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Abstract—A negative refractive index lens antenna has a 

high direction, a capacity to produce multiple beams and beam 

steering with a thin antenna size. These characteristics enable 

the lens antenna to be chosen as one of the effective antennas for 

the base station antenna in mobile communications, meeting the 

rapid growth in wireless connections. In this paper, the authors 

use a ray tracing method to calculate and determine the caustic 

points and their trajectories for a negative refractive index lens. 

These caustic points are the feed-setting positions from which 

the antenna can generate the beams at the desired angles. The 

authors also perform the simulations of negative refractive 

index lens antennas with feed horns set at caustics and reference 

feed points. The results show the accuracy and efficiency of the 

calculation of caustic points and the beam steering ability of the 

lens antennas with negative refractive indexes. 

Keywords—Negative refractive index, lens antenna, ray 

tracing, caustics, beam steering 

I. INTRODUCTION 

The recent years have witnessed revolutionary advances in 
information and communication. The continuous introduction 
of mobile communication networks from 1G to 5G has 
exerted a powerful influence on all aspects of our life, from 
health and transportation to economy. The rapid increase in 
wirelessly connected devices requires an antenna system at a 
base station to have the ability to produce multiple beams and 
steer the beams in order to accommodate multiple wireless 
connections at the same time in different locations [1]-[5]. In 
5G mobile communications, in the 28 GHz band, a lens 
antenna is considered a potential candidate [6], [7]. In the lens 
antenna design and electrical performance simulation, the ray 
tracing method is mainly used [8]-[15]. Off-focus feed settings 
suitable for wider beam steering are determined based on the 
convergent rays using the ray tracing method in the receiving 
mode. The calculation of caustic points employing the ray 
tracing method was studied and applied to lens antennas with 
positive refractive indexes [8]-[10], [12], [14]. However, 
studies have yet to carry out the calculations of caustic points 
and the simulation of wider beam steering as to lens antennas 
with negative refractive indexes by adopting the ray tracing 
method. Therefore, the authors use this method to determine 
the caustic points and trajectories of those points and perform 
the electromagnetic field simulation to consider the beams 
steering possibility of the negative refractive index lens 
antennas. 

The paper is structured into five parts. Part 2 presents the 
basic structure of lens antennas. The algorithms and ray 
tracing equations are illustrated in Part 3. The structures of 
beam steering and beam steering radiation patterns are shown 
in Part 4. The conclusion is summarized in Part 5. 

II. ANTENNA CONFIGURATION 

The antenna structure consists of a lens with a negative 
refractive index and a feed element in the coordinate system, 
shown in Figure 1. The lens has a circular structure rotating 
around the oz axis. Oz is also the radiation direction of the lens 
antenna [6], [12], [16]. The lens has a focal point located at 
the origin of the coordinate system, with the distance F from 
the focal point to the lens vertex. 

 

Fig. 1. The lens antenna structure. 

 During the operation, the rays radiated from the feed 
element reach the inner curved lens surface at a point 

expressed by P , whose coordinates are 2 2( , )x z , where   is 

the radiation angle, from the focal point to the curved surface 
of the lens and the oz axis. The curved lens surface is 
determined by the equation (1) shown in [16], according to ox 

and oz. 2S is the curved inner surface; 1S is the rear planar 

surface of the lens. This lens antenna structure is suitable for 
the base station antenna in the mobile communications 
operating at 28GHz. 

2 2( 1)( ) 2( 1) ( )x n z F n F z F= − − + − −            (1) 

 The above equation (1) is the equation of the inner curved 
lens surface in the xoz plane. The distance from the focal point 
to the inner surface of the lens is determined by equation (2) 
in polar coordinates [16], [17]. 

( 1)

cos 1

n F
r

n 

−
=

−
                                  (2) 

where n is the refractive index of the lens.   is the angle from 

focal point to the curved inner lens surface and the oz axis; m

is the maximum angle. mr is the distance from the focal point 
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to the lens edge, shown in Figure 1. The lens thickness with a 
negative refractive index at the lens edge is given by equation 
(3) [16]. 

21 ( 1)

1 4( 1)
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n n

 +
= + − 

+ − 
               (3) 

i and r  are the incident angle and the refracted angle, 

respectively. These angles satisfy Snell’s law. 
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=                                    (4) 

III. FOCAL REGION RAY TRACING 

A. Ray Tracing Algorithms 

The flow chart of a focal region ray tracing program is 
shown in Figure 2. The program is built by the Matlab 
simulation tool. The analysis is based on the methods of 
calculating physical optics (OP) [8], [13]. The antenna 
parameters are first set such as the refractive index (n), focal 

length (F), the maximum angle to the edge of the lens m , and 

the incident angle of the ray tracing from the wave plane in . 

The equations of the incident ray, the refracted ray through 
two surfaces of the lens, the incident angle and the refractive 
angles are calculated on the basis of mathematical equations, 
physical optic conditions, and Snell's law for negative 
refractive index lens. This will be explained in the next part of 
the paper. In ray tracing method, all rays coming from the 
wave plane at the desired angle of the beam through the lens 
will be refracted through both lens surfaces. After leaving the 
inner curved lens surface, the rays converge at a caustic point 
or a focal region. When the angle of the incident rays is 
changed, the caustic points tend to lie on a specific trajectory 
[8]-[10], [13], [17]. These caustic points are the best places to 
set up the feed elements for the lens antenna. Accordingly, the 
lens antenna with multiple feed horns can produce the desired 
beam angle and steering beam. 

 

Fig. 2. Flow chart of a focal region ray tracing program. 

B. Focal Regions Ray Tracing Equations 

The ray tracing algorithm is calculated based on the model 
shown in Figure 3. With a circular lens structure rotating 
around the oz axis, we simply consider the wave plane 
perpendicular to the xoz plane; the incident rays are parallel to 
each other and lie on the xoz plane. 

Accordingly, parallel incident rays coming from the wave 
plane are refracted when passing through the lens and 

converge in the focal region. From (2), the coordinates of P , 

the points located on the inner curved lens surface in x-, z- 

direction are defined as follows 2 2( , )P x z : 
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 2n is a normal vector at a 2 2( , )P x z on the inner curved 

surface 2S . 

 

Fig. 3. Focal region in radiation mode ray tracing. 

 The linear equation of the incident ray ( 1d ) from the wave 

plane to the planar surface 1S  of the lens with an incident 

angle in is defined as follows: 

1 1 1tan ( )ind z z x= − +                     (6) 

(i) Incident ray on 1S  

 According to Snell's law of refraction, the incident rays are 
negatively refracted, and the refracted angle of the refracted 

ray behind the planar surface 1S  can be determined by 

equation: 

sin

sin

in n



=    (7) 

sin
arcsin( )in

n


 =                            (8) 

 Refracted ray equation 2d from planar surface 1S  to 

curved surface 2S  of the lens is given by: 

2 2 2tan ( )d z z x= − +                   (9) 

(ii) Incident ray on 2S  

 Incident angle  of refracted ray (d2) from planar surface

1S  to curved surface 2S is determined based on Snell's law of 

refraction for original ray: 

sin

sin
n




=    (10) 

where   = − . Thus, 

sin( ) sin cos cos sin sinn      − = − =  
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sin
arctan( )

cos n





=

−
   (11) 

Incident angle to 2S can be written, using (8) and (11), as 

  = −    (12) 

(iii) Refracted ray from 2S  

 According to Snell's law of refraction, the refracted angle 

from the 2 2( , )P x z on the curved surface 2S  to the caustic 

point is determined by 

sin

sin
n




=    (13) 

   arcsin( sin )n =   (14) 

 From the equations (11) and (14), the angle between oz 

axis and the refracted ray 3d is expressed as 

( )r   = − −    (15) 

(iv) Rays to caustic 

 From r and 2 2( , )P x z , refracted ray equation 3d from 

the curved lens surface 2S  to the caustic point is given as 

3 2 2tan ( )rd z z x= − +             (16) 

 Refracted rays 3d from the curved surface 2S  based on 

equation (16) intersect at a point or a region, shown in Figure 
3 and 4. 

  

Fig. 4. Ray tracing in a focal region and caustics. 

 On investigation into values in the range of

( )0 030 30in = −  , we obtain the focal regions. By 

calculating and analyzing the focal regions of the convergent 
points, the regions of the caustic point are limited to about two 

orbital arcs  
2

1R Fcos =  and 3R F= , where α is the angle 

formed by the incident ray from the caustic point to the lens 
vertex and the oz axis, as shown in Figure 5. 

IV. BEAM STEERING CHARACTERISTICS 

A. Beam Steering Modeling 

 Figure 5 shows the simulation structure of the lens 
antenna. The lens has a negative refractive index. The relative 

permittivity and relative permeability of the lens are 2r = −

and 1r = − , respectively. The curved lens surface is set 

according to equation (2), and the lens has a circular structure 
that rotates around the oz axis. The focal point of the lens is 
on the origin of the coordinate system. The focal length is 100 
millimeters from the focal point to the lens vertex. The 

diameter of the lens is D. The ratio 1F D = . The conical horn 

antennas are set to be the wide-angle radiation for the lens. To 
investigate the wider beam steering feature of the negative 
refractive index lens antenna, the authors set up the conical 
horn antennas at the caustic points on the proposed trajectories 
(R1, R2, R3, R4) with the angle α within the range of 

( )0 030 30−  at a 05 interval, as shown in Figures 4 and 5, in 

which 
2

2
2

Fcos F
R

 +
=  is the average trajectory of 1R  and 

3R ; and 4

F
R

cos
= is the trajectory where the considered 

points are on the ox axis. The conical horn antenna is designed 
to operate at 28 GHz and reaches a maximum gain of 15.15 
dBi. The caustic point is located at the horn throat, which 
intersects the waveguide and the horn flare. 

 

Fig. 5. A lens antenna structure with multiple feed horns. 

 Beam Steering Characteristics 

 

Fig. 6. The comparison of gain change at the angle α. 

 Figure 6 shows the variation of gain values when changing 
the radiation angles of the feed horn on the proposed 
trajectories. The results show that gain max peaks at 26.90 dBi 
when the feed horn is set at the origin (focal point). This value 
gradually decreases when the feed horn is located at the 
ascending angle α. The gain change occurs the most when the 
feed point is set on the R1 trajectory, reducing from 26.90 dBi 
at 00 to 23.80 dBi at 300. When the feed horn is on the 
trajectory R3 at 300 angle, the gain of the lens antenna drops 
only by 1.41 dBi, compared to its gain when setting up the 
feed horn at 00. 

 In Figure 7, it is clearly observed that at 50, the SLL 
reaches the lowest value of -22.95 dB when the feed horn is 
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set on trajectories R3 and R4. When the feed horn is set on 
trajectory R1, the farther from the focal point the feed horn is, 
the faster the SLL increases. At 250 and 300, SLL are -17.73 
dB and -17.13 dB, respectively. Meanwhile, the SLL of the 
lens antenna is still lower than -19.24 dB when located at all 
angles on trajectories R2 and R3. Besides, the authors place 
feed horns on the ox axis (R4) with the respective angles and 
find that although the gain is maintained at a level higher than 
25.75 dBi, the SLL is greatly increased to -17.04 dB and -
14.59 dB at 250 and 300. Based on the calculation and 
simulation results above, it is possible to select suitable 
locations to set the feed horn so as to achieve a high gain and 
a low SLL. 

 

Fig. 7. The comparison of the side lobe levels at angles α. 

 Figure 8 shows the radiation pattern of the lens antenna 
with feed points placed on trajectory R2 with the radiation 

angles α in the range ( )0 030 30−  at a 50 interval. It is clearly 

seen that the antenna radiation pattern is relatively uniform. 
Gain values are always maintained above 25.07 dBi. The 
difference in gain values when the feed horn is set at α = 300 
and α = 00 is 1.83 dBi. SLL is maintained at less than -19.24 
dB. Thus, setting the feed horn on trajectories and defined 
angles allows the negative refractive index lens antenna to 
produce multiple beams and beam steering at desired angles. 

 

Fig. 8. Beam steering results on trajectory R2. 

V. CONCLUSIONS 

By using the ray tracing method and antenna structure 
simulation by MATLAB  tool and ANSYS HFSS 
electromagnetic field software, in this paper, the authors have 
calculated and determined relative caustics and trajectories for 
the negative refractive index lens antennas. The results show 
the effectiveness of the feed horn setup. The feed horns at the 
caustic points are calculated to show the beam steering ability 
of the negative refractive index lens antennas. The results of 
the research will serve as a basis for applying a multi-beam 

lens antenna design to the base station in 5G mobile 
communications. 
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