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A B S T R A C T

Motivated by some earlier experimental observations on the magneto-optical absorption and cyclotron resonance in graphene, we carry out systematically a
theoretical investigation of the magneto-optical absorption in graphene monolayer situated on a substrate. The effect of electron-impurity scattering is considered
at low temperatures. The magneto-optical absorption coefficient (AC) is calculated using the perturbation theory taking account of both one- and two-photon
absorption processes. Numerical results are obtained for the SiO2, SiC, and h-BN substrates to compare and show effects of the substrate. There appear the
cyclotron-impurity resonance peaks in the AC which show a blue-shift with increasing magnetic field strength. In general, the absorption intensity, the resonance
energy and the FWHM depend strongly on the substrate. Also, the FWHM increases with increasing the impurity density by the law FWHM= 𝛽

√

𝑛𝑖, where 𝛽 is
a constant whose value is different in different substrates and 𝑛𝑖 the impurity density. In particular, the resonance energy versus magnetic field strength and the
full width at half maximum (FWHM) for the SiO2 substrate are in good agreement with those obtained by earlier experiments.

1. Introduction

Since its successful fabrication, graphene has become one of the
most attractive materials in condensed matter physics and materials
science. It is also a motivation to study and fabricate many other
graphene-like materials. Studies related to graphene have exploded
rapidly, both fundamentally and in applications [1–4]. One of the
physical properties of graphene, that is of great interest, is the magneto-
optical transport property, motivated by its potential applications. Cy-
clotron resonance (CR) in graphene has been studied both theoreti-
cally [5] and experimentally [6,7]. The phonon-assisted CR in graphene
monolayers have also been studied at high temperatures when the
electron–phonon interaction is considered as the main perturbation
causing electron transition in the case of free standing graphene [8]
and the graphene layer on a polar substrate [9]. In the work [5], the
magneto-optical conductivity in single-layer graphene was theoretically
calculated using the Kubo–Mori formula. The authors analysed in detail
the resonance conditions with possible transitions of charged carriers.
However, they only considered the linear (one-photon) absorption of
the optical field and did not include any effect of carrier scattering. On
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the other hand, many studies have shown that transport properties in
solids cannot be well explained by considering carriers being scattered
only by the lattice (phonon), in particular at low temperatures [10]. At
low temperatures, impurity scattering is superior to lattice (phonon)
scattering and should be taken into account in investigating quan-
tum effects which are pronounced at such temperatures. The electron-
impurity scattering in graphene has been included in investigating the
quantum Hall effect [11], the density of states and magneto-optical con-
ductivity in a perpendicular magnetic field [5], the Landau broadening
in strong magnetic fields [12], and the magnetotransport in a dc bias
current where the Shubnikov–de Haas oscillation in the magnetoresis-
tivity was examined [13]. It can be believed that the electron-impurity
scattering has a significant effect on the magneto-optical absorption
properties in graphene because it modifies the electron density of states
and electron transition probability between electronic states.

On the other hand, graphene monolayer has zero band gap and so
cannot be applied in on–off devices. To possibly apply graphene in
such devices, it is necessary to turn graphene into a semiconductor,
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i.e., create a large enough band gap in graphene. There have been
some ways to open a band gap in graphene. One of them is placing
the graphene monolayer on a polar substrate. By interacting with the
substrate, two sublattices of graphene become inequivalent. This means
that the sublattice symmetry is directly broken and a mass term in the
Dirac Hamiltonian of fermions is generated, i.e., a band gap is opened.
The band gap in graphene monolayer has been reported to be about
106 meV and 260 meV for h-BN [14–16] and SiC substrate [17,18],
respectively. Even, the Cu(100) substrate exposed to the air can induce
a larger band gap of 350 meV in graphene layer. The small value of the
band gap results in the change in the carrier energy dispersion, hence is
predicted to cause the shifting of optical absorption peaks arising from
the selection rules, in comparison with the gapless case. Therefore, it
should not be neglected in theoretical considerations.

In this work, we investigate theoretically the magneto-optical ab-
sorption in a graphene monolayer placed on a substrate and sub-
jected to a perpendicular static magnetic field. The magneto-optical
absorption coefficient (AC) is derived by using perturbation theory and
numerically calculated for different substrates. Our work has some new
features in comparison with earlier theoretical works [5,8,9] because
we consider simultaneously: (1) the effect of electron-impurity scatter-
ing at low temperatures, (2) a small band gap induced by the polar
substrate in the electronic band structure of monolayer graphene, (3)
the two-photon absorption beside the usual one-photon absorption. The
paper is structured as follows. In Section 2, we introduce the electronic
band structure and the total electron-impurity interacting Hamiltonian
in gapped graphene. Section 3 presents briefly the derivation of the
magneto-optical absorption coefficient (AC). Numerical results and
discussion are presented in Section 4. Finally, remarkable conclusions
are listed in Section 5.

2. Electronic band structure in gapped graphene and Hamiltonian
of electron-impurity system

In this investigation, we consider a model of graphene sheet grown
on a polar substrate. The polar substrate is assumed to break the sym-
metry of two carbon sublattices (named A and B) in the graphene layer
and induces a finite band gap in its electronic band structure. Applying
a uniform static magnetic field (�⃗�) perpendicularly to the graphene
sheet and choosing the vector potential in the Landau gauge simply
to be 𝐴 = (−𝐵𝑦, 0), the unperturbed (non-interacting) Hamiltonian for
Dirac fermions in the vicinity of the 𝐾 point, has the form [11]

𝐻0 =
(

𝛥 𝑣F𝜋−
𝑣F𝜋+ −𝛥

)

, (1)

with 𝜋± = 𝑝𝑥 ± i𝑝𝑦 − 𝑒𝐵𝑦 being the momentum operators, 𝑣F the Fermi
velocity and 2𝛥 being the opened band gap, i.e., the on-site energy
difference between the carbon atoms A and B or the distance between
the conduction band minimum and the valence band maximum. Here,
we have neglected the small spin–orbit coupling in graphene. Also, the
Zeeman splitting effect is not included in this investigation because it
is considerable at very strong magnetic fields only (𝐵 > 20 T) [19,20].

The normalized eigenvectors of 𝐻0 have been introduced in [11]
and are given by

𝛹𝑛 =
1

√

𝐿𝑥

(

𝑎𝑛𝑠𝜙𝑛−1
𝑠𝑏𝑛𝑠𝜙𝑛

)

𝑒i𝑘𝑥𝑥, (2)

where 𝜙𝑛(𝑌 ) are the usual oscillator functions with 𝑌 = (𝑦 − 𝓁2
𝑐 𝑘𝑥)∕𝓁𝑐 ,

𝓁𝑐 =
√

ℏ∕𝑒𝐵 is the magnetic length or the radius of Landau orbit. 𝑛
(𝑛 = 1, 2,…) is the index of the Landau levels, 𝑠 = +1 (𝑠 = −1) for the
conduction (valence) band, and

𝑎𝑛𝑠 =

√

𝐸𝑛,𝑠 + 𝛥
2𝐸𝑛,𝑠

, 𝑏𝑛𝑠 =

√

𝐸𝑛,𝑠 − 𝛥
2𝐸𝑛,𝑠

(3)

with 𝐸𝑛,𝑠 being the eigenvalues of the Hamiltonian (1). Furthermore,
as shown previously [11], the level 𝑛 = 0 must be treated separately
and one can obtain its normalized eigenvector as

𝛹0 =
1

√

𝐿𝑥

(

0
𝜙0

)

𝑒i𝑘𝑥𝑥. (4)

The eigenvalues, 𝐸𝑛,𝑠, are given for 0 ≤ 𝑛 by [11]

𝐸𝑛,𝑠 = 𝑠
[

𝛥2 + 𝑛ℏ2𝜔2
𝑐

]1∕2
(1 − 𝛿𝑛0), 𝐸0,𝑠 = ∓𝛥𝛿𝑛0, (5)

where 𝜔𝑐 =
√

2𝑣𝐹 ∕𝓁𝑐 = (𝑣𝐹
√

2𝑒∕ℏ)
√

𝐵 with 𝑣𝐹 being the Fermi
velocity. The sign of the zeroth level energy 𝐸0𝑠 is negative for the 𝐾
point and positive for the 𝐾 ′ point. It is believed that the magneto-
optical transport takes place equivalently at the 𝐾 and 𝐾 ′ points, so in
the following we consider only the 𝐾 point as an example.

We now assume that carriers in the graphene sheet are mainly
scattered by charged impurities in the substrate at low temperatures.
Then the Hamiltonian of the electron-impurity system has the form

𝐻 = 𝐻0 +𝐻e−i, (6)

where 𝐻e−i is the electron-impurity interacting Hamiltonian and is
given in the Landau representation as [13,21]

𝐻e-i =
∑

𝑞,𝑎

∑

𝜉,𝜉′
𝑈 (𝑞)𝐹𝜉𝜉′ (𝑞)𝑒i𝑞(�⃗�−𝑟𝑎)𝑐+𝜉 𝑐𝜉′ , (7)

where we have defined 𝛹𝑛 ≡ |𝜉⟩ = |𝑛, 𝑠, 𝑘𝑥⟩, 𝑞 is the change in the
electron wave vector, �⃗� and 𝑟𝑎 are the positions of a carrier and an
impurity, respectively, 𝑈 (𝑞) is the Fourier transform of the scattering
potential between carrier and charged impurities, 𝑐+𝜉 (𝑐𝜉) is the creation
(annihilation) operator of electron in the state |𝜉⟩. The sum is over all
quantum numbers 𝑛, 𝑠, 𝑘𝑥 and 𝑞, 𝑎. In this calculation, we also assume
that charged impurities are situated in a 2D plane in the substrate
and have the same distance 𝑑 from the graphene sheet. The scattering
potential, taking account of the 𝑒 − 𝑒 screening effect, is then given
by [12]

𝑈 (𝑞) = 𝑍𝑒2

2𝜖0𝜅𝑖(𝑞 + 𝑞𝑠)
e−𝑞𝑑 , (8)

where 𝜖0 is the vacuum permittivity, 𝜅𝑖 is the dielectric constant for
impurities in the substrate with 𝑍 being the impurity charge number,
𝑞𝑠 is the inverse screening wave length which can be obtained within
the random-phase approximation [5,11], and 𝐹𝜉𝜉′ (𝑞) = ⟨𝜉|𝑒i𝑞𝑟𝑎 |𝜉′⟩ is the
form factor for electron-impurity scattering which has been evaluated
analytically to be [5,11]

|𝐹𝜉𝜉′ (𝑞)|
2 = 𝑚!

(𝑚 + 𝑗)!
𝑒−𝑢𝑢𝑗

×
[

𝑎𝑛𝑠𝑎𝑛′𝑠′
√

𝑚 + 𝑗
𝑚

𝐿𝑗
𝑚−1(𝑢) + 𝑏𝑛𝑠𝑏𝑛′𝑠′𝐿

𝑗
𝑚(𝑢)

]2
. (9)

Here, 𝑚 = min(|𝑛|, |𝑛′|), 𝑗 = |

|

|

|𝑛′| − |𝑛|||
|

, and 𝐿𝑗
𝑚(𝑢) being the associated

Laguerre polynomials with 𝑢 = 𝓁2
𝑐 𝑞

2∕2.

3. Expression for the nonlinear absorption coefficient

We now consider the optical absorption in the above graphene sheet
when it is further stimulated by an electromagnetic wave (optical field)
of the frequency 𝜔 and electric field amplitude 𝐸0. We assume the same
kind of impurities which are randomly distributed in the 2D plane of
the substrate. Therefore, the carrier-impurity scattering strength is the
same for all charged impurities and the position of each impurity can
be regardless. The transition probability of electrons between the states
|𝜉⟩ and |𝜉′⟩ due to carrier-impurity-photon scattering for the 𝓁-photon
process can be given by [22]

𝑊 𝓁
𝜉,𝜉′ =

2𝜋𝑛𝑖
ℏ𝑆0

∑

𝑞

∞
∑

𝓁=1
|𝑈 (𝑞)|2|𝐹𝜉𝜉′ (𝑞)|

2𝓁𝐽 2
𝓁 (𝛼0𝑞)
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Table 1
Some parameters used in the present numerical
calculations.
Substrate 2𝛥 (meV) 𝜅𝑖 𝑑 (Å)

SiO2 0 [29] 4.25 [12] 4 [13]
SiC 260 [30] 9 [31] 2 [18]
h-BN 53 [14,32] 3 [14,32] 3.22 [14,32]

× 𝛿𝑘𝑥 ,𝑘′𝑥+𝑞𝑥𝛿(𝐸𝑛′𝑠′ − 𝐸𝑛𝑠 − 𝓁ℏ𝜔), (10)

where 𝑛𝑖 is the impurity density, 𝑆0 the area of the sample, 𝛼0 is the
dressing parameter, 𝐽𝓁(𝑥) is the Bessel function of the argument 𝑥. The
AC by electrons is related to the transition probability by [22]

𝛤 =
16𝜋ℏ𝑛0

𝑐
√

𝜖∞𝑎20𝜔

[

1 − e−ℏ𝜔∕(𝑘𝐵𝑇 )
]

∑

𝜉,𝜉′
𝑓 (𝐸𝜉 )(1 − 𝑓 (𝐸𝜉′ ))𝑊 𝓁

𝜉,𝜉′ , (11)

where 𝑓 (𝐸𝜉 ) is the equilibrium Fermi–Dirac distribution for electron, 𝑛0
is the electrons density, 𝑎0 = 𝐸0∕𝜔, 𝑐 is the speed of light in free space,
𝑘𝐵 is the Boltzmann constant, 𝑇 the absolute temperature, and 𝜖(𝜔) is
the high-frequency dielectric constant in graphene. It should be noted
that in Eq. (11) the sum is over all quantum numbers |𝜉⟩ = |𝑛, 𝑠, 𝑘𝑥⟩ and
|𝜉′⟩ = |𝑛′, 𝑠′, 𝑘′𝑥⟩ with |𝜉⟩ ≠ |𝜉′⟩.

It has been shown that the two-photon absorption contributes con-
siderably to the total absorption beside the crucial one-photon absorp-
tion [23–28]. Therefore, in the following we will take account of both
the one-photon (𝓁 = 1) and two-photon (𝓁 = 2) absorption in the
expression of the AC. To obtain an explicit expression for the AC, one
needs the following transformations [11] ∑

𝑞 →
𝑆0

(2𝜋𝓁𝑐 )2
∫ ∞
0 𝑑𝑢 ∫ 2𝜋

0 𝑑𝜑,
and ∑

𝜉∕𝜉′ →
𝑔𝑠𝑆0
2𝜋𝓁2𝑐

∑

𝑛,𝑠∕𝑛′ ,𝑠′ , where 𝑔𝑠 = 2 is the spin degeneracy. After
a straightforward calculation, we have the expression for AC

𝛤 =
4𝑛0𝑛𝑖𝑆2

0𝑒
4𝑍2

𝑐
√

𝜖∞𝜋𝑎20𝜔𝓁
6
𝑐 𝜖

2
0𝜅

2
𝑖 𝑞2𝑠

[

1 − e−ℏ𝜔∕(𝑘𝐵𝑇 )
]

×
∑

𝑛𝑛′𝑠𝑠′
𝑓 (𝐸𝑛𝑠)

[

1 − 𝑓 (𝐸𝑛′𝑠′ )
]{ 𝛼20

2𝓁2
𝑐
𝐻 (1)

𝑛𝑛′𝑠𝑠′𝛿(𝐸𝑛′𝑠′ − 𝐸𝑛𝑠 − ℏ𝜔)

+
𝛼40
8𝓁4

𝑐
𝐻 (2)

𝑛𝑛′𝑠𝑠′𝛿(𝐸𝑛′𝑠′ − 𝐸𝑛𝑠 − 2ℏ𝜔)
}

, (12)

where

𝐻 (𝑝)
𝑛𝑛′𝑠𝑠′ = ∫

∞

0
𝑢𝑝e−2𝑑

√

2𝑢∕𝓁𝑐
|𝐹𝜉𝜉′ (𝑢)|

2𝑑𝑢, (13)

with 𝑝 = 1, 2 and will be computationally evaluated in the next section.
As usual, the divergence of the delta functions in (12) can be avoided
by approximately replacing them by the Lorentzians of the width 𝛾𝑛,𝑛′
due to scattering by charged impurities given as [5,12]

𝛾2𝑛𝑛′𝑠𝑠′ =
∑

𝑞
𝑛𝑖
( 𝑍𝑒2

2𝜖0𝜅𝑖(𝑞 + 𝑞𝑠)
e−𝑞𝑑

)2
|𝐹𝜉𝜉′ (𝑞)|

2

= 𝑛𝑖
𝑒4𝑍2𝑆0

8𝜋𝓁2
𝑐 𝜖

2
0𝜅

2
𝑖 𝑞2𝑠

𝐻 (0)
𝑛𝑛′𝑠𝑠′ , (14)

where 𝐻 (0)
𝑛𝑛′𝑠𝑠′ is defined in Eq. (13) with 𝑝 = 0. Numerical analyses of

the physical behaviours of the AC will be performed and presented in
the next section.

4. Numerical results and discussion

To clarify the behaviours of the AC, we now proceed to numerically
calculate the AC obtained in Eq. (12). Also, to show the effects of the
substrate, we consider the graphene sheet on three typical substrates,
SiO2, SiC, and h-BN. The parameters for these substrates are listed in
Table 1. We also choose 𝑛0 = 1012 cm−2 [12], 𝑍 = 1 [12], 𝛼0 =
5 nm [8,9]. Also, only the principal transition 𝑛 = 0 → 𝑛′ = 1 is
considered so that the results can be compared with those obtained by
other experiments and theories with the same transition therein.

Fig. 1. The AC as a function of photon energy in monolayer graphene on SiO2, SiC,
and h-BN substrates at 𝐵 = 5 T, 𝑛𝑖 = 1011 cm−2, and 𝑇 = 2 K. The inset is to magnify
the peak arising from two-photon absorption for SiC substrate.

Fig. 2. The AC as a function of photon energy in monolayer graphene on SiO2 substrate
(𝛥 = 0) at different values of 𝐵. Here, 𝑛𝑖 = 1011 cm−2 and 𝑇 = 2 K.

In Fig. 1, the AC is shown as a function of the photon energy for
different substrates at the magnetic field strength of 5 T. We can see
from the figure the appearance of some maxima in the absorption
spectrum. More specifically, each curve has two absorption maxima.
One can find that these maxima are the cyclotron-impurity resonant
peaks where the electron transitions satisfy the selection rule

𝐸1,+1 − 𝐸0,−1 = 𝓁ℏ𝜔, (15)

where 𝓁 = 1 and 2 for the right and the left peak, respectively. In other
words, the right one originates from the one-photon (𝓁 = 1) absorption
and the left one from the two-photon (𝓁 = 2) absorption. We also
see that for all curves the two-photon absorption peak is always much
lower than the one-photon absorption one, for instance, in the case of
SiO2 substrate (gapless graphene) the left peak is only about 9% of the
right peak in height. Physically, it implies the fact that the two-photon
absorption has a minor contribution but should not be neglected in
the total absorption. In addition, it can be seen from Fig. 1 that the
AC is largest for the h-BN substrate and smallest for the SiC substrate
for both one- and two-photon absorption. For instance, the AC for h-
BN substrate is about twice of that for SiC substrate in one-photon
absorption case. This shows that the substrate has a strong effect on
the absorption intensity.

We now turn to examine how the absorption spectrum changes with
the magnetic field variation. In Fig. 2, we show the AC versus the



Physica E: Low-dimensional Systems and Nanostructures 121 (2020) 114149

4

P.T. Huong et al.

Fig. 3. Peak position (in meV) versus magnetic field for different substrates for one-
photon absorption. The dotted straight line is drawn as an orientation for convenient
viewing. Here, 𝑛𝑖 = 1011 cm−2 and 𝑇 = 2 K.

photon energy for graphene on SiO2 substrate (𝛥 = 0) at some different
values of magnetic field strength. It is clear from the figure that as the
magnetic field strength increases, a blue-shift of the peaks in the AC
occurs and the AC value is enhanced. The blue-shift and enhancement
in the AC with increasing the magnetic field have been observed before
in 2D materials such as graphene [33], silicene [34], and monolayer
MoS2 [35]. In more detail, we compute the relation between the peak
position (the resonance energy) and the magnetic field strength for all
the substrates as shown in Fig. 3. The blue-shift of the peak position is
the consequence of the resonant condition where the resonant photon
energy is, in general, equal to the difference of two Landau energy
levels, ℏ𝜔 = 𝐸𝑛′ ,𝑠′ −𝐸𝑛,𝑠, which increases with increasing the magnetic
field strength. Also, we can see an interesting thing from Fig. 3 that the
resonance energy for the SiO2 substrate depends linearly on the square
root of the magnetic field whereas it shows a nonlinear dependence
for the SiC and BN substrates. This can be easily explained by using
the resonance condition (15) with the energy spectrum for electrons in
gapped graphene in Eq. (7). For SiO2 substrate, the graphene sheet is
gapless (𝛥 = 0), so the resonance energy ℏ𝜔 = 𝐸1,+1−𝐸0,−1 ∝ ℏ𝜔𝑐 ∝

√

𝐵.
However, for SiC and h-BN substrates, because of the non-zero band gap
(𝛥 ≠ 0) in the energy spectrum (7) the difference (𝐸1,+1 − 𝐸0,−1) does
not depend linearly on

√

𝐵 anymore, and so the resonance energy for
these two substrates is not linear with

√

𝐵. Also, it is clear that the
larger the band gap 𝛥, the more nonlinear the relation. The relation
between the resonant peak position and magnetic field strength for the
SiO2 substrate obtained here shows a good agreement with previous
experimental observations [6,7] and theory [5] (see Fig. 1(c) in Ref. [6]
and Fig. 11(a) in Ref. [5]).

The effect of magnetic field on the absorption spectrum can also
be shown via investigating the full width at half maximum (FWHM)
of the peaks. By computation, we obtain the FWHM and show its
dependence on the magnetic field strength in Fig. 4 for all the substrates
and one-photon absorption processes. We can see from the figure that
the FWHM increases with increasing magnetic field strength for all
the substrates. In particular, our calculated FWHMs for SiO2 substrate
case are in good agreement with those obtained experimentally in
Refs. [6,7] and by theory in Ref. [5] with the same electron transition
and substrate. Also, it can be seen from Fig. 4 that at a fixed magnetic
field, the FWHM is largest and smallest for the h-BN and SiC substrate,
respectively. For example, at 𝐵 = 5 T the FWHM is 3.06, 14.95, and
19.80 meV, respectively, for the SiC, SiO2, and h-BN. At this point,
however, we cannot deduce a general law for the effect of substrate
on the FWHM because the FWHM is mathematically governed by the
broadening parameter 𝛾𝑛,𝑛′ given by Eq. (14) which is determined by
substrate’s parameters such as the substrate dielectric constant, the

Fig. 4. The FWHM as a function of magnetic field strength for different substrates at
𝑇 = 2 K. The open and filled circles are, respectively, the experiment results in Ref. [7]
and theoretical results in Ref. [5].

Fig. 5. The FWHM as a function of impurity density for different substrates at 𝑇 = 2
K and 𝐵 = 5 T.

graphene-substrate distance, the impurity density distributed in sub-
strate, the carrier-impurity scattering mechanism, and so on. Further
studies on the individual effect of these parameters on the optical
absorption should be carried out separately. As mentioned above, we
assume the same kind of impurities and the carrier-impurity scattering
strength then is constant. Therefore, we now examine only the effect of
impurity density on the optical absorption. It should be noted that the
position of resonant peaks determined by Eq. (15) is independent of
the impurity density and hence, only the impurity density-dependent
FWHM is necessary to be investigated. The FWHM is calculated at
different values of impurity density and shown in Fig. 5. We can
see clearly the increase of the FWHM with impurity density for all
the substrates. By using the data fit, one can obtain the law in all
the substrates as FWHM [meV] = 𝛽

√

𝑛𝑖, where 𝛽 = 4.712 × 10−3,
1.028 × 10−3, 6.208 × 10−3 meV/m−1, respectively, for the SiO2, SiC,
h-BN substrate and 𝑛𝑖 is in the unit of cm−2. This law is consistent
with the impurity density dependence of the broadening parameter 𝛾𝑛,𝑛′
which determines the FWHM of the resonant peaks, namely 𝛾𝑛,𝑛′ ∼

√

𝑛𝑖
as introduced in Eq. (14). Physically, the FWHM is proportional to
the electron transition probability which is enhanced as the impurity
density increases.

Having examined the effects of magnetic field and impurity density
on the absorption properties, we now consider further the effect of
the temperature on the FWHM. The dependence of the FWHM on the
temperature is shown in Fig. 6 at the magnetic field of 1 T. It is
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Fig. 6. Dependence of the FWHM on temperature for different substrates at 𝐵 = 1 T.
The open circles are the experimental data taken from Ref. [6]. Here, 𝑛𝑖 = 1011 cm−2.

clear that the FWHM does not vary with temperature as expected. Our
result is in good agreement with the experimental results reported in
Ref. [6] for the same temperature range and magnetic field strength
(see Fig. 3(b) therein). Moreover, the stability of the FWHM with
temperature proves that the approximation of the delta functions by
the Lorentzians with the broadening parameter 𝛾𝑛,𝑛′ in Eq. (14) is
reasonable in this investigation.

5. Conclusions

In summary, we have theoretically investigated the magneto-optical
absorption in gapped monolayer graphene on a substrate. The AC and
FWHM have been calculated and numerically analysed for SiO2, SiC,
and h-BN substrates. In general, the AC for two-photon absorption
processes is much smaller than it is for one-photon absorption but plays
an important role in nonlinear optics. The magnetic field-dependent
and temperature-dependent FWHMs are in good agreement with pre-
vious experimental and theoretical results. The FWHM increases with
increasing the impurity density by the law FWHM = 𝛽

√

𝑛𝑖 where 𝛽
is a constant getting different values for different substrates. Besides,
the effects of the substrate on the magneto-optical absorption in the
graphene layer can be summarized as follows. First, the finite induced
band gap in graphene by the substrate leads to a nonlinear depen-
dence of the resonance energy on the square root of magnetic field
strength, that is different from the gapless case. Also, the larger the
band gap induced, the more evident the nonlinearity. Second, both the
absorption intensities and FWHMs are considerably different in differ-
ent substrates. The AC and FWHM are largest for the h-BN substrate
and smallest for the SiC substrate. However, we cannot specify which
parameter of the substrate determines the value of these quantities.
The substrate dependence of the absorption intensity as well as the
FWHM in monolayer graphene suggests a possibility of controlling the
absorption properties by using an appropriate substrate.
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