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Featured Application: The systematic and generic method proposed in this study for the
kinematic design and dynamic modelling for a class of complex hybrid robots is useful and
applicable for the development of new hybrid robot products. Based on the proposed method,
the mechanism of a new hybrid robot can be synthesized and analysed effectively; the dynamic
model and control law of a complex robot can be formulated and simulated in a simplified and
effective manner.

Abstract: Recently, more and more hybrid robots have been designed to meet the increasing
demand for a wide spectrum of applications. However, development of a general and systematic
method for kinematic design and dynamic analysis for hybrid robots is rare. Most publications deal
with the kinematic and dynamic issues for individual hybrid robots rather than any generalization.
Hence, in this paper, we present a novel method for kinematic and dynamic modelling for a class
of hybrid robots. First, a generic scheme for the kinematic design of a general hybrid robot
mechanism is proposed. In this manner, the kinematic equation and the constraint equations for the
robot class are derived in a generalized case. Second, in order to simplify the dynamic modelling
and analysis of the complex hybrid robots, a Lemma about the analytical relationship among the
generalized velocities of a hybrid robot system is proven in a generalized case as well. Last,
examples of the kinematic and dynamic modelling of a newly designed hybrid robot are presented
to demonstrate and validate the proposed method.

Keywords: Hybrid robot; kinematic design; dynamic modelling; local-closed loop; serial
manipulator

1. Introduction

Generally, the robotic mechanisms can be categorized into three main groups: the open-loop
mechanism, the closed-loop mechanism and the hybrid mechanism. A robot of the first group is
usually designed with an end-effector connected to a fixed base by means of a single serial kinematic
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chain. Meanwhile, each robot of the second group is a mechanism which is usually composed of a
moving end-effector connected to a fixed base by at least two kinematic chains, such as the parallel
robots. A hybrid manipulator is a mechanism which is usually composed of some open-loop
kinematic chains combined with some closed-loop linkages [1-34].

The main advantages of the serial robots are the large workspace, the high dexterity of the end-
effector and the large non-singular range of the joint variables. However, the robots of this group
suffer from several drawbacks, such as relatively low stiffness and accuracy, low nominal
load/weight ratio and heavy structure [21]. Therefore, in the last decades, several types of robots
having closed-loop kinematic chains have been investigated in order to obtain better kinematic
performances. The main advantages of these robots are low weight, compact structure, better
accuracy and stiffness. Nevertheless, this robot group also have some disadvantages, such as a small
workspace, a complex mechanical design and a complex procedure for dynamic modelling and
control. For these reasons, in recent years, great attention has been paid to the development of hybrid
robots which have combined advantages of the serial robots and the closed-loop architectures. More
and more hybrid robots are designed and developed to meet the increasing demand for a wide
spectrum of hybrid robotic applications [10-30].

In practice, the hybrid robots have been designed in a large variety of kinematic configurations
and structures, and they can be classified into three main classes as follows:

The first class (Class I) includes all the hybrid robots whose structure has several parallel
modules connected in series [1-10] (Figure 1a).

Class II consists of the hybrid robots which have a basic parallel module combined with a serial
manipulator [11-24] (Figure 1b).

Class III is a family of the hybrid robots which are composed of some local closed-loop chains
appended to a main serial mechanism [25-33] (Figure 1c).

(a) (b) (c)

Figure 1. Three main classes of the hybrid robots: (a) Class I; (b) Class II and (c) Class III

It is clearly seen that the main architecture of a hybrid robot Class I or Il is a parallel mechanism.
Other parallel modules or serial links are connected to such the main structure to complete a hybrid
serial-parallel robot.

Different from the robots Class I and II, each hybrid robot Class III is usually designed with a
serial module as the main structure of a robot. To provide with desirable mechanical advantages for
a hybrid robot, some local closed-loop mechanisms are added to the main serial module. For example,
when designing manipulators which suffer a heavy payload and operate in a large workspace,
parallelograms were added and hydraulic cylinders were used for driving some revolute joints of the
manipulators [26,28-31]. The addition of parallelograms to the main arm is to increase the rigidity of
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the robot, and also to restrict the orientation of the end- effector as desired. The use of the hydraulic
cylinders is to increase the structural stiffness and to avoid the counterweights for the robot structure.
The parallelograms and cylinders and other links of the serial arm naturally compose local closed
loops of the entire robot mechanism. Other examples of using local closed-loop linkages to optimize
the design and control for a robot can be found in [26-34].

In recent decades, a huge number of hybrid robot prototypes and products have been designed
and developed [10-30]. The dynamic modelling and control for some of these complex robots have
been addressed as well. However, to develop a generic method for formulating the dynamic model
of a generalized hybrid robot mechanism is challenging.

In the literature, there have been efforts that focused on the kinematic modelling of the hybrid
robots Class I [1-5]. The kinematic modelling and analysis of two serially connected parallel
mechanisms were investigated in [1]. In [2], the kinematic redundancy issue of a serial-parallel
manipulator was addressed. The Screw theory and the Jacobian approach were applied for the
kinematic modelling of a serial-parallel robot [3,4]. In particular, the dynamics and the structural
stiffness models of some specific hybrid robots Class I were formulated and analysed [6-9].

There have also been attempts working on the modelling and analysis of the hybrid robots Class
II [11-21]. A real-time implementation of path planning, trajectory generation, and servo control for
a hybrid manipulation was presented in [11]. The kinematic modelling, the kinematic design, the
workspace modelling and other aspects related to the kinematics of the hybrid robots Class II were
studied [12-17]. The dynamic modelling and analysis of the robots Class II were also investigated
[18,19]. In addition, the structural synthesis and the stiffness of the hybrid robots of this class were
studied [20-22].

Apart from the aforementioned works, there have been investigations that emphasized on
design and development of the hybrid robots Class III [25-33]. A valuable comparison of the
conventional serial robot architectures and the hybrid robots Class III was presented in [34]. In the
research [25], some theoretical issues related to the kinematic modelling of multi closed-loop
mechanisms were addressed. In addition, some closed-form solutions to the kinematics problem of
individual hybrid robots Class III were presented in [26-28]. These solutions played an important
role in validating the design of the robots. The workspace and mobility analysis were also
investigated in [28,29]. Other aspects related to the design analysis of heavy-duty robots were
presented in [30,31]. The control issues were studied in [32,33]. It is noticeable that the dynamic
modelling of a hybrid manipulator Class III (forestry robot) was investigated in [33]. However, the
effects of the local closed-loops on the dynamic responses of this robotic system were overlooked.

Most of the efforts working on the hybrid robots Class III mainly focused on the design and
control of some individual robots for the kinematical aspects. Though the dynamic modelling of the
robots was addressed in a few researches, e.g., [33], however, the mass and inertia of the local closed-
loop linkages that have significant effects on the robot motion were neglected; the geometrical and
kinematical constraints due to the presence of the local closed-loop linkages were usually ignored.
Moreover, little attention has been paid to the development of a general method for the kinematic
and dynamic modelling of this robot class. Therefore, in this paper, a new method for designing the
kinematic chain and formulating the dynamic model of the hybrid robots is developed. First, a
generic scheme for the kinematic design of a generalized hybrid robot mechanism is proposed. In
this scheme, the generalized hybrid mechanism is synthesized with m local closed-loop linkages
appended to a general n-link serial manipulator. Each locally closed linkage is regarded as a four bars
mechanism which is made up of two successive links of the main serial arm, and other two added
links. Second, the kinematic equation for the generalized hybrid mechanism and constraint equations
for the closed loops are derived in a generalized case. Third, a Lemma about the relationship among
the generalized velocities of the hybrid robots is proven, which is useful for transforming the dynamic
equation and constraint equations into a minimal and compact form. Last, the kinematic and dynamic
modelling of a real robot prototype are presented to demonstrate and validate the proposed method.
It is shown clearly that, since the kinematic and dynamic modelling of a hybrid robot take into
account the constraint equations and the dynamic effects of all the local closed loops, the kinematics
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and dynamics models of a hybrid robot are formulated in a better and more accurate manner.
Therefore, the method proposed in this study is advantageous and plays a crucial role in the
development of hybrid robot products.

2. Kinematics of a Generalized Mechanism for The Hybrid Robots Class III

Let us consider a manipulator which is designed with n serial links {l ; } _ and m local closed-

i=l+n
loop mechanisms {@ k} 4topy (M <1< 6) as shown in Figure 2. The serial chain of n links is the

main mechanism of the robot arm, and the closed-loop mechanisms are designed as sub-mechanisms
appended to the main one. The degree of freedom number (DOFs) of the designed robot equals the
DOFs of the main mechanism, 7. The presence of the local closed-loop mechanisms does not change
the DOFs of the robot.

Each local closed mechanism ©, is designed with two successive links /,, and /, of the main
arm and other two appended links /; and /; .See Figures 2 and 3. In other words, each local closed-
loop mechanism is designed as a four bar linkage which is composed of the links /_,, I, , I ;, and
/ ., -Ina local closed chain linkage, the link /,_; is a local base link, and the remained links /, , / i

and [ ,, move relative to the base link /, ;.

Loop Bk IH \
(TYPEB) .

Loop 61
: (TYPE A)

Figure 2. A generalized configuration of the hybrid robots Class III.

As shown in Figure 3, there exists four types of the local closed-loops, Type A, B, C and D, which

can be designed by combining a couple of successive links /, and [, of the main arm and other
two links / ;, and [, added to the robot architecture.
In a local closed-loop Type A (Figure 3a), the two links Z,(1 and [, are added to the main arm,

and the output link is a link /, . Meanwhile in Type B (Figure 3b), the two links / 4 and Zk7 are
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inserted in between the links /_; and /, , but the output link is the link /, . When a loop Type B is
added to the main kinematic chain, the link / , 1 inserted in between [, and [,,.

When the two links [/ K and / , are not connected together, there exists two more combinations
of the links /,_, /;, [, and /, as shown in Figure 3c,d. In a loop Type C, the output link is /, ,

meanwhile in Type D, the output link is / k-

(Output link) (Output link) (Output link)

(Base link) (Base link) (Base link) (Base link)
(a) Type A (b) Type B (c) Type C (d) Type D

Figure 3. Four types of the local closed-loops.

For all four types of the local linkages, the base link is /_,, and the formation of all the closed-
loop mechanisms does not change the DOFs of the robot.

Let us consider the main kinematic chain of the hybrid robot. In Figure 2, O, = (Ooxo yOZO) is
the reference frame, and O, = (O])c1 Nz ) to O, = (Onxn Y.z, ) are the local coordinate systems

which are attached to all the links of the main arm. Let us denote = [‘]1 9, 45 ... q, ]T as

the vector of joint variables on the main arm, correspondingly.

As usual, the geometric and kinematic parameters of a link / ; are denoted as 6’l , d ., a and

a, . By using the Denavit-Hartenberg notation, the transformation matrix for the end-effector (EEF)

can be calculated as follows:
HOE = HOl (ql )HIZ (qZ )H23 (q3 )"'H(n—l)n (qn) (1)

where H(i_l) (ql. ) is the transformation matrix for a link /; .

In other words, H; can be expressed as follows:

Ho- {A(q) r(q)} 2

0 1

where A(q) is the rotation matrix, and r(q)is the translation vector for the EEF. Equation (2)
describes the kinematic relationship of the robot. If we denote p, = [xE Ve zp a B }/]T
as the posture of the EEF in O,, where [xE Ve Zg ]T is the position and [a p ]/]T the
orientation of the EEF, the kinematic equation can be written as follows:

p: =f(a) ©

Let us consider all the local-closed loops Type A, B, C or D, which can be added to the main
kinematic chain, as shown in Figure 3. The presence of a closed chain Type A does not change
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Equation (1). However, Equation (1) must be recalculated if a closed loop Type B, C or D is designed
for the robot.

For a local linkage Type B, since a link /, is inserted in between /, and [, , the

i+l 7

transformation matrix Hi(l. ) (ql. +1) in Equation (1) must be recalculated as follows:

Hi(i+1) (qm ) =H, (qk1 )Hk1k2 (qk2 )sz(m) (‘JM ) 4)
For a local linkage Type C and D, the matrix H(H)i (q f ) is replaced by the following matrix:
H(i—])i (qi ) = H(z‘—l)kl (qkl )Hkli (qi ) &)

In particular, for a linkage Type D, not only H( D (q ; ) is re-calculated with Equation (5), but

i-1)i

also the matrix Hi(l. ) (qi " ) must be re-calculated as follows:

Hi(i+1) (qi+1) = H(i—l)k2 (qk2 )sz(m) (qm) (6)

Note that the variables g, and g, in Equations (4)-(6) can be determined with respect to ¢,

via the two constraint equations of a corresponding closed-loops @, , which will be presented later

in the next section.

Constraint equations

Different from the formulation of the kinematics model for a serial robot, the formulation of the
hybrid kinematics models of the hybrid robots Class III must take into account the constraints due to
the presence of the local closed-loops.

As discussed before, each linkage ®, includes two sub-kinematic chains that move relative to
the base link. For example, as shown in Figure 4a, the first sub-chain of a linkage Type A is the link
[, , and the second sub-chain includes the two link / , and [, . Obviously, the two sub-chains of a

linkage are closed at an intersection point M (see Figure 4).

(Base link) (Base link)

(Base link) (Base link)
(a) Type A (b) Type B (c) Type C (d) Type D

Figure 4. The closed kinematic chain of the local linkages.

In order to derive the constraint equation for a loop ®,, the position of the point M are
determined along the two sub-chains.

i

. ) ) T
On one hand, the point M, r]w = I:xjw ij Zy 1:| represented in the coordinate Q of

the link /;, can be determined via the position and orientation of the link /; that can be calculated

T
relative to the base link Ii_l . On the other hand, the point M, l’]ﬁ} = [xf} yff} Z]Ifj 1} expressed



Appl. Sci. 2020, 10, 2567 7 of 21

in Ok2 , can be calculated through the position and orientation of the link / 1, - Consequently, the

constraint equation for a loop Type A and B can be yielded as follows:

H_, (g.)r, = H . (q/q )'Hklkz (ka )r/\]; @)
For a loop Type C and D the constraint equation can be written as follows:
H(i-l)k2 (‘]kz )rAkf = H(;‘-l)k1 (‘]k1 )'Hkli (Qi).r]{l @®)

Note that, for a closed-loop Type A or Type C, the point M coincides the point Ok2 , thus

r? = [0 0 0 l]T . In addition, for a closed-loop Type B or Type D, r|, = [0 0 0 l]T .

In essence, Equations (7) and (8) can be rewritten as three constraint equations corresponding to
three axes of the coordinate system O, ;. However, among such the three constraint equations, there
exist only two independent ones, since all the closed-loops under consideration are planar four bar
linkages. As a consequence, corresponding to a loop ®,, the two independent constraint equations

can be written as follows:

fi(49,-9,,)
£ (44,9 )= =0 ©9)
S99,

For every local linkage, only one joint variable among ¢;, ¢, and g, is independent. The
kinematic relationships among ¢, , ¢, and g, are determined via the two constraint equations,
Equation (9), for each closed-loop ® « - Therefore, in the case that, instead of ¢, , the variable g, or
gy, is selected as the independent joint variable of ©®,, the variable ¢, in the transformation matrix
H(i_l)i (ql. ) in Equation (1) must be changed by the variable g, =/, (qkl) or q, =g, (ka)/
respectively, where the functions /, and g, can be determined with respect to the kinematic

relationships among ¢, , ¢, and ¢, .

3. Dynamic Modelling of the Hybrid Robots Class III

T
u= [u, U, Uy .. un] is the vector of 7 independent generalized coordinates which

are selected among 7 joint variables {qi}i of the main arm, and 2xm joint variables

=l+n
{q ,q } of m closed-loops. In other words, U is the vector of all active joint variables.
ki ky k=l+m

T
z= [Z] Zy ... sz] is the vector of 2m dependent generalized coordinates.

s= [u Z]T is the vector of all (n + 2m) generalized coordinates of the robot system.

T
f= [f“ ) fm] is the vector of 2m constraint equations.
T
t=|7, 7, .. 7, 0 .. O] isthevector of applied torques/forces.
2
n m

By using the Lagrangian formulation, the equations of motion including constraint equations for
the robot can be written as follows:
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M(s,7)8+C(s,8,0)$ +g(s,0)+I A =1(7)

10
£(s.1)=0 a0

Note that the size of the global matrices M (s, t) and C (S, S, t) is (n + Zm) X (n + Zm) . The

global mass matrix M (s, t) must be formulated with respect to all the links of the robot including

n links of the serial chain and 2m links added to m local closed-loops.
The global mass matrix is calculated as follows:

n+2m

M(s,t)= > (md[d, +I5 1, ) (11)

J=1

where m; and I ; are the mass and inertia of a link /. The translational and rotational Jacobian

or,, o
matrices are calculated as J, = aC’ andJ, =—=, where I is the centre of mass, and ®is
J s J
the angular velocity of a link j, respectively.
The Coriolis and centrifugal matrix C (s, é,t) is calculated by using Cristoffel notation.

The matrix g(s, t) is calculated as follows:

g(s.1)= {a_n} (12)

os

where the total potential energy of the entire system is calculated as

n+2m
T
n=> mg'r, (13)
=1
. . o ‘ . . of
The Jacobian matrix J_ is derived with respect to 2m constraint equations as J, =— , and
S
A=[A A . Ay, ]T is the vector of 2m Lagrangian Multipliers.

It is clear that the system of DAE equations seen in Equation (11) consists of (n+2m)

differential equations of second order and 2m constraint equations f (s,t):0 . Moreover,

Equation (10) has not only # independent variables U, butalso 2m dependent variables Z and
2m unknown Lagrangian Multipliers A . Therefore, if using this complex system of DAEs to
analyse the dynamics behaviour and to design a control law for the robot, the time complexity of the
formulation and computation will be increased dramatically. For this reason, it is necessary to
transform Equation (10) into a more compact form in which the Lagrangian Multipliers A should be
cancelled, and the number of the differential equations is minimized.

By using the following Lemma, (n + Zm) differential equations of second order, Equation (10),

can be transformed into only 7 differential equations of second order which are expressed in terms
of only 7 independent generalized coordinates, not including 2m Lagrangian Multipliers

=4 A o 4]

Lemma: Consider a generalized hybrid robot mechanism Class III which has 7 independent

T
joint  variables u=[u1 U, u,; .. Uu, and 2m  dependent joint variables

T . . .17 .
V4 Z[Z1 Z,... sz] . The relationship between u and Z is expressed as$ Z[ll Z] =Ru, in
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which the matrix R is explicitly calculated as R =|: :|, where E is an identity matrix of

-JJ,
of of

appropriate dimension, J, = 8_ and J_ = 5_ , where f (s, t) =0 is the constraint equation.
u /4

As a consequence of this Lemma, the following important relationships, Equations (14) and (15),
can be proved easily.

R'J =0 (14)
§=Rii+Ru (15)
In Equation (14), the Jacobian matrix J_ can be expressed as follows:

_a
s as
of of

SRS

Note that Equations (14) and (15) play a very important role in transforming the complex system

J
(16)

Equation (10) into a minimal form. With respect to Equations (14) and (15), multiplying R” with
both sides of Equation (10) yields

M (s,1)ii+C(s,$,t)u+G(s,t)u=1,(1) 17)
where
_ — r . . —
M =R'M(s,/)R,C=R"(M(s,t)R+C(s,$,t)R),G =R'g(s,r), and 7, =R"7(r).
Different from the complex ADEs system in Equation (10), which has n+2m differential
equations with the presence of 2m dependent variables Z , and 2m unknown Lagrangian
Multipliers A, the minimal form of the dynamic equation, Equation (17), consists of only 7
differential equations which are expressed for 7 independent generalized coordinates U only.
Moreover, the matrix form of Equation (17) is similar to the form of any dynamic equation that is
usually written for a conventional industrial robot. Hence, by using Equation (17), the dynamic
analysis and control law computation for any complex hybrid robot Class III can be implemented in

an effective and simplified manner.
Proof of the Lemma:

Taking a time derivative of the constraint equation f ( S, t) =0 yields
Js=0 (18)
Substituting Equation (16) into Equation (18) obtains

Ju+Jz=0 (19)

Rewriting the relationship § = [il i]T =Ru in the following form:

[

Note that E is an identity matrix and T is an unknown matrix which needs to be proved.

(20)
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With respect to Equation (20), the vector Z can be expressed as follows:
z=Tu (21)

Multiplying J_ with both sides of Equation (21) yields

Ji=JTu (22)
Substituting Equation (22) into Equation (19) yields
-Ju=JTu (23)
Hence
T=-J_'J, (24)

Finally, substituting Equation (24) into Equation (20) yields

E
R=l 5y (25)

4. Example: Kinematic and Dynamic Modelling of a Real Robot

Equation (25) completes the proof.

In this section, the kinematic and dynamic modelling of a newly designed hybrid robot Class III
are presented. The robot was designed and implemented with the purpose of handling material for
a hot forging press shop floor. The 3D design of the robot and the robot prototype are shown in Figure
5a,b, respectively. The functional tests of the robot prototype and the numerical simulation of the
kinematic and dynamic responses shows clearly the effectiveness and advantages of the method
proposed in this study.

(a) (b)

Figure 5. The forging robot: (a) The 3D design, and (b): The robot prototype
The kinematic diagram of the robot is presented in Figure 6, which is designed with 4 serial links
{l l. }i=1%4 , and 4 local closed loops {@ i } 1.4 ( Figure 7). The reference frame O,X, )z, is located on

the ground. The coordinate systems O,x,,z,, O,X,,z,, O,x;y,z, and O,x,y,z, arelocated on
the serial links.

The joint variables of the main serial chain are ¢ = [q1 q9, 45 4, ]T (Figure 6).
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Each local closed loop presented in Figure 7 is a four-bar linkage which is made up of two serial

links (in red colour) and other two additional links (in green colour). Note that ®, and ©®, are the

loops of Type A; ®; and ®, are the loops of Type B.

The loop ©, includes the link ll, 12, hy
l

and G2, The loop ©, consists of 12, 13 , 2l and 122. The joint variables of the loop are q3, 9
/

and hy . The joint variables of the loop are T, I

and 92 The loop ©; consists of 1, 12, 131 and 132 . The joint variables of the loop are q2, D1
and T The loop ®, consists of 13 , 132 , l‘” and 142 . The joint variables of the loop are 75 , 9a

and 99 Table 1 presents the Denavit-Hartenberg notations of the four loops. Table 2 presents the
dynamics parameters of the robot.

sEEE TR T7ITLT7

( 0

Figure 6. The kinematic chain of the forging robot.

X2 Loop O Loop ©2 \_}’3
b2
Iz2 _M=0n
Vo s -8
X1z y ||
Z12 ) [
{ha
| 4q12
!'{' P!
1l
.E._.” h .\_\A o
i q MIS pEm— ==~ )-— X1
> — T
F 0 [/ O
[ =
I ’
it/ Base link |

(a) (b)
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|
X2=X Loop O3 Loop ©4 _ g
Base link FL S ) Lp X=X
0O3n=0 z42
=0
F
ZISZA=ZN N\
N [
JETRN
N !
Base link T &
N\ o e
frl i ()I ]
Zir
(] (d)
Figure 7. The local closed-loop linkages of the forging robot: (a) Loop ®,,(b) Loop ®,, (c) Loop
0,, and (d) Loop ©,.
Table 1. The D-H notations of the four local closed loops.
Loop @1 Loop @2 Loop ®3 Loop ®4
Lin
k 12 ll 1 ll 2 13 121 122 12 131 132 l3 141 142
0 q, 4 0 4 9> 0 & 9y 9n 4 4y 4x
d o0 0 4 0 0 4, 0 0 0 0 0 0
a L, -Lcosq, o Ly—by —Lycosq, o L L 0o L—b L-b o
i - —-7T T —-7T
o 0 — — 0 — — 0 0 0 0 0 —_—
2 2 2 2 2

Table 2. Dynamic parameters of the robot.

In;ex Link Mass Centre (m) l:/;(ags)s
Xc Yc Zc
1 A 0 b /2 0 m, =81.3
2 L L /2 0 0 m, =50.6
3 L, 0 0 L,/2 m, =25.6
4 I, 0 L,/2 0 m, =5.70
5 L L/2 0 0 mg =58.4
6 Ly 0 0 L,/2 mg =25.6
7 Ly 0 L,/2 0 m, =5.70
8 l, 0 0 L,/2 my =37.7
9 [ 0 0 L /2 my, =73.1
10 Ly L /2 0 0 my, =7.20
11 L, c,/2 0 0 m, =129
12 Iy L/2 0 0 my, =6.50
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The length of the links are given as follows: L :0'7; L, :0'7; L, :0~8; L, 20.2;
L,=04 L,=04 L,=02 b=03 b5=03 5,=02 ¢=02 ¢ =02

Note that 71, ©2 5 94 I 92 9n D2 9si 932

coordinates of the robot, in which

941 and 9% are 12 generalized

u= [q1 9y 9yn 49, ]T is the vector of 4 independent generalized coordinates,

z= [q2 95 9 9 951 93 494 q42]T is the vector of 8 dependent generalized coordinates
and
S = [u Z]T is the vector of all 12 generalized coordinates of the robot.

Constraint equations
By using the formulation Equation (7), the constraint equations can be derived for 4 closed loops
as follows:

fi=(L,—b,)cosq, + L —(q,+L,)cosg, =0 (26)

£ :(L2 —bz)sinq2 - (q12 +L11)sinq11 =0 (27)

Sy =bycosq, —(L, —c,)+(gy + Ly, )cos g, =0 (28)
f,=b,sing, +(q22 +L21)sin q,, =0 (29)

fy =c cos(q, +q5, —37/2)+L,cosq, — L,cosqy, + ¢, =0 (30)
fo=¢sin(q, +qy, —37/2)+L,sing, — L,sing, =0 (31)

/i :_(L3 _b3)COS(CI32 +CI41)_(L3 _b3)COSCI3 -G Sin(% +Q4z) — ¢,c08¢q;, = (32)

fs =(L3 _b3)Sin(q32 + q41)+(L3 _b3)Sin 4;—¢ Sin(% +CI42) +esing;, =0 (33)

Kinematics of the robot
By using the formulation Equation (1), the transformation matrix for the end-effector is
calculated as follows:

H04 = H01 (ql ) H12 (612 ) H23 (q3 ) H34 (q4) (34)

Since ®, and ©, are the loops of Type B, by applying Equation (4), the matrices H,, (q3 )

and H,, (q4) are recalculated as follows:
H,, (% ) = H2(31) (q31 ) H(31)(3z) (‘]32 ) H(32)3 (q3 ) (35)

H,, (q4 ) = H32(41) (q41 )H(41)(42) (q42 )H(42)4 (q4 ) (36)

Finally, the position of the end-effector E = [xE Ve Zg ]T is yielded as follows:

X, cos ¢, (L, + Ly, +(L; —b;)cos(q, +4q;) + L, cos g, )
v |=|sing, (L4 + Ly, +(L, —by)cos(q, +q5) + L, cosqz) (37)
ZE (L3—b3)sin(q2+q3) + L,sing, + b,

Note that
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2 _ 2 _ _ 2
cosq, = (qlz +L11) L (Lz bz) (38)
2L, (L, —b,)
_ 2 2 _ 2
cosg, = (g +Ly) +b7+(L,—c,) )

2b, (L, —c,)

Note that all the joint variables and the position of the end-effector in Equations (34)—(39) must
be functions of time 7. However, to simplify the representation of such the complex equations, the
term (t ) is truncated.

In order to verify the formulation of the kinematics model, the following numerical experiments
were carried out:

T
1. Calculate the trajectory of the end effector E (t) = [xE (t) Ve (t) Zp (t)] , with the input data

is given as g, (t)zin‘ , q12<1):0.1—|—0.01><t and qzz(t>:0.15+0.005><t. Figure 8

18
T
shows the curves of E(t) = [xE (t) Vi (t) Zg (t)] .
1.5
] Xe
; v 12
E 0 s /
— 5 —_
wo e E 1
N
>‘|_|J N
nw O
X
05 0.? E
0.t
§ 05 0
0 5 10 15 0o, 8
t [sec] y[m] x [m]
(a) The curves X, ¥, and z, (b) The trajectory E(t ) in the workspace

Figure 8. The trajectory of the end-effector.

2. Take the data E(t) = [xE (t) Ve (t) Zp (t)]T obtained in Step 1 as the input for the inverse

kinematic analysis, and calculate the displacement of the joints ¢, (t ), q'), (t ) and ¢q',, (t ) The

results are shown in Figure 9.
It is clearly shown in Figure 9 that the curves ¢, (t ), q's, (t ) and ¢'), (t ) obtained in Step 2

match exactly the given data g, (t ) ;4 (1 > and ¢, (l) , respectively. This demonstrates and
validates the proposed kinematic modelling method.
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0.3 T T T T T T
a, [x10 rad]
gy, m]
0.25 a,, [m] .
— — —q, [x10 rad] I
0.2 [— = —ay, Im] k=TT .
———apm |-
015" .
0.22 7
0.1 :
0.05 [ bl
0 I I | | | | 1
0 2 4 6 8 10 12 14 16

t [sec]

Figure 9. The displacement of the active joints.

Dynamic modelling and analysis of the robot
The dynamic equation of this robot can be derived directly by using the formulation Equation

(17). In order to formulate M(S,t) , C(S,é,t) , (_}(S,t) and T, (t) , the matrices M(S,t) ,
C (S, S, t) , g(s, t) and R must be computed.
In this manner, M (S, t ) can be calculated with Equation (11), where the masses m; are given

in Table 2, and the inertias I ; can be calculated based on the geometrical dimension of the links

|
given in Table 2 as well. In Equation (11), the Jacobian matrices are calculated as J, = acj and
J
S
0o, )
J, =—=, where the centre of mass I, and the angular velocity ® are calculated and presented
j as J J

in the Appendix. Based on all the components of M(s,? ) , the matrix C(s,8$,7)is then calculated
by using Cristoffel notation.

The component g(s, t ) is calculated with Equation (13), where the total potential energy of the
robot, I1, is calculated and presented in the Appendix also.

The matrix R is calculated with Equation (25), where the Jacobian matrices J, and J_ are

presented in the Appendix, respectively.
Finally, all the terms of Equation (17) can be formulated properly that can be used for the
dynamic analysis and the control law computation. In the following example, we demonstrate an

T
inverse dynamicsolution T, = [z’l F, F, 1, ] that was calculated with respect to a input data
Xt

T ¢ (1)=0.14+0.01t , g, (t)=0.15+0.005¢ and

given as follows: ¢, (l‘)

Xt
q, (t) = 36 The responses of T, = [2’1 F, F, 1, ]T are shown in Figure 10.
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6000 03
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5000 Fool T
4000

3000

= T
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1000 [
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0.05 -
-1000 | 1
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(a) The applied forces Fj, and F;, (b) The applied torques 7, and 7,

Figure 10. The forces/torques applied on the active joints.

It has shown that instead of the complex governing equations seen in Equation (10), the minimal
form of the dynamic Equation (17) can be used directly for computation of the control (the inverse
dynamic analysis) for the robot. In addition, analysing the dynamic model of a hybrid robot does not
need to take into account the unknown Lagrangian Multipliers A .

5. Conclusions

A new method for the kinematic and dynamic modelling for a class of hybrid robots was
introduced in this study. The proposed method can be applied for the kinematic design of a robot
mechanism composed of m local closed-loop linkages appended to a general n-link serial
manipulator. In this manner, the kinematic equation for a generalized hybrid robot mechanism and
the constraint equations due to the closed-loop linkages of a robot are derived effectively. Since a
Lemma about the analytical relationship among the generalized velocities of a hybrid robot system
was proven in a generalized case, the dynamic equation and constraint equations can be transformed
into a minimal and compact form, so that the dynamics model of any hybrid robot can be formulated
and analysed in an effective and simplified manner. Finally, to demonstrate and validate the
proposed method, examples about the kinematic and dynamic modelling of a real robot are
presented. It was shown clearly that, since the kinematic synthesis and the dynamic modelling of a
hybrid robot take into account the constraint equations and the dynamic effects of all the local closed
loops, the kinematics and dynamics model of a hybrid robot is formulated in a better and more
accurate manner. In addition, since the method presented in this study was proposed and validated
in a generalized case, it can be applied effectively for the kinematic and dynamic modelling of any
individual hybrid robot Class III. In particular, when designing a new hybrid robot, the designers
can follow all the steps of the kinematic design procedure presented in this paper to archive easily an
optimal mechanism for the robot. The control law of the designing robot is then designed and
simulated in an effective and useful manner by using the dynamic modelling procedure presented in
this study as well. Therefore, the method proposed in this study is advantageous and plays an
important role in the development of the hybrid robot products. All the experimental procedures for
development of next versions of the robot prototype will be the future work of this study. The
simulation of the kinematic and dynamic modelling of the hybrid robots having closed loops Type C
and D will be the future study of the authors.
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Appendix A

The centre of mass calculated for all the links of the robot

L, + —icc( +4, )+ ¢,Cq,C
0 o T4y 2 q,C\q, T4, G,Lq,
b, L,
Yo = E I, = LZI + 9, _7 Sqlc(qz + q, ) + cqung
0
L
[LZI + 4, — f}s(qz + q, ) + Cz‘ng + b]
L (L '
Ly, o5+ (1 -8)cla. o)+ L |
L L
e =| 54,54, r., = |[Sq, [7 +(L, = b,)C(q, +4,)+ LZqu]
%qu‘FbI (L3—b3)S(q2—|—q3)—|—LZSq2+bl
_1 I
~LuCa.Ca, — LCy Cq, [j + L, + (L —b,)C(q, +4,) + Ly
1 L
Yoy = ELnSqlcqn _LlSql Fey = Sql [?4+L42 +(L3 _b3)C<qz +q3)+l‘z(
1 _
“LSu,+b (L, —b,)S(q, +4q,)+ L,Sq, +5,
[ L (L
[Ln + q, — ?4] qucqn - Llcql qu [?2 qu - cl}
L, L
I, = Lu +4q, _? Sqqull - L1Sq1 Yo = Sql ?qu - ¢
L4 L2
L11 + q, _? Sqn +b1 ?qu +b1
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-Cq MC((] +q,)+LC ¢,
1 2 2 3 2 qu [chqz _ ?2]
r.=|Sq MC((] +q,)+L,C ¢
cs 1 2 2 3 2 r,, = Sq1 [LZqu —52]
L —2b
MS(% + q}) + L,5q, + L,Sq, +b
L (L,—b,)
qu [%C((h +q21>+cch2] qu [ 3 2 3 C<q2 —|—q3)—|—L2CL]2
Lzu <L3 _bz)
Teo =S| C (0 ) +e:Ca, e =| Sty == C(4: +4,)+ Ly,
L L —b
%S<q2+q21>+czsq2+b1 ( 32 3)S(q2+q3)+L2Sq2+c]+bl
The angular velocities of the robot links
0 4,59, 41,549,
o, =0 0, =|-49,Cq, o, =|-¢,,Cq,
ql q.] q.l

Sq, (Qz + %)
0, =0, o, =|-Cq, (% + %)
4,

S‘I1<q'2 +421>
o, =|-Cq, (qz + %1)

4
7.Cq,
0; = 0 0y =0, 0, =| 4,5,
4
0, =0, 0, =0, 0, =0
The potential energy of the robot
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1
M= Emlgbl +mg

1
jzs% +b ] + m3g[2L11Sq11 +b1]

B~

L —2b
MS(% + q3) +L,Sq, + b,

+m4g[[L11 + 4, _?4] g, +b ] +m.g

L L
6g[ (4, + ) +¢.Sq, +b ] +m7g[[L21 +4y - 27]5(612 +q,) + ¢,5¢, +b1]
+myg((L, —b,)S(q, +q5) + L,Sq, +b,) + myg (L, = b,) S (¢, + ¢;) + L,Sq, +b,)
L
[;&h+b]+m®ﬂ%&h+ﬁ>

(L, —b,
2

+ m,g )N%+M+Qwﬁ@+h]

The Jacobian matrices ~ * and

e 0 0]

0 Sq 0 0

J =
0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
(LZ -bZ)qu 'Sqll(qlz +L11) 0 0 0 0 0
'(Lz 'bz)c% C%l(%z +L11) 0 0 0 0 0
0 0 -S4, -5¢y, (‘]22 +L21) 0 0 0
J = 0 0 byCq, Cq,, (%2 +L21) 0 0 0
’ L,Sq, 0 0 0 0 -L,Sq, 0
¢ -LCq, 0 0 0 0 LGCg, q
0 0 ¢Cq, (L3 -173)Sq3 0 ¢Cq, O ( L,- b3) Cq, - ¢Cq, ( L,
0 0 <S¢, - (L,-b,)Ca, 0 oS¢, 0 (L-b)Sq+cSq, (L -b,)Sq,
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