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In this paper, we establish some criteria for boundedness, stability properties,
and separation of solutions of autonomous nonlinear nabla Riemann-Liouville
scalar fractional difference equations. To derive these results, we prove the vari-
ation of constants formula for nabla Riemann-Liouville fractional difference
equations.

KEYWORDS

fractional difference equations, Lyapunov exponent, nabla Riemann-Liouville difference

MSC CLASSIFICATION

39A13; 93D05; 39A30

1 INTRODUCTION

Recently, the theory of fractional calculus became an object of intensive research, and its development is very fast; see, eg,
previous studies1-4 and the references therein. This is accompanied by many interesting applications of fractional calculus
to modelling of various problems via fractional differential and difference equations. These applications arise in various
areas such as control theory, signal processing, and the theory of viscoelasticity; see, eg, previous studies.5-11
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In the discrete-time framework, four types of fractional differences are considered: forward/backward Caputo and for-
ward/backward Riemann-Liouville operators.12-14 This paper is devoted to the study of discrete-time fractional systems
with backward Riemann-Liouville differences, which is also called nabla Riemann-Liouville difference equation.

A main result of this paper is the variation of constants formula for nonlinear nabla Riemann-Liouville fractional dif-
ference equations. Using this result, we study some asymptotic properties of scalar equations. In particular, we provide
some conditions for boundedness and stability of nonlinear equations as well as conditions for separation of solutions.

2 BASIC NOTIONS

We recall some notions concerning fractional summation and fractional differences. Denote by R the set of real numbers,
by Z the set of integers, by N ∶= Z≥0 the set of natural numbers {0, 1, 2, … } including 0, and by

Z≤0 ∶= {0,−1,−2, … }

the set of nonpositive integers. For a ∈ R, we denote by Na ∶= a + N the set {a, a + 1, … }. By Γ ∶ R ⧵ Z≤0 → R, we
denote the Euler Gamma function defined by

Γ(𝛼) ∶= lim
n→∞

n𝛼n!
𝛼(𝛼 + 1) … (𝛼 + n)

for 𝛼 ∈ R ⧵ Z≤0, which is well defined, since the limit exists (see, eg, Krantz15, p156), and

Γ(𝛼) =
⎧⎪⎨⎪⎩

∫
∞

0
x𝛼−1e−xdx if 𝛼 > 0,

Γ(𝛼 + 1)
𝛼

if 𝛼 < 0 and 𝛼 ∈ R ⧵ Z≤0.

Note that Γ(𝛼) > 0 for all 𝛼 > 0.
For s ∈ R with s + 1, s + 1 + 𝛼 ∉ Z≤0, the raising factorial power (s)(𝛼) is defined by

(s)(𝛼) ∶= Γ(s + 𝛼)
Γ(s)

for s ∈ (R ⧵ Z≤−1) ∩ (R ⧵ (−𝛼 + Z≤−1)).
By ⌈x⌉ ∶= min{k ∈ Z ∶ k ≥ x},

we denote the least integer greater or equal to x.
Binomial coefficients

(
r
m

)
can be defined for any r,m ∈ C as described in Graham et al16 (section 5.5, formula (5.90)).

For r ∈ R and m ∈ Z, the binomial coefficient satisfies the following (Graham et al, section 5.1, formula (5.1))16:

( r
m

)
=
⎧⎪⎨⎪⎩

r(r−1)… (r−m+1)
m!

if m ∈ Z≥1,

1 if m = 0,
0 if m ∈ Z≤−1.

In this paper, we consider linear inhomogeneous fractional difference systems of the form

(R-LΔ𝛼x)(n) = Ax(n) + 𝑓 (n), (1)

where x ∶ N1 → Rd, R-LΔ𝛼 is Riemann-Liouville difference operator of a real order 𝛼 ∈ (0, 1), 𝑓 ∶ N1 → Rd and A ∈ Rd×d.
For 𝜈 ∈ R≥0 and a function x ∶ N1 → R, the 𝜈th nabla fractional sum (starting from 0) Δ−𝜈x ∶ N1 → Rd of order 𝜈 of x

is defined as

(Δ−𝜈
0 x)(n) ∶= 1

Γ(𝜈)

n∑
k=1

(n − k + 1)(𝜈−1)x(k) (2)
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for n ∈ N1.
Let 𝛼 ∈ (0, 1) and x ∶ N1 → Rd. The nabla Riemann-Liouville difference R-LΔ

𝛼x ∶ N1 → R of x of order 𝛼 is defined as

R-LΔ𝛼 ∶= Δ◦Δ−(1−𝛼),

ie,
(R-LΔ𝛼x)(n) ∶= (ΔΔ−(1−𝛼)x)(n) (3)

for n ∈ N2, where Δ is a backward difference operator, ie,

Δx(n) = x(n) − x(n − 1).

The formula (3) does not cover the case n = 1. When n = 1, (1) can be written as

(Δ−(1−𝛼)x)(1) − (Δ−(1−𝛼)x)(0) = Ax(1) + 𝑓 (1). (4)

Note that the symbol (Δ−(1−𝛼)x)(0) is not defined by (2) because 0 ∉ N1. Therefore, we formulate the initial value
problem for (1) as follows: For a given x1 ∈ Rd, find a sequence x ∶ N → Rd such that

x(0) = (I − A) x1 − 𝑓 (1), x(1) = x1 (5)

and (1) is satisfied for all n ∈ N2. Hence, from now on, we assume invertibility of I−A to ensure that there is a unique x(1).
Expanding (3), we can write

(R-LΔ𝛼x)(n) =
n∑

k=1
(−1)n−k

(
𝛼

n − k

)
x(k)

for n ∈ N2. Hence, (1) is equivalent to

n∑
k=1

(−1)n−k
(

𝛼

n − k

)
x(k) = Ax(n) + 𝑓 (n)

for n ∈ N2. Therefore,

x(n) = −(I − A)−1
n−1∑
k=1

(−1)n−k
(

𝛼

n − k

)
x(k) + (I − A)−1𝑓 (n)

for n ∈ N2, and we receive the existence and uniqueness of solutions of (1).
Next, the backward Laplace transform ( transform) of a sequence x is defined by

(x)(s) =
∞∑

k=1
x(k)(1 − s)k−1

for all s ∈ C for which the series converges. From Čermák et al,17, Remark 12 the backward Laplace transform is given by a
power series with the centre at s0 = 1. And, if the series converges at some s ≠ 1, then there exists rx > 0 such that the
series converges locally uniformly (and absolutely) in the open disc B(s0, rx) ∶= {z ∈ C ∶ |z − s0| < rx}. Moreover, the
series expansion is determined uniquely, and (x)(s) is an analytic function on B(1, rx).

Recall that for two sequences x, 𝑦 ∶ N1 → C, the convolution x ∗ 𝑦 ∶ N1 → C is defined as

(x ∗ 𝑦)(n) =
n∑

k=1
x(n − k + 1)𝑦(k) (6)

for n ∈ N1.
Then, by Čermák et al,17, Lemma 14(i),(v)

(x ∗ 𝑦)(s) = (x)(s)(𝑦)(s) (7)
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on B(1, r∗), where r∗ = min{rx, r𝑦}. And, if 0 < 𝛼 < 1, then

(R-LΔ𝛼x)(s) = s𝛼(x)(s)−R-LΔ−(1−𝛼)x(0)

on B(1, 1) ∩ B(1, rx).
The following definition can be found, eg, in Čermák et al17 (see also Nechvátal18).

Definition 1. (Nabla discrete-time Mittag-Leffler functions). For 𝜆 ∈ R, |𝜆| < 1, and 𝛼, 𝛽, z ∈ C with Re𝛼 > 0, the
nabla discrete-time Mittag-Leffler type function is defined by

E(𝛼,𝛽)(𝜆, z) ∶=
∞∑

k=0
𝜆k zk𝛼+𝛽−1

Γ(𝛼k + 𝛽)
.

Remark 1. Because

nk𝛼+𝛽−1

Γ(𝛼k + 𝛽)
= Γ(n + k𝛼 + 𝛽 − 1)

Γ(n)Γ(𝛼k + 𝛽)
=
(

n + k𝛼 + 𝛽 − 2
n − 1

)
=
(

n − 1 + k𝛼 + 𝛽 − 1
n − 1

)
= (−1)n−1

(
−k𝛼 − 𝛽

n − 1

)
,

we have

E(𝛼,𝛽)(𝜆,n) =
∞∑

k=0
𝜆k(−1)n−1

(
−k𝛼 − 𝛽

n − 1

)
for n ∈ N1. We use the convention that 00 = 1, and let 𝜆 = 0,

E(𝛼,𝛽)(0,n) = (−1)n−1
( −𝛽

n − 1

)
.

Next, we present the Laplace transform of the nabla discrete-time Mittag-Leffler function.

Proposition 1. (Čermák et al)17, proposition 17 It holds that

{E(𝛼,𝛽)(A,n)}(s) = s𝛼−𝛽(s𝛼I − A)−1

for 𝛼, 𝛽 ∈ R.

For p > 0, consider the following spaces of real-valued sequences:

𝓁p ∶=

{
(an)n∈N1

∶
∞∑

n=1
|an|p < ∞

}

and

𝓁∞ ∶=

{
(an)n∈N1

∶ sup
n∈N1

|an| < ∞

}
.

We have that for p ≥ 1, 𝓁p is a Banach space with norm

||x||p =

( ∞∑
n=1

|an|p)
1
p

,

and 𝓁∞ is a Banach space with norm ||x||∞ = supn∈N1
|an|. The following result is called the Young convolution inequality.

Suppose that
1
p
+ 1

q
= 1

r
+ 1

with p, q, r ≥ 1 and x ∈ 𝓁p, 𝑦 ∈ 𝓁q; then, ||x ∗ 𝑦||r ≤ ||x||p||𝑦||q. Using this inequality, we conclude that x ∗ 𝑦 ∈ 𝓁r for
x ∈ 𝓁p and 𝑦 ∈ 𝓁q.

We define the asymptotic stability of (1).
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Definition 2. (Čermák et al)17, Definition 5 The fractional difference Equation (1) is said to be asymptotically stable if
and only if for any x1 ∈ Rd, the solution x of (1), with initial condition x(1) = x1, satisfies ||x(n)|| → 0 as n → ∞.

3 VARIATION OF CONSTANTS FORMULA

The initial value problem (5) for Equation (1) has a unique solution x ∶ N → Rd, which satisfies the initial condition

(Δ−(1−𝛼)x)(0) = x(0) = x0.

We denote the solution x by 𝜑R-L(·, x0). In the following main theorem of this paper, we establish a variation of constants
formula.

Theorem 1. (Variation of constants formula for nabla Riemann-Liouville fractional difference equations). Let 𝛼 ∈ (0, 1)
and I−A be invertible. Consider Equation (1) with initial condition x(0) = x0. The solution of the nabla Riemann-Liouville
Equation (1) is given by

𝜑R-L(n, x0) = E(𝛼,𝛼)(A,n)x0 +
n∑

k=1
E(𝛼,𝛼)(A,n − k + 1)𝑓 (k) (8)

for all n ∈ N2 and
𝜑R-L(1, x0) = (I − A)−1(x0 + 𝑓 (1)).

Proof. Applying the Laplace transform to both sides of (1) and assuming that n ∈ N2, we have

s𝛼(x)(s)−R-LΔ−(1−𝛼)x(0) = A(x)(s) + ( 𝑓 )(s).
Therefore,

(x)(s) = (s𝛼I − A)−1x0 + (s𝛼I − A)−1( 𝑓 )(s) = (E(𝛼,𝛼)(A, ·)x0 + (E(𝛼,𝛼)(A, ·)( 𝑓 )(s). (9)

Hence, by using Proposition 1 and inverse Laplace transform, we obtain

𝜑R-L(n, x0) = E(𝛼,𝛼)(A,n)x0 +
n∑

k=1
E(𝛼,𝛼)(A,n − k + 1)𝑓 (k) (10)

for all n ∈ N2.

As a corollary, for the linear homogeneous case

R-LΔ𝛼x(n) = Ax(n) (n ∈ N1), (11)

we recall the following theorem for explicit solutions.

Theorem 2. (Čermák et al)17, theorem 18 Assume that I − A is invertible; then, the solution of (11) is

𝜑R-L(n, x0) = E(𝛼,𝛼)(A,n)x0 (n ∈ N2).

Theorem 1 can be applied to a nonlinear equation yielding an implicit solution representation by the variation of con-
stants formula. Let x ∶ N → Rd be a solution of the nonlinear nabla Riemann-Liouville fractional difference equation

(R-LΔ𝛼x)(n) = Ax(n) + g(x(n)) (12)

for n ∈ N1, where R-LΔ𝛼 is the nabla Riemann-Liouville difference operator of order 𝛼 , g ∶ Rd → Rd and A ∈ Rd×d. The
initial value problem of the above equation is formulated as for (1), ie, for a given x1 ∈ Rd, find a sequence x ∶ N → Rd

such that
x(0) = (I − A) x1 − g (x(1))



6 THE ANH ET AL.

and (12) is satisfied for all n ∈ N2. But now, the existence of the solution to this problem is not as obvious as in the case
of Equation (1). Then, x is also a solution of the (nonautonomous) linear fractional difference Equation (1) with

𝑓 ∶ N → R
d, n → g(x(n)).

By Theorem 1, if the solution x exists, it satisfies the implicit equation

𝜑R-L(n, x0) = E(𝛼,𝛼)(A,n)x0 +
n∑

k=1
E(𝛼,𝛼)(A,n − k + 1)g(x(k)). (13)

4 APPLICATIONS

Consider a linear inhomogeneous fractional difference equation of the form

(R-LΔ𝛼x)(n) = 𝜆x(n) + 𝑓 (n) (14)

for n ∈ N1, which satisfies the initial condition

(Δ−(1−𝛼)x)(0) = x(0) = x0,

where x ∶ N1 → R, R-LΔ𝛼 is the Riemann-Liouville difference operator of a real order 𝛼 ∈ (0, 1), 𝑓 ∶ N1 → R and 𝜆 ∈ R.

Corollary 1. (Čermák et al)17, corollary 23 If 𝜆 ∈ R with 𝜆 < 0 or 𝜆 > 2𝛼 , then

R-LΔ𝛼x(n) = 𝜆x(n) (n ∈ N1), (15)

is asymptotically stable. Moreover, if −1 < 𝜆 < 0, then

x(n) = O(n−(1+𝛼))

as n → ∞ for all solutions x of (15).

Remark 2. By Corollary 1 and Theorem 2, if −1 < 𝜆 < 0, then

E(𝛼,𝛼)(𝜆,n) = O(n−(1+𝛼))

as n → ∞.

4.1 Boundedness of solutions of scalar autonomous nonlinear nabla Riemann-Liouville
difference equations
The next theorem describes spaces of sequences 𝑓 and a range of the values of the parameter 𝜆 for which the solutions of
(14) are bounded.

Theorem 3. If −1 < 𝜆 < 0 and 𝑓 ∈ 𝓁∞ or 𝑓 ∈ 𝓁p for 0 < p < 1, then the solutions of equation (14) are bounded.

Proof. By the variation of constants formula (Theorem 1), Equation (14) has an unique solution given by the following
formula:

𝜑R-L(n, x0) = E(𝛼,𝛼)(𝜆,n)x0 +
n∑

k=1
E(𝛼,𝛼)(𝜆,n − k + 1)𝑓 (k). (16)

From Remark 2, we get
lim

n→∞
E(𝛼,𝛼)(𝜆,n)x0 = 0.
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Because 𝑓 ∈ 𝓁∞ or 𝑓 ∈ 𝓁p for 0 < p < 1, there exists M > 0 such that |𝑓 (n)| < M for all n. Then,

|||||
n∑

k=1
E(𝛼,𝛼)(𝜆, k)𝑓 (k)

||||| ≤ M
n∑

k=1
E(𝛼,𝛼)(𝜆, k).

Combining this with
E(𝛼,𝛼)(𝜆,n) = O(n−(1+𝛼))

as n → ∞ (see Remark 2), we conclude that the solution of (14) is bounded.

4.2 Stability of scalar autonomous nonlinear nabla Riemann-Liouville difference
equations
If we consider Equation (14) with sequences 𝑓 tending to zero fast enough, then the equation will be asymptotically stable
for certain values of the parameter 𝜆. This is described in the next result.

Theorem 4. If −1 < 𝜆 < 0 and 𝑓 ∈ 𝓁q with q ≥ 1, then Equation (14) is asymptotically stable.

Proof. By the variation of constants formula (Theorem 1), Equation (14) has an unique solution given by

𝜑R-L(n, x0) = E(𝛼,𝛼)(𝜆,n)x0 +
(

E(𝛼,𝛼)(𝜆, ·) ∗ 𝑓 (·)
)
(n). (17)

Because
E(𝛼,𝛼)(𝜆,n) = O(n−(1+𝛼))

for n → ∞, we have
E(𝛼,𝛼)(𝜆, ·) ∈ 𝓁 1+𝛼

1+𝜀

for all 0 < 𝜀 < 𝛼. Hence,
r ∶= 1

𝜀−𝛼
1+𝛼

+ 1
q

≥ 1

and
1

1+𝛼
1+𝜀

+ 1
q
= 1

r
+ 1.

By the Young inequality for
E(𝛼,𝛼)(𝜆, ·) ∈ 𝓁 1+𝛼

1+𝜀

and 𝑓 ∈ 𝓁q, we have
E(𝛼,𝛼)(𝜆, ·) ∗ 𝑓 (·) ∈ 𝓁r

and conclude that (14) is asymptotically stable.

4.3 Scalar solution separation
Consider a scalar nonlinear fractional difference equation of the form

(R-LΔ𝛼x)(n) = 𝜆x(n) + g(x(n)), (18)

which satisfies the initial condition
(Δ−(1−𝛼)x)(0) = x(0) = x0,

where x0 ∈ R, 𝜆 ∈ R, and g ∶ R → R is Lipschitz continuous, ie, there is a constant L > 0 such that

|g(x) − g(𝑦)| ≤ L|x − 𝑦| (19)

for x, 𝑦 ∈ R. Moreover, we assume that
L < |1 − 𝜆|. (20)
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Hence, the assumption (20) ensures the existence of a unique solution of (18) as a special case of Equation (1) with

𝑓 ∶ N → R
d, n → g(x(n)).

The next theorem presents a lower bound on the separation between two solutions.

Theorem 5. Consider Equation (18) with 𝜆 ∈ (0, 1) and assume that g satisfies (19) for

L ∈ (0,min{𝜆, 1 − 𝜆}).

Then, the unique solution of (18) satisfies the estimate

|𝜑R-L(n, x) − 𝜑R-L(n, 𝑦)| ≥ E(𝛼,𝛼)(𝜆 − L,n)|x − 𝑦|
for x, 𝑦 ∈ R,n ∈ N.

In the proof of the above theorem, we will use the following lemma on monotonicity with respect to the initial conditions
of scalar equations.

Lemma 1. Consider Equation (18) with 𝜆 ∈ (0, 1) and assume that g satisfies (19) for L ∈ (0, 𝜆). If x ≤ 𝑦, then

𝜑R-L(n, x) ≤ 𝜑R-L(n, 𝑦)

for n ∈ N.

Proof. Define h(x) ∶= Lx + g(x). Then, Equation (18) can be rewritten as

(R-LΔ𝛼x)(n) = (𝜆 − L)x(n) + h(x(n)) (21)

for n ∈ N. Moreover, for x ≤ 𝑦,
h(𝑦) − h(x) = L𝑦 + g(𝑦) − (Lx + g(x))

= g(𝑦) − g(x) + L(𝑦 − x)
≥ −L(𝑦 − x) + L(𝑦 − x)
= 0,

ie, h is monotonically increasing. By Theorem 1, for x, 𝑦 ∈ R,

𝜑R-L(n, 𝑦) − 𝜑R-L(n, x) = E(𝛼,𝛼)(𝜆 − L,n)(𝑦 − x) +
n∑

k=1
E(𝛼,𝛼)(𝜆 − L,n − k + 1)(h(𝜑R-L(k, 𝑦)) − h(𝜑R-L(k, x))) (n ∈ N1). (22)

Since 𝜆 − L > 0, we have
E(𝛼,𝛼)(𝜆 − L,n) > 0

for all n ∈ N1. Hence, x ≤ 𝑦 implies
𝜑R-L(n, x) ≤ 𝜑R-L(n, 𝑦)

for n ∈ N1.

We are now in a position to prove Theorem 5.

Proof. Assume that x < 𝑦. By Lemma 1, Equation (22), and the fact that h is monotonically increasing, we get

𝜑R-L(n, 𝑦) − 𝜑R-L(n, x) ≥ E(𝛼,𝛼)(𝜆 − L,n)(𝑦 − x)

for n ∈ N.

As an application of Theorem 5 to Equation (18) with 𝑦 = 0, we get that the Lyapunov exponent of nonzero solutions
is nonnegative, where the Lyapunov exponent of function 𝑓 ∶ N0 → Rd is defined by lim supn→∞

1
n

ln ||𝑓 (n)||.
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Corollary 2. Consider Equation (18) with 𝜆 ∈ (0, 1) and assume that 𝑓 satisfies (19) with

L ∈ [0,min{𝜆, 1 − 𝜆}).

Then, for all nontrivial solutions of Equation (18), we have

limsup
n→∞

1
n

ln |𝜑R-L(n, x0)| ≥ 0 (23)

for 0 < 𝜆 − L < 1 and x0 ∈ R ⧵ {0}.

Proof. Using Theorem 5 for 𝑦 = 0, we have

|𝜑R-L(n, x0)| ≥ E(𝛼,𝛼)(𝜆 − L,n)|x0|.
Recall from Graham et al16, p165 and Čermák et al19, p656 that for all 𝛼 > 0,

(−1)n−1
(
−(k𝛼 + 𝛼)

n − 1

)
= (−1)n−1 (−(k𝛼 + 𝛼)) … (−(k𝛼 + 𝛼 + n − 2))

1 · 2 … (n − 1)

= (k𝛼 + 𝛼)(k𝛼 + 𝛼 + 1) … (k𝛼 + 𝛼 + n − 2)
1 · 2 … (n − 1)

> 0

for all n ≥ 2. With
n0 ∶= ⌈1 − 𝛼

𝛼
⌉,

we have k𝛼 + 𝛼 ≥ 1 for all k ≥ n0. As a consequence, for n > n0,

(−1)n−1
(
−(k𝛼 + 𝛼)

n − 1

)
< 1

for k ∈ {0, 1, … n0 − 1} and

(−1)n−1
(
−(k𝛼 + 𝛼)

n − 1

)
≥ 1

for k ∈ {n0,n0 + 1, … n}. Therefore,

|𝜑R-L(n, x0)| ≥ n∑
k=n0

(𝜆 − L)k|x0|.
Combining the last inequality with

lim
n→∞

1
n

ln
n∑

k=n0

qk =
{

ln q ifq > 1,
0 if0 < q ≤ 1,

we obtain (23).

5 CONCLUSIONS

In this paper, we investigated properties of discrete nonlinear nabla Riemann-Liouville equations. We presented a vari-
ation of constants formula that expresses the solution of semilinear equations by the solution of its linear part, which is
in turn given by the nabla discrete-time Mittag-Leffler function. On the basis of this formula, we obtained results about
the asymptotic behaviour of one-dimensional equations such as boundedness conditions and separation of solutions. In
particular, we showed that the Lyapunov exponent of certain nonlinear equations is positive for all initial conditions.
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