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Abstract

This article shows the existence of weak solutions of a resonant problem for a frac-
tional p-Laplacian equation in a bounded domain in R . Our arguments are based
on the Minimum principle, saddle point theorem and rely on a generalization of the
Landesman-Lazer-type condition.
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1 Introduction and Preliminaries

Let Q be a bounded domain in RY, (N > 3) with smooth boundary 9<2. In this
article, we study the existence of weak solutions of the following Dirichlet problem
at resonance for fractional p-Laplacian equation:

(=A)u = lulPu+ f(x,u) —k(x), x€Q

1.1
u=20 inRNV\ Q, 4.
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where p > 2,5 € (0; 1) [1-5].

y, xERN,

1.2)
and f : Q x R — R s a Carathéodory function, A denotes the first eigenvalue of the
eigenvalue problem

s . lu(x) — u()P~2 W(x) — u(y))
(_A)pu(x) - 2€£m+0 ]RN\Be(x) |_x — y|N+Sp d

(=AY u = AulP~2u inQ

1.3
u=0 on RV \ Q. (13

The properties of eigenvalue problem will be specialited below.
Remark that the operation (—A)fv known as the fractional p-Laplacian leads natu-
rally to the study of the quasilinear problem

{(—A);,u(x) —g(x,u) inQ 04

u=0 on RN\ Q.

One feature of the aforementioned operator is the nonlocality in the sense that the
value of (—A)%,u(x) at any point x € $2 depends not only on the values of u on the
whole €2, but also on the whole RV, since u(x) represents the expected value of a
random variable tied to a process randomly jumping arbitrarily far from the points.
The fractional p-Laplacian operator (—A)f,,u(x), p > 2, and more generally pseudo
differential operators, have been a classical topic in Hamonic analysis and partial
differential equations. Nonlocal operator (—A)?, such as naturally arise in continuum
mechanics, phase transition phenomena, population dynamics,...

In the literature, there are many works on the existence of solutions for fractional
p-Laplacian equation, p > 2. The authors applied some different methods to study the
existence, nonexistence or multiplicity results of weak solutions for nonlocal equations
involving the fractional p-Laplacian in domain  C RY. We refer the reader to some
following paper. In [6], the authors investigated the fractional p-Laplacian equation
(1.4) and established the existence and multiplicity results of weak solutions by using
Morse Theory. In [7], the authors established the existence of multiple weak solutions
for (1.4) with nonlinearity in form

Af (s u) + pgx, u).

In [7-16], the authors applied some different methods (as Variational method via the
Mountain Pass Theorem, fixed point method, etc.) to study the existence, nonexistence
or multiplicity results of weak solutions for nonlocal equations involving the fractional
p-Laplacian in domain Q ¢ R,

Our aim in this paper is to study the existence of weak solutions for a fractional
p-Laplacian problem (1.1) by using the Minimum principle, the saddle point theorem
together with a generalization of the Landesman—Lazer-type condition.

Now, let us introduce a variational setting for the problem (1.1).
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We first recall some results related to the fractional Sobolev space and the fractional
p-Laplacian, for more details see [6,17].

Let @ Cc R be a bounded domain with smooth boundary 3Q. For p €
(1; +00), s € (0; 1), the fractional critical exponent is defined as

ps = N*Sp

N Np_ifsp < N
400 ifsp > N.

Define the Gagliardo seminorm by

IM(X) - u(y)l”
M]Y p = |N+S[7 )

where 1 : RV — R is a measurable function, and we define the fractional Sobolev
space

w*-P (RN) = {u eL? (RN> : u measurable, [u]; , < +oo} ,

endowed with the norm 1
lulls., = (ullh + [wlf )7,

where ||.||[, denotes the norm of L”(2).
Denote X (£2) as the closed linear subspace

X (Q) = {u c WP (RN>:u(x) —0ae. x eRN\sz}.

which can be equivalently renormed by setting ||.|| = [.]5,, (see [6,17]).

Moreover (X (£2), |.|]) is auniformly convex Banach space and that the embedding
X () into L9(2) is continuous for all 1 < ¢ < p¥ and compact forall 1 < g < p}
(see [6,17]).

We set the nonlinear operator A : X (R2) — X (2)* defined for all u, v € X(R2) by

lu(x) — u()P~2 (u(x) — u(y)) W) —v(y))
(A(u), v) R[R/N. x|V dxd

Remark that, if # is smooth enough, this definition coincides with that of (1.2).
Clearly for all u € X(£2), we have

(A@),u) = u)”, (AW, < lul”~".

Since X (2) is uniformly convex Banach space, operator A satisfies the following
compactness condition (see [6]).
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Lemma 1.1 (S-property) If {u,,} is a sequence weakly converging to u in X (S2) such
that

(A(um), uym —u) — 0as m — +oo.

Then {u,,} strongly converges to u in X (2).

Moreover A is the Gateaux derivative of the functional

llull? .
u— Jwu) = ——in X(Q).
p

Now, we consider the nonlinear eigenvalue problem in X (£2), namely
— -2,
(—A);u_klu|p u, 1nS2N (1.5)
u=>0 on RY \ Q.

Many properties of the eigenvalue problem (1.5) have been detected by several
authors (can see [6,18,19]). Hence we can recall only the properties that using in our
arguments below.

Let
1] ¢ AW.u)

in 5 = 5
ueX@\O) ullh — uex@nio)  fullh

A = (1.6)

where [lull = [uly, ,, u € X (2). Then &) € (0; +00) is the first eigenvalue of the
eigenvalue problem (1.5). The number X plays an important role in arguments for our
problem.

e A1 = mino (s, p) is anisolated point of o (s, p), where o (s, p) is the spectrum of
the operator (—A)‘; in X (£2). Moreover A1 — eigenfunctions are proportionale.

e ¢1(x)is a A1— eigenfunction, then either ¢1(x) > 0 a.e.in 2 or ¢;(x) < O a.e.in
Q. In below we always assume that ¢ (x) > O for a.e. x € Q.

Definition 1.1 A function u(x) € X () is said a weak solution of the problem (1.1)
if only if

(A(u), v) = A1 / |u|p72uvdx —l—/f(x,u)vdx —/k(x)vdx (1.7)
Q Q Q
for all v € X ().

In order to establish our main theorem, we introduce the following hypotheses:
(Hy) [1-5]
() k(x) £0ae. x € Q k(x) € LP(Q), % + pl =1.
) f: xR — R/is a Carathéodory function, f(x,0) = 0 and there exists a
function t(x) € L? (2) such that

| f(x,s)] <t(x)foraex € Q, alls € R.
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Denotes by

FTo%) = lm fOes) . fooo() = lim fr.s)aexeQ  (18)

FT®(x) = lirfoo%/f(x,ygol)dy, ae x € Q. (1.9)
0
Fooo(x) = lim %/f(x,—y(pl)dy, ae. x € Q. (1.10)
0
(H>1)
() foso®) <k(x) < fT®(x), ae. x € Q. (1.11)
(ii) /F+°°(x)<p1(x)dx < /k(x)gol(x)dx < /F_oo(x)(pl(x)dx. (1.12)
Q Q Q
(H22)
@) frP0) <k(x) < fso(x), ae. x € Q. (1.13)
(ii) /F_Oo(x)q)l(x)dx < /k(x)gol(x)dx </F+°°(x)¢1(x)dx. (1.14)
Q Q Q

Our main result is given by the following theorem

Theorem 1.1 Problem (1.1) admits a nonzero weak solution in X (Q2) if one of following
two conditions

() (H1) and (H21),
or
(i1) (Hy) and (H2p) holds.

Proof of the Theorem 1.1 is based on variational techniques via the Minimum principle
and the saddle point theorem.

Theorem 1.2 (Minimum principle (see [20,21])) Let § € C! (Y), where Y is a Banach
space.
Assume that

(1) § is bounded from below, ¢ = inf §.
(ii) § satisfies the Palais—Smale condition in Y.

Then there exists ug € Y such that §(ug) = c.

Theorem 1.3 (saddle point theorem-P.H.Rabinowitz (see [21,22])) Let X = E® Y be
a Banach space with Y closed in X and dim E < +o00. For p > 0 define

M={ueckE:|ul<p} , Mo={u€ckE:|ul=np}
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Let F € CY(X, R) be such that

b=inf F = F(u).
i F 0 = = g Fw

If F satisfies the (P — S). condition with
= inf F ,
c ﬁlér max (y ()
where
'={yeCM,X):ylm =1}

then c is a critical value of F.

2 Proof of Theorem 1.1(i) (Minimum principle and Existence of Weak
Solutions)

We define the Euler—Lagrange functional associated with the problem (1.1) as

1 Al
1) = ~u)l” —f |u|pdx—/F(x,u)dx+/k(x)udx
p p
Q Q Q 2.1
=Jw)+Tu), ueX(Q),

where | |
J(u) = ;Ilull’7 = » (Aw),u), ue X(2). (2.2)

T(u) = —)Ll/ |u|pdx—/F(x,u)dx+/k(x)udx, ue X(Q)
p
Q

Q Q
u
F(x,u) = / f(x,s)ds.
0
We deduce that 7 € CL(X(2)) (see [6]) and the derivative of I is defined by
(I'w), v) = (Aw), v) — 1 / lu|?2uvdx — / f(x, wvdx
Q Q

—i—/k(x)vdx,‘v’u, v e X(Q). 2.3)
Q

Therefore the critical points of / are weak solutions of the problem (1.1).

Proposition 2.1 Assuming the hypotheses (Hy) and (Hj1) are fulfilled, then the func-
tional I : X(2) — R given by (2.1) satisfies the (P-S) condition in X (Q2).
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Proof Let {u,,} be a Palais—Smale sequence in X (), i.e.,

|1 (un)| < M with a positive constant M. 2.4)

I'(uy) — 0in X(Q)* asm — —+o0. (2.5)

First, we shall prove that the sequence {u,,} is bounded in X (£2). We suppose
by contradiction that the sequence {u,,} is not bounded in X (£2). Without loss of
generality, we assume that

lum|| — +o0 as m — +o00.
Letu,, = Z_ZH Thus the sequence {i,,,} is bounded in X (£2). Then there exists a
subsequence {u,, } which converges weakly to 7 in X (). Since the embedding X (£2)

into L?(L2) is compact, {i,, } converges strongly to u in L”(2).
From (2.4), we have

lim sup —”umA ||[7 M /|ﬁmk|pdx—/ x urr;,k / k(X)u;nk] <0.
k=00 p 2 o etm | et |

(2.6)
By hypotheses (Hj), we have:
F(x,u
lim sup/ (—";k)dx =0.
k— 00 ” Uy, ”
k
f (x)”;”" “dx =0,
= [t |
Moreover
: ~ P -~ ~P
kEToo/ |ty | dx = / [@|Pdx =[]} .
Q Q
Then, from (2.6) we obtain that
im  sup ||y, |Pdx < Ay @]} . (2.7)
k— 00

From (2.7) and since the functional J(u) = lun”

semicontinous in X (£2), we come to a conclusion that

is sequentially weakly lower

Ml = M/ @lPdx < J @ < lim_inf J (@)

. L~ P _ AL |~
= k_lirfoo sup] (tim,) = kli‘foo SuPEHMmk (= N Izl -
Hence,
J W) = —||u|I” = ? % . (2.8)
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By definition of A, from (2.8) we deduce that & = +¢7, where ¢ (x) is A] eigen-
function of the eigenvalue problem (1.5).

We shall consider following two cases.

First, we assume that ﬁmk — @1 in LP(Q) as k — +4o00; hence, u,,, (x) — +00
ae. x € Qand Uy, (x) = @1(x) ae. x € Q.

From (2.4), we have

—pM < —Humk”p—l—)q/’umk|pdx+p/F(x,umk)dx
Q Q

_p/k(x)umk (x)dx < pM. (2.9)
Q

and from (2.5), there exists a sequence {ex}, €x > 0, x — 0 as k — 400 such as

|<I, ("Wlk)’”mkﬂ = &k ”“mk" k=12,...)

that is
e i = o 17 =20 [ i 705 = [ 7 ot
@ @ (2.10)

+/k(x)umk(X)dx < &k |tm, |-
Q

By summing (2.9) and (2.10), we have

—pM — ¢ ||umk || < p/ F (x, umk) dx — / f (x, umk)umkdx
@ @ 2.11)
+1 - p)/k(X)umk (X)dx < pM + & |um, | -
Q

After dividing (2.11) by [|uy, ||, remark that

im [ f (x, ) @ (0)dx = [ fF 0001 (x)dx,
Q Q

k— 00

lim [k (x) W, (x)dx = [ k(x)¢p1(x)dx
k—>+ooQ Q

and due to the Lebesgue Theorem, we have

koo i |

li F ('x’ umk) +00 —
im sup | | p——— — [ (Dei1(x) Jdx = (p = 1) | k(x)¢1(x)dx.
Q Q

(2.12)
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Denote Iy = |[u,, || = +00 as k — +o00, by hypotheses (Hj), and we have

] Ump L1
/l(/f(x,s)ds—/f(x,s)ds)
Q k 0 0

1
< / i |ttm, — k1| T (x) dx
Q

= ||T||p' Uy, — @1 HP — 0ask — +oo.
This implies
k1
) F (x, umk) . 1
lim sup | ————dx = lim — f(x,s)ds |dx.
k——+o0 ””mk ” k—+00 Ik
Q Q 0
By changing s = y¢;, ds = ¢1dy, we deduce that
{ k1 1 Ik
lim — / f(x,s)ds = lim — / f(x, yp) o1dy = FT®(x)¢1 (x),
k—+o00 Iy k=00 I,
0 0
where FT%°(x) is given by (1.9). Hence
F(x,uy,
lim supf de - / FT%° (x)¢1 (x)dx. (2.13)
koo |

Therefore from (2.12), (2.13), we obtain that

/ (PFT00) = fT0) gr(x)dx = (p = 1) f k(x)@1(x)dx. (2.14)
Q

Q

On the other hand, from the hypotheses (1.11) we have
() —k(x) >0ae. x € Q.

Hence (2.14) implies that

/PF+°°(X)901(x)dx = p/k(x)tm(X)dx +/(f+°°(x) — k(x))¢1 (x)dx

Q Q Q
> pfk(x)wl (x)dx
Q
which contradicts (Hap). O
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In the case when it,,, — —¢j(x) as k — 400, by similar arguments we also have

/(pF—oo(x) — [ (X)) p1(x)dx = (p — 1)/k(X)<p1 (x)dx. (2.15)
Q Q

By hypotheses, (1.11), (2.15) imply that

/PF—oo(X)wl(X)dx = p/k(X)wl (x)dx +/(f—oo(x) — k(x))g1(x)dx
Q

Q Q

< p/k(x)wl(x)dx,

Q

which contradicts (Hap).

This implies that the (P-S) sequence {u,,} is bounded in X (£2). Then there exists
a subsequence {u,,, } which converges weakly to up in X (£2). We will prove that the
subsequence converges strongly to ug in X (£2).

Indeed, since u,,, —~up in X(£2) and the embedding X (£2) into L?(£2) is compact,
{tm, } converges strongly to ug tin L? ().

Firstly we remark that by (Hy)

|(T/ (umk) s Umy — M0>| <A ”umk “Zil ”umk - u()”p

+ Izl

Umy, _uoHp + ”ka’ \umk _MOHP

< (R Jome 57" W+ 11 ) 1t = o],

Since {u,,, } is bounded in L”(£2),

Uy — UQ ||[7 — 0 as k — 400, we obtain that

lim (7" (tm;) , tum;, — uo) = 0. (2.16)

k— 00

Combining (2.16) and the fact

lim (I’ (umk) Uy — uo) =0

k——+00
we get
kETOO(J’ (ttmy ) » g — t0) = Jim (I (ttmy) » thmy, — u0)
- kgrfoo(r’ (tmy) + my — uo) = 0.
That is
lim (A (umy)  m, — uo) = 0. (2.17)

k—+00

@ Springer



On Fractional p-Laplacian Equations at Resonance

From (2.17), by the (S)-property of the operator A (see Lemma 1.1), we deduce that
the subsequence {u,,, } converges strongly to ug in X (€2). Therefore the functional /
satisfies the Palais—Smale condition in X (€2). Proposition 2.1 is proved.

Proposition 2.2 The functional 1 given by (2.1) is coercive on X(S2) provided (H»1)
holds.

Proof Firstly we noted that, in the proof of the Proposition 2.1, we have proved that if
{I(um)} is a sequence bounded from above with a sequence {u,,} in X (£2) such that
lum || — +o00 as m — +00, then (up to a subsequence),

—~ Um
Uy =
llum |l

— ¢ (x) in X(R) as m — +o00.

Using this fact, we will prove that the functional 7 is coercive in X (S2) if (Ha1)
satisfied.

Indeed, suppose by contradiction that 7 is not coercive, it is possible to choose a
sequence {u,,} in X (2) such that ||u,, || — 400 as m — 400, I(u,,) < const and

-~ Um
Uy =
llml]

— +¢1(x) in X(2) as m — 4o00.

Remark that by (1.6) we deduce that

— / F (x, uy)dx +fk(x)un1(x)dx <I(upy) < const, m=1,2,... (2.18)
Q Q

We now consider following two cases

Case 1: Assume that i, — @] as m — +00.
Dividing (2.18) by ||u;, ||, we get

—/F+°°(X)</J1(X)dx+/k(X)<p1(X)dx

Q Q

F(x, ~ ) st
— lim sup (— / Fum g, 4 / k(x)um(x)dx) < lim sup 2 ¢
m
Q Q

p =
k=00 lletm I —Foo " luml|

which gives

/k(x)gol(x)dx §/F+w(x)¢1(x)dx.

Q Q

which contradicts (Hjp).

Case 2: Assume that i, — —¢@| as m — +00.
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By similar computation above, we get

/ Foo (X1 (x)dx — / k()1 (x)dx <0,

Q Q

that is
f Foo ()1 (0)dx < f k()1 (0)dx
Q Q

which contradicts (Hap).
It implies that [ is coercive in X (€2). The Proposition 2.2 is proved. O

Proof of Theorem 1.1(i): The coerciveness (see Proposition 2.2) and the Palais—Smale
condition (see Proposition 2.1) are enough to prove that the functional [ attains its
proper infimum at some ug in X (£2) (see Theorem 1.3) so that the problem (1.1) has
at least a weak solution ug € X (€2). It is clear that u( is a nontrivial solution of the
problem (1.1). O

3 Proof of the Theorem 1.1(ii): (saddle point theorem and Existence
of Weak Solutions)

First, we remark that by similar arguments as in the proof of proposition 2.1, with
hypotheses (H»7), we can prove that the functional 7 given by (2.1) satisfies the (P-S)
condition in X (£2).

Splitting X (2) as the sum: X(2) = E @ Y, where

1
Y:{veX(Q):/ oP udx =0}, @1
Q

where ¢ is normalized eigenfunction associated with the eigenvalue A of the problem
(1.5), 91 >0,x € 2, |lo1]| = 1.
Foru = tg; + v, v € Y; then, we have

/mpf_ldx :t/|<p1|”dx+/vg0f_ldx.

Q Q Q

1

Since v € Y, [ vef ™ dx = 0 and by definition of A,

1 1
p — P
prdx = —lle1ll” = —.
/sz ! Al Al

Hence 1 = A1 [ ugpf)_ldx.

On the other hand, for any u € X(2), take t = 1| fQ mpf_ldx, v=u—te.ltis
clearthatv € Y. Thusu = t¢; +v,v €Y.
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Lemma 3.1 There exists A > A such that

(Av,v) = ||v||? >X/ [v|Pdx, forallveY.
Q

Proof Let
A = inf{(Av, v) : / [v|Pdx =1,v e Y}.
Q

We shall prove that value A is attained in Y.
Let {v,,,} in Y be a minimizing sequence, i.e.,

/lvm|pdx=l,m=1,2,...
Q

Iim (Avy, vy) = lim  |o,|? = A.
m——+00 m——+00

This implies that the sequence {v,,} is bounded in X(£2). Hence there exists a
subsequence {vy,, } such as

U, — V0 1n X (R2),
U, — vo in LP(2)

provided the embedding X (€2) into L?(£2) is compact.
Observe that

/wf"l (v = v0) dx| < @i llp ™" Jomy — voll, — 0 asm — +oc.

Q

Hence
0= lim /vmk(x)q;f*‘(x)dx =/v0(x)go{’*‘(x)dx
Q

k— 00
Q

this implies that vo € Y.

Besides
1= lim / U (0[P dx = / lvo ()P dx,
k——+00
Q Q
so vg # 0.
By the lower weak semicontinous of the functional v — |[v||”, v € X(R2), we have
— 14 : : p : P _
A < (Avo, vo) = llvoll” < lim inf ||uy, ||” < 1im  [vw " = 2.
k—+o0 k—+00

hence A = ||vg||?. It means that the value X is attained at vg.
By the variational characterization of the eigenvalue A1, it is clear that A > A;.
If A = X1, by simplicity of A1, there exists ¢ € R such that vy = t¢;.
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But since vy € Y, we have

-1
0=/ o7 Uodx=f/ ordx = tllg1l},
Q Q

hence t = 0 and therl vo = 0 which a contradiction due to vy # 0.
This implies that A = A > A and the proof of the Lemma 2.1 is complete. O

Proposition 3.1 The function I given by (2.1) is coercive on Y provided hypotheses
(Hy) and (Hpp) hold.

Proof Observe that by Holder inequality, Lemma 3.1 and hypotheses (H;) we have
foranyv € Y:

1 A
1@ ol - ﬁfwv’dx—/|F(x,v>|dx—/k<x>|v|dx
Q Q Q

1 M
=2 (1 - 7) Ioll? = (1l + Ikl ) ol (3.2)

1 A
> » <1 - 7) oll? — M (Il + [kl ) llvll,

with M is positive.
From (3.2),since p > 2,1 — A > 0 it follows |[I(v)] > 400 as ||v|| > +00. So
that the functional / is coercive on Y and Proposition 3.1 is proved. O

From Proposition 3.1, it implies that

By = min I(v) > —o0.
veY
Remark that for every t € R, we have

1 A
L —/ lt1|Pdx =0,
p p

as follows from the definition of A{ and ¢;. Thus

I (tg1) =l/k(X)<p1(X)dx —/F(x,ttpl)dx

Q Q

.y f (k(xm (x) - M)d"’
Q

F(x Fx o) _ ff(x 5)ds.

(3.3)

where
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Note that
P 1 Loy
9t .
lim M= lim —/f(x,s)ds
t——+00 t t—+oo t
0 t (3.4)
. 1
= lim - /f(x,ytm)dy g1 = Fr®@)e
t—>+o00 t
0
and
F p
1
lim M: lim ——/f(x,s)ds
t——00 t t——00 |t|
0
1 " 3.5)
— Gm L ff(x,—ywndy 01 = Foo)pr.
t——o0 |¢|
0
Hence by the hypotheses (H3), from (3.3), (3.4), (3.5), we have
. o F (x, 1g1)
N e e
@ (3.6)
= lim t/ (k(x)(pl(x) — F+°°(x)<p1)dx = —0
t—400
Q
and
F(x,t
lim I (t¢) = lim t/(k(x)q)l(x)—M)dx
t——00 t——00 t
@ (3.7)

Jim 1 [ 0100 = Foos (o) = —oc.
Q

Thus there exists R > 0 such that for any 7 : |[f| = R we have
I(tp1) < By < I(v)forallveY.

From this, we can finish the proof of Theorem 1.1 (ii).

Proof of Theorem 1.1(ii): By Proposition 3.1, applying the saddle point theorem (see
Theorem 1.4) we deduce that the functional / attains its proper infimum at some
ug € X(£2), so that the problem (1.1) has at least a weak solution ug € X (2) and it is
clear that ug # 0.

The Theorem 1.2 is proved. O
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