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1 | INTRODUCTION

Recently, the theory of fractional calculus became an object of intensive research, and its development is very fast; see, eg,
previous studies' and the references therein. This is accompanied by many interesting applications of fractional calculus
to modelling of various problems via fractional differential and difference equations. These applications arise in various
areas such as control theory, signal processing, and the theory of viscoelasticity; see, eg, previous studies.> !
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In the discrete-time framework, four types of fractional differences are considered: forward/backward Caputo and for-
ward/backward Riemann-Liouville operators.!?# This paper is devoted to the study of discrete-time fractional systems
with backward Riemann-Liouville differences, which is also called nabla Riemann-Liouville difference equation.

A main result of this paper is the variation of constants formula for nonlinear nabla Riemann-Liouville fractional dif-
ference equations. Using this result, we study some asymptotic properties of scalar equations. In particular, we provide
some conditions for boundedness and stability of nonlinear equations as well as conditions for separation of solutions.

2 | BASIC NOTIONS

We recall some notions concerning fractional summation and fractional differences. Denote by R the set of real numbers,
by Z the set of integers, by N := Zs, the set of natural numbers {0, 1,2, ... } including 0, and by

Zco :=10,-1,-2, ... }

the set of nonpositive integers. For a € R, we denote by N, := a+ Ntheset {a,a+1,... }.ByI' : R\ Zs - R, we
denote the Euler Gamma function defined by

[(a) := lim nn!
n—o q(a+1) ... (a +n)

for @ € R \ Z<p, which is well defined, since the limit exists (see, eg, Krantz!>P156) and
/ xleXdx if a >0,
(@) =4 Jo

[(a+1)
04

if @ <0 and a € R\ Z.

Note that I'(e) > 0 for all @ > 0. o
Fors € Rwiths+ 1,5+ 1+ a & Z<, the raising factorial power (s)® is defined by

_T(s+a)

@ .
O ="

forse R\ Z<«-1) N R\ (—a + Z<_1)).
By
[x] :=min{k € Z : k > x},
we denote the least integer greater or equal to x.

Binomial coefficients (;l ) can be defined for any r, m € C as described in Graham et al'® (section 5.5, formula (5.90)).
For r € R and m € Z, the binomial coefficient satisfies the following (Graham et al, section 5.1, formula (5.1))'®:

r(r-1)...(r-m+1) if m = Z>l»
r m! . =
(m) =41 if m=0,
0 if me Zs—l‘

In this paper, we consider linear inhomogeneous fractional difference systems of the form
(R-LA"X)(n) = Ax(n) + f(n), 1)

where x : N; —» R, 1 A” is Riemann-Liouville difference operator of a real order « € (0,1), f : N; - R¢and A € R4,
For v € Ry and a function x : N; — R, the vth nabla fractional sum (starting from 0) A™x : N; — R of order v of x
is defined as
1

(A0 = F= 30— k+ 1 Dx(h) )
k=1
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forn e N;.
Leta € (0,1) and x : N; —» R%. The nabla Riemann-Liouville difference 1A% : N; — R of x of order « is defined as

RLAY 1= Ao A1),

ie,
(RLAX)(n) 1= (AA""Dx)(n) (3)

for n € N,, where A is a backward difference operator, ie,
Ax(n) =x(n) —x(n —1).
The formula (3) does not cover the case n = 1. When n = 1, (1) can be written as
(A1 x)(1) = (AT 7950)(0) = Ax(1) + f(D). @)

Note that the symbol (A~0~%x)(0) is not defined by (2) because 0 ¢ N;. Therefore, we formulate the initial value
problem for (1) as follows: For a given x; € R, find a sequence x : N — R¢ such that

x0)=0-A)x - fQ), x(D=x ©)

and (1) is satisfied for all n € N,. Hence, from now on, we assume invertibility of I — A to ensure that there is a unique x(1).
Expanding (3), we can write

[04

- k)x(k)

n
(k1A = Y (=1 (
k=1 n
for n € N,. Hence, (1) is equivalent to

n

YT Y xto = Axn) + £

P n—k

for n € N,. Therefore,

[04

n-1
— (T _ -1 _1\h—k
X = =0 =47 3 (,7,

)x(k) + (1 = A f ()

for n € N,, and we receive the existence and uniqueness of solutions of (1).
Next, the backward Laplace transform (£ transform) of a sequence x is defined by

LE)s) = Y a1 =)

k=1

for all s € C for which the series converges. From Cermak et al,}”» Remark 12 the backward Laplace transform is given by a
power series with the centre at s, = 1. And, if the series converges at some s # 1, then there exists r, > 0 such that the
series converges locally uniformly (and absolutely) in the open disc B(so,7x) := {z € C : |z — 50| < ry}. Moreover, the
series expansion is determined uniquely, and L£(x)(s) is an analytic function on B(1, ry).

Recall that for two sequences x, y : N; — C, the convolution x * y : N; — C is defined as

(x % y)(n) = Y x(n —k+ Dyk) (6)

k=1

forn € N;.
Then, by Cermak et al,!7- Lemma 14(0.(v)

L(x * y)(s) = LO)NES)L(Y)(S) (7
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on B(1,r,), where r, = min{ry,r,}. And, if 0 < « < 1, then
L(RLAX)(S) = s LX)(8)—r-1A™7x(0)
on B(1,1) N B(1, ry).
The following definition can be found, eg, in Cermak et al'? (see also Nechvatal'8).

Definition 1. (Nabla discrete-time Mittag-Leffler functions). For 4 € R, |1| < 1, and «, f,z € C with Rea > 0, the
nabla discrete-time Mittag-Leffler type function is defined by

b ka+p-1
E—(Az) = YA
w42 kz:;) T(ak+ f)

Remark 1. Because

pkat+h-1 _F(n+ka+ﬂ—1)_<n+ka+ﬁ—2>_(n—1+ka+ﬁ—1>_(_l)n_1<—ka—ﬂ>
Tak+p)  Tmak+p) n—1 - n-1 - 1)

we have
_ k n—1 —ka — ﬂ
B (A,m) = ) A(=1) < L >
k=0 h
for n € N;. We use the convention that 0° = 1, and let A = 0,

Egy(0.1) = (-1 (n__ﬂ 1) .

Next, we present the Laplace transform of the nabla discrete-time Mittag-Leffler function.

Proposition 1. (Cermdk et al)'’, proposition 17 It holds that
L{E5(A,m)(s) = s"P(s"T - A

fora,p eR.

For p > 0, consider the following spaces of real-valued sequences:

£y = {(a,,)neNl D) lanlP < oo}
n=1

Coo i = {(an)neN1 D osup |an| < oo}.
neN;

We have that for p > 1, £, is a Banach space with norm

® ;
el = | Ylanl? |
n=1

and 7, is a Banach space with norm ||x|| = SUp,en, [@nl- The following result is called the Young convolution inequality.
Suppose that

and

1 1 1
+

withp,q,r > 1and x € £),,y € ¢; then, ||x * y||. < ||Ix]l,l|yllg- Using this inequality, we conclude that x * y € ¢, for
xe€tpandye’,.
We define the asymptotic stability of (1).
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Definition 2. (Cermik et al)!7-Pefinition 5 The fractional difference Equation (1) is said to be asymptotically stable if
and only if for any x; € R¢, the solution x of (1), with initial condition x(1) = x;, satisfies ||x(n)|| = 0 as n — co.

3 | VARIATION OF CONSTANTS FORMULA

The initial value problem (5) for Equation (1) has a unique solution x : N — R¢, which satisfies the initial condition
(A~379%)(0) = x(0) = xo.
We denote the solution x by @g.1.(-, Xo). In the following main theorem of this paper, we establish a variation of constants

formula.

Theorem 1. (Variation of constants formula for nabla Riemann-Liouville fractional difference equations). Let « € (0,1)
and I—A be invertible. Consider Equation (1) with initial condition x(0) = xo. The solution of the nabla Riemann-Liouville
Equation (1) is given by

P11, X0) = Bs(A, Mo + Y Es(A,n— k + 1) f (k) ®)
k=1

foralln € N, and
PrL(L,X0) = (I = A" (xo + f(1)).
Proof. Applying the Laplace transform to both sides of (1) and assuming that n € N,, we have

SYLEOE)—rLATTOX(0) = ALGX)(S) + LS.

Therefore,
L)) = (T = A)xg + (8T = AT L)) = LIE(A, )Xo + LB 5(A L)), )

(o, @)

Hence, by using Proposition 1 and inverse Laplace transform, we obtain

PR, X0) = Ego(A, m%o + Y Egros(A,n =k + 1)/ (k) (10)
k=1

for alln € N,. O

As a corollary, for the linear homogeneous case
rRLAX(n) = Ax(n) (n €Ny, an

we recall the following theorem for explicit solutions.

Theorem 2. (Cermdk et al)'’, theorem 18 Assume that I — A is invertible; then, the solution of (11) is

Pr1(n,X0) = E—(A,n)xy (n € Ny).

(a,)

Theorem 1 can be applied to a nonlinear equation yielding an implicit solution representation by the variation of con-
stants formula. Let x : N — R? be a solution of the nonlinear nabla Riemann-Liouville fractional difference equation

(r-LAX)(n) = Ax(n) + g(x(n)) (12)

for n € Ny, where g A® is the nabla Riemann-Liouville difference operator of order a , g : R¢ - R? and A € R%. The
initial value problem of the above equation is formulated as for (1), ie, for a given x; € RY, find a sequence x : N — R¢
such that

x0) =T -A)x; —g(x(1))
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and (12) is satisfied for all n € N,. But now, the existence of the solution to this problem is not as obvious as in the case
of Equation (1). Then, x is also a solution of the (nonautonomous) linear fractional difference Equation (1) with

f i N->RY ne gxn)).

By Theorem 1, if the solution x exists, it satisfies the implicit equation

@r-L(N,X0) = E (A, n)xo + ZEm(A, n —k + 1gx(k)). (13)
P

4 | APPLICATIONS

Consider a linear inhomogeneous fractional difference equation of the form
(rLAX)(n) = Ax(n) + f(n) (14)
for n € Ny, which satisfies the initial condition
(A™1x)(0) = x(0) = xo,

where x : N; — R, g A” is the Riemann-Liouville difference operator of a real order « € (0,1), f : N; > Rand A € R.

Corollary 1. (Cermdk et al)'’, corollary 23If A € Rwith A < 0 or A > 2%, then
r1A%x(n) = Ax(n) (m e Ny), (15)
is asymptotically stable. Moreover, if —1 < A < 0, then
x(n) = O(n~1*®)
as n — oo for all solutions x of (15).

Remark 2. By Corollary 1 and Theorem 2, if -1 < 4 < 0, then

E—(4,n) = O(n"1*9)

(a,@)

asn — oo.

4.1 | Boundedness of solutions of scalar autonomous nonlinear nabla Riemann-Liouville
difference equations

The next theorem describes spaces of sequences f and a range of the values of the parameter 4 for which the solutions of
(14) are bounded.

Theorem 3. If -1 < A< 0and f € £ or f € £, for 0 < p < 1, then the solutions of equation (14) are bounded.

Proof. By the variation of constants formula (Theorem 1), Equation (14) has an unique solution given by the following
formula:

n
PrL(1,X0) = B (A, %o + Y Egros(A,n =k + 1)/ (k). (16)
k=1
From Remark 2, we get
lim Em(/l, n)xo =0.
n—oo ’
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Because f € 7, or f € £}, for 0 < p < 1, there exists M > 0 such that | f(n)| < M for all n. Then,

;%nyy&)SM;%Eﬂk)

Combining this with
Qmmm=mwm%

as n — oo (see Remark 2), we conclude that the solution of (14) is bounded. O

4.2 | Stability of scalar autonomous nonlinear nabla Riemann-Liouville difference
equations

If we consider Equation (14) with sequences f tending to zero fast enough, then the equation will be asymptotically stable
for certain values of the parameter A. This is described in the next result.

Theorem 4. If -1 < A <0and f € ¢4 with q > 1, then Equation (14) is asymptotically stable.

Proof. By the variation of constants formula (Theorem 1), Equation (14) has an unique solution given by

PR X0) = (¥ + (Egg(h. )+ £O)) ). (17)

(a.0)

Because
E—(4,n) = O(n""*?)

(ar,@)
for n - o0, we have
E5(4.) €l

1+e

for all 0 < € < a. Hence,

ri= 1 >1
E—a 1
mU I
1+a q
and
1 ,1_1
14+a __;+

1+e
By the Young inequality for
E 5(4,) € C1

1+e

and f € 7, we have
E (4.« f() €,
and conclude that (14) is asymptotically stable. O

4.3 | Scalar solution separation

Consider a scalar nonlinear fractional difference equation of the form
(R-LA"X)(n) = Ax(n) + g(x(n)), (18)

which satisfies the initial condition
(A™179x)(0) = x(0) = xo,

wherexy € R, 1 € R,and g : R — R is Lipschitz continuous, ie, there is a constant L > 0 such that

1gx) — g < L|x -yl (19)

for x, y € R. Moreover, we assume that
L<|1-24]. (20)
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Hence, the assumption (20) ensures the existence of a unique solution of (18) as a special case of Equation (1) with
fiN=RY ne gxn).

The next theorem presents a lower bound on the separation between two solutions.

Theorem 5. Consider Equation (18) with A € (0,1) and assume that g satisfies (19) for
L € (0,min{4,1— A}).
Then, the unique solution of (18) satisfies the estimate

l@r-L(n,%) — @rL(, y)| 2 E5(4 — L, n)|x — y|

forx,yeRne N

In the proof of the above theorem, we will use the following lemma on monotonicity with respect to the initial conditions
of scalar equations.

Lemma 1. Consider Equation (18) with A € (0, 1) and assume that g satisfies (19) for L € (0, A). Ifx < y, then

@r-1(n,%) < @rr(n,y)
forne N

Proof. Define h(x) := Lx + g(x). Then, Equation (18) can be rewritten as

(RLAX)(n) = (4 — L)x(n) + h(x(n)) (1)

for n € N. Moreover, for x < y,
h(y) = h(x) = Ly + g(y) — (Lx + g(x))
=g(y) —8x) +L(y —x)
> -L(y—-x)+L(y—x)
=0,
ie, h is monotonically increasing. By Theorem 1, for x, y € R,

PrL(,y) = @rL(N,X) = E (A= L, n)(y —X) + ZE@M = L,n—k+ D((grLk, y) — h(grL(k,X))) (n € Ny). (22)
k=1

Since A — L > 0, we have
Em(ﬂ —-L,n>0
for all n € N;. Hence, x < y implies

Pr1(1,X) < prL(n,y)
forn € N;j. O

We are now in a position to prove Theorem 5.

Proof. Assume that x < y. By Lemma 1, Equation (22), and the fact that h is monotonically increasing, we get

@r1(N,Y) — prL(N,X) 2 E—(4A — L, n)(y — X)

(a,@)
forn € N. O

As an application of Theorem 5 to Equation (18) with y = 0, we get that the Lyapunov exponent of nonzero solutions
is nonnegative, where the Lyapunov exponent of function f : Ny — R is defined by lim SuPn_wo,l, In|lf(n)].
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Corollary 2. Consider Equation (18) with A € (0, 1) and assume that f satisfies (19) with
L €[0,min{A,1— A}).

Then, for all nontrivial solutions of Equation (18), we have

1imSUP% In |@rL(n,X0)| > 0 (23)

n—oo

for0<iA—L<landx, € R\ {0}.
Proof. Using Theorem 5 for y = 0, we have
lor-L(1, X0)| 2 E5(4 — L, n)lxo.

Recall from Graham et al'®, p165 and Cermadk et al'®, p656 that for all @ > 0,

(_1)}1—1 <_(ka + a))

n—1
— (~1)r! (—ka+a)) ... (~(ka+a+n-2)
B 1-2...(n=1)
_(kat+a)ka+a+1) ... (ka+a+n-2) >0
h 1-2...(n=-1)
for all n > 2. With
. l—a
no := " 1,
we have ka + a > 1 for all k > n,. As a consequence, for n > ny,
(_1)}’[—1 <_(ka + a)) <1
n—1
fork € {0,1, ... np—1} and
( 1)1’1—1( (ka+a)> Z 1
n—1
fork € {ng,ng + 1, ... n}. Therefore,
n
lorL(n.X0)| > D (4= L)|xol.
k=n,
Combining the last inequality with
.1 c r_ JIng ifg>1,
,}L‘Eozln;q = { 0 ifo<q<l,
we obtain (23). O

5 | CONCLUSIONS

In this paper, we investigated properties of discrete nonlinear nabla Riemann-Liouville equations. We presented a vari-
ation of constants formula that expresses the solution of semilinear equations by the solution of its linear part, which is
in turn given by the nabla discrete-time Mittag-Leffler function. On the basis of this formula, we obtained results about
the asymptotic behaviour of one-dimensional equations such as boundedness conditions and separation of solutions. In
particular, we showed that the Lyapunov exponent of certain nonlinear equations is positive for all initial conditions.
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