend on the
schemes of the sandwich plates when x ¼ 0; p ¼ 0: In the general,
the inclusion of the porosity effects leads to the rise of the de-
flections and stresses of the plates. The porosity III does not have
effects on the behavior of (1-0-1) FGSP. The reason is that the (1-0-
1) FGSP does not consist of the core layer.

Figs. 6 and 7 demonstrate the distribution of the axial and shear
stresses through the thickness of the FGSP with different scheme
and values of coefficient of porosity. It can see clearly that, although
the scheme and distribution of porosity of the sandwich plates are
symmetric, the distribution of the axial and shear stresses through
the thickness of the FGSP are still asymmetric. It is due to the fact
that the ingredients of two face sheets of the FGSP are different.
These figures show that the scheme of the sandwich plate and the
porosity affects strongly on the distribution of the axial and shear
stresses. Figs. 6(b) and 7(b) show that the maximum values of the
axial and shear stresses of the FGSP with porosity I are highest in
comparison with other ones.

Fig. 8 demonstrates the effects of some parameters on the center
deflections of the (1-1-1) FGSP with porosity. From Fig. 8(a), it is
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obvious that when the aspect ratio b=a increases, the center de-
flections of the plates increase. The increase rate of SSSS plates is
greatest while the growing speed of CCCC ones is the smallest. It
also sees that the center deflections of the CCCC plates and SCSC
ones are similar when the aspect ratio greater than 2. The influence
of the side-to-thickness ratio on the center deflections of the FGSP
with porosity is exhibited in Fig. 8(b). The center deflections of the
plates increase as the increase of the side-to-thickness ratio. Once
again, the growing speed of the SSSS plates is greatest while the
speed of the growing of CCCC ones is smallest. The influence of the
power-law index p on the deflections of the FGSP is demonstrated
in Fig. 8(c) while the effects of the porosity coefficient x on the
center displacement of the FGSP are shown in Fig. 8(d). The de-
flections of the plates increase as the increase of the power-law
index p and porosity coefficient x. From these two demonstra-
tions, it is obvious that the effects of porosity III are much weaker
than porosity I and porosity II, and the porosity I have significant
effects on the behavior of the FGSP. In the case of porosity I, the
center displacement of the (1-1-1) FGSP with x ¼ 0:2 is approxi-
mately 1.3 times those without porosity.

3.2.2. Free vibration analysis of FGSP with porosity
Continuously, this subsection focusses on the analysis of free

vibration of the square FGSP with porosity, and the side-to-
thickness of a=h ¼ 10. The non-dimensional fundamental fre-
quency of the fully simple supported FGSP with porosity is given in
Table 14. The non-dimensional first six frequencies of the FGSPwith
porosity subjected to different boundary conditions are demon-
strated in Table 15.

Next, a (1-1-1) FGSP with porosity is considered here for the
parameter study. The effects of the aspect ratio b=a and the side-to-



Table 15
The non-dimensional first six frequencies of square FGSP with porosity ða=h ¼ 10; p ¼ 2; x ¼ 0:2Þ.

Scheme BCs Porosity Mode 1 Mode 2 Mode 3 Mode 4 Mode 5 Mode 6

1-1-1 CCCC Perfect 2.06200 4.02117 4.02117 5.70096 6.81285 6.86932
Porosity I 1.89447 3.72134 3.72134 5.30237 6.35735 6.40639
Porosity II 1.94005 3.80145 3.80145 5.40735 6.47568 6.52692
Porosity III 2.07935 4.04838 4.04838 5.73326 6.84616 6.90371

SSCC Perfect 1.58266 3.40719 3.42634 5.04513 5.44887 6.13301
Porosity I 1.44808 3.13714 3.15390 4.66718 5.53734 5.68905
Porosity II 1.48517 3.21073 3.22820 4.76924 5.48582 5.80790
Porosity III 1.59736 3.43382 3.45332 5.07917 5.42278 6.17033

SCSC Perfect 1.67935 3.11078 3.82763 4.78258 5.10544 5.59335
Porosity I 1.53940 2.85828 3.53821 4.72910 4.86228 5.16611
Porosity II 1.57774 2.92754 3.61590 4.81582 4.83014 5.28254
Porosity III 1.69428 3.13652 3.85439 4.76059 5.13856 5.63241

SSSS Perfect 1.17836 2.85498 2.85498 4.42924 4.78258 4.78258
Porosity I 1.07373 2.61466 2.61466 4.07412 4.86228 4.86228
Porosity II 1.10286 2.68124 2.68124 4.17204 4.81582 4.81582
Porosity III 1.19034 2.88052 2.88052 4.46427 4.76059 4.76059

1-2-2 CCCC Perfect 2.14671 4.16826 4.16826 5.89267 7.02727 7.08795
Porosity I 2.02596 3.95654 3.95654 5.61484 6.71322 6.76821
Porosity II 2.05412 4.00429 4.00429 5.67588 6.78051 6.83699
Porosity III 2.15696 4.18279 4.18279 5.90832 7.04167 7.10310

SSCC Perfect 1.65155 3.54195 3.56242 5.23023 5.46857 6.34690
Porosity I 1.55321 3.34777 3.36636 4.96158 5.56933 6.03370
Porosity II 1.57671 3.39325 3.41233 5.02346 5.51289 6.10481
Porosity III 1.66061 3.55733 3.57805 5.24867 5.43978 6.36604

SCSC Perfect 1.75058 3.23783 3.97004 4.80030 5.28901 5.80271
Porosity I 1.64897 3.05491 3.76491 4.89061 5.02271 5.49647
Porosity II 1.67299 3.09829 3.81158 4.83997 5.08339 5.56836
Porosity III 1.75961 3.25311 3.98457 4.77608 5.30657 5.82448

SSSS Perfect 1.23259 2.97698 2.97698 4.60630 4.80030 4.80030
Porosity I 1.15512 2.80111 2.80111 4.34909 4.89061 4.89061
Porosity II 1.17401 2.84360 2.84360 4.41066 4.83997 4.83997
Porosity III 1.24024 2.99265 2.99265 4.62686 4.77608 4.77608

2-2-1 CCCC Perfect 2.15648 4.20601 4.20601 5.96348 7.12715 7.18601
Porosity I 1.96805 3.86815 3.86815 5.51392 6.61301 6.66363
Porosity II 2.02770 3.97407 3.97407 5.65370 6.77162 6.82498
Porosity III 2.18154 4.24718 4.24718 6.01447 7.18198 7.24224

SSCC Perfect 1.65505 3.56343 3.58344 5.27687 5.75025 6.41511
Porosity I 1.50407 3.26019 3.27756 4.85229 5.84576 5.91627
Porosity II 1.55219 3.35630 3.37455 4.98620 5.79041 6.07282
Porosity III 1.67578 3.60222 3.62268 5.32795 5.72849 6.47248

SCSC Perfect 1.75622 3.25328 4.00350 5.04688 5.34009 5.85008
Porosity I 1.59902 2.97008 3.67761 4.91691 5.13246 5.37144
Porosity II 1.64898 3.06016 3.78005 5.04994 5.08281 5.52315
Porosity III 1.77752 3.29026 4.04362 5.02894 5.39035 5.90788

SSSS Perfect 1.23215 2.98558 2.98558 4.63216 5.04688 5.04688
Porosity I 1.11504 2.71656 2.71656 4.23465 5.13246 5.13246
Porosity II 1.15257 2.80260 2.80260 4.36151 5.08281 5.08281
Porosity III 1.24874 3.02161 3.02161 4.68264 5.02894 5.02894
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thickness ratio a=h are demonstrated in Fig. 9(a and b) for four cases
of the boundary conditions. The frequencies of the fully clamped
sandwich plates are greatest while those of fully simple supported
ones are smallest. When the aspect ratio b=a and the side-to-
thickness ratio a=h rise, the frequencies of the plates decrease.
Fig. 9(c) demonstrates the effects of the power-law index p on the
frequencies of the FGSP with porosity. When the power-law index
increase, the frequencies decrease. The effects of porosity on the
free vibration of the FGSP are demonstrated in Fig. 9(d). From this
figure, when the porous coefficient x increase, the frequencies of
the FGSP with porosity I and porosity II decrease rapidly, while the
frequencies of the FGSP with porosity III increase slowly. According
to Fig. 9(c and d), it can be concluded that the porosity III has weak
effects on the frequencies of the FGSP while the porosity I and II
have strong effects on the frequencies of that ones.

Fig. 10 illustrates the first nine mode shapes of the FGSP with
porosity II subjected to SSCC boundary condition. Because the
boundary condition is asymmetric, themode shapes of the plate are
asymmetric.
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3.2.3. Buckling analysis of FGSP with porosity
The buckling behavior of the FGSP with porosity is investigated

in this subsection. The plate is subjected to biaxial compressive
load. The non-dimensional critical buckling load of the fully simple
supported (SSSS) FGSP with porosity and b=a ¼ 1; a=h ¼ 10 is
given in Table 16. It can see clearly that the power-law index and
the porosity have significant effects on the buckling behavior of the
plates. On the other hand, the effects of the boundary conditions on
the critical buckling loads of the sandwich plates with porosity are
presented in Table 17, where b=a ¼ 1; a=h ¼ 10 and p ¼ 2. The
critical buckling loads of the CCCC plates are greater than other
ones, and those of SSSS plates are smallest.

Continuously, a (1-1-1) FGSP with porosity is examined in this
subsection. The effects of the aspect ratio b=a on the critical buck-
ling loads of the FGSP with porosity II are illustrated in Fig. 11(a).
The critical buckling loads decrease as the increase of b=a. Fig. 11(b)
demonstrates the effects of the side-to-thickness ratio a=h on the
critical buckling loads of the FGSP with porosity. It can be seen that
the side-to-thickness ratio have significant effects on the critical
buckling loads of the FGSP.When the ratio a=h increases, the critical



Fig. 9. The effects of several parameters on the center deflection of the (1-1-1) FGSP with porosity.

Fig. 10. The first nine mode shapes of the SSCC (1-1-1) FGSP with porosity II ðb=a ¼ 1; a=h ¼ 10; p ¼ 2; x ¼ 0:2Þ.
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Table 16
The non-dimensional critical buckling load of FGSP with porosity.

Porosity x p 1-0-1 1-1-1 1-2-1 2-1-2 2-2-1 2-1-1

Perfect 0 0 6.42089 6.42089 6.42089 6.42089 6.42089 6.42089
2 2.61182 3.18582 3.67434 2.90372 3.14561 2.78886
10 2.02711 2.48721 2.97462 2.24608 2.39359 2.10109

Porosity I 0.1 0 5.88466 5.91161 5.95985 5.89379 5.95731 5.92696
2 2.13178 2.72602 3.25484 2.43094 2.69505 2.31005
10 1.53277 2.03672 2.56585 1.77831 1.93411 1.60476

0.2 0 5.37453 5.42669 5.52097 5.39203 5.51638 5.45761
2 1.66787 2.28371 2.85165 1.97588 2.25786 1.84311
10 1.04001 1.60178 2.17179 1.32512 1.48356 1.11122

Porosity II 0.1 0 6.02175 6.08679 6.13901 6.05554 6.12358 6.08658
2 2.25903 2.88810 3.42246 2.57929 2.86008 2.46357
10 1.67313 2.19336 2.72654 1.92479 2.10008 1.76265

0.2 0 5.63842 5.76523 5.86754 5.70416 5.83742 5.76514
2 1.91623 2.59881 3.17766 2.26408 2.58116 2.14492
10 1.32640 1.90748 2.48525 1.61195 1.81204 1.42811

Porosity III 0.1 0 6.42089 6.40654 6.38753 6.41471 6.38377 6.39622
2 2.61182 3.17349 3.64441 2.89824 3.12918 2.78234
10 2.02711 2.47219 2.94319 2.23764 2.37940 2.09660

0.2 0 6.42089 6.39173 6.35364 6.40827 6.34608 6.37142
2 2.61182 3.16104 3.61450 2.89268 3.11273 2.77574
10 2.02711 2.45698 2.91175 2.22909 2.36530 2.09206

Table 17
The non-dimensional critical buckling loads of FGSP with porosity with different BCs ðp ¼ 2Þ.

Porosity x BCs 1-0-1 1-1-1 1-2-1 2-1-2 2-2-1 2-1-1

Perfect 0 CCCC 6.38735 7.79901 8.95384 7.11755 7.69654 6.83152
SSCC 4.09094 4.99227 5.74513 4.55306 4.92833 4.37195
SCSC 4.73633 5.78102 6.64460 5.27433 5.70663 5.06420
SSSS 2.61182 3.18582 3.67434 2.90372 3.14561 2.78886

Porosity I 0.1 CCCC 5.24304 6.71249 7.97187 5.99483 6.63175 5.69464
SSCC 3.34819 4.28374 5.10163 3.82281 4.23405 3.63247
SCSC 3.88226 4.96816 5.90822 4.43546 4.91016 4.21481
SSSS 2.13178 2.72602 3.25484 2.43094 2.69505 2.31005

0.2 CCCC 4.12732 5.65627 7.01888 4.90297 5.58763 4.57356
SSCC 2.62732 3.59872 4.48027 3.11643 3.55695 2.90746
SCSC 3.05139 4.18008 5.19533 3.62178 4.13120 3.37953
SSSS 1.66787 2.28371 2.85165 1.97588 2.25786 1.84311

Porosity II 0.1 CCCC 5.55396 7.09669 8.36394 6.35018 7.02267 6.06179
SSCC 3.54740 4.53390 5.35869 4.05290 4.48866 3.87040
SCSC 4.11280 5.25539 6.20232 4.70037 5.20242 4.48863
SSSS 2.25903 2.88810 3.42246 2.57929 2.86008 2.46357

0.2 CCCC 4.73659 6.40928 7.78730 5.59850 6.35981 5.30138
SSCC 3.01688 4.08695 4.98208 3.56506 4.05773 3.37710
SCSC 3.50269 4.74184 5.77061 4.13931 4.70730 3.92121
SSSS 1.91623 2.59881 3.17766 2.26408 2.58116 2.14492

Porosity III 0.1 CCCC 6.38735 7.75945 8.86753 7.09817 7.64733 6.80987
SSCC 4.09094 4.97008 5.69421 4.54265 4.89981 4.35997
SCSC 4.73633 5.75350 6.58309 5.26112 5.67182 5.04920
SSSS 2.61182 3.17349 3.64441 2.89824 3.12918 2.78234

0.2 CCCC 6.38735 7.71881 8.77984 7.07822 7.59719 6.78761
SSCC 4.09094 4.94746 5.64287 4.53200 4.87097 4.34774
SCSC 4.73633 5.72532 6.52081 5.24756 5.63647 5.03381
SSSS 2.61182 3.16104 3.61450 2.89268 3.11273 2.77574
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buckling loads of the sandwich plates decrease rapidly. For SSSS
plates, the critical buckling loads of the plate with a=h ¼ 50 is
approximately 20 times smaller than those of the plate with a=h ¼
5. The critical buckling loads of the CCCC plates with a=h ¼ 5 is
approximately 40 times greater than those of the plate with a=h ¼
50. Continuously, the influence of the power-law index p on the
critical buckling loads of the FGSP with porosity is demonstrated in
Fig. 11(c). The critical buckling loads of the plates decrease when p
increases. The speeds of the decrease when the power-law index
increases from 0 to 2 is greater than those of the plate when the
power-law index increases from 2 to 10. Besides, it can see clearly
that the effects of porosity III are very small in comparisonwith the
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effects of porosity I and porosity II. Fig. 11(d) presents the depen-
dence of the critical buckling loads on the varying of the porous
coefficient. In the general, the critical buckling loads of the porous
plates are smaller than those of the perfect ones. The critical
buckling loads of the plates with porosity I and porosity II decrease
very fast when the porous coefficient x increases. However, the
critical buckling loads of the plates with porosity III decrease slowly
when the coefficient x increases. In general, the distribution of the
porosities through the thickness of the plates plays a significant
role on the buckling behavior of the FGSP with porosity.



Fig. 11. The effects of several parameters on the center deflection of the (1-1-1) FGSP with porosity.
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4. Conclusions

In the conclusion of this study, a comprehensive study on the
bending, free vibration and buckling analysis of the FGSP with
porosity has been carried out. A finite element procedure based on
a novel hyperbolic shear deformation theory has been established
to predict the static and dynamic response of the FGSP with
porosity. The accuracy and efficiency of the numerical results of the
present algorithm are provided by comparing the present results
and available results in some special cases. The present finite
element algorithm can be applied to analyze the plates with arbi-
trary shape and boundary conditions. Some useful conclusions can
be achieved as follows.

� The bending, free vibration and buckling behaviors of the FGSP
are completely different from the conventional FGSP, especially
the distribution of the stresses through the thickness of the
plates.

� The inclusion of the porous effect leads to an increase of the
deflections and critical buckling loads. However, the trend of the
change in natural frequencies depends on the type of porous
distribution.

� The location and distribution of the porosity affect strongly on
the behavior of the FGSP. The porosity located at two face sheets
has significant effects and the porosity located at core layer has
small effects on the mechanical behavior of the FGSP.

The novel FGSP with porosity has a significant potential appli-
cation in many fields of the aerospace, nuclear energy or marine
engineering. So, it is necessary to have more works on the behavior
507
of FGSP subjected to many types of loads such as thermal load,
hygro-thermal load or blast pressure.
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