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Abstract. The paper presents the method of the refined second-order plastic hinge analysis for 

planar steel frames subjected to dynamic loads. The material model used is the generalized 

Clough model in consideration of effects of axial and shear force on plastic limit state of cross-

sections. Geometric nonlinearities of member and frame are taken into account by the use of 

stability functions in framed stiffness matrix formulation. Non-linear motional equation of 

structures was established by finite element method and solved by Newmark method combined 

with the modified Newton-Raphson method. Based on the obtained algorithms, the author has 

programmed a computational program and calculated the planar steel frames. From the 

calculated results, discussions and conclusions are presented.  

 

1. Introduction 

In paper [17, 18, 19], the author has studied the elasto-plastic planar steel frames subjected to dynamic 

loads. The material model used is the generalized Clough model (see figure 1) in consideration of 

effects of axial and shear force on plastic limit state of cross-sections. In the second-order plastic hinge 

analysis, material and geometric nonlinearities are considered. In there, geometric nonlinearities of 

member and frame are taken into account by the use of stability functions in framed stiffness matrix 

formulation. This method accounts for inelasticity but not the spread of yielding through the section or 

between the hinges. The effect of residual stresses between hinges is not accounted for either 

[5,6,10,11]. 

In the refined second-order plastic hinge analysis, two modifications are made to account for: (1) 

the section stiffness degradation right at the plastic location; and (2) the member stiffness degradation 

between two plastic hinges. The section stiffness degradation function is used to reflect the gradual 

yielding through the cross section that takes place as the plastic hinge form [1, 13]. The tangent 

modulus concept is used to capture the residual stress effect along the member between two plastic 

hinges [4,21]. The material model used is the elastic–perfectly plastic [2, 10, 13, 20]. 

In this paper, refined second-order plastic hinge analysis for planar steel frames subjected to 

dynamic loads is developed. The material model used is the generalized Clough model in 

consideration of effects of axial and shear force on plastic limit state of cross-sections. The material 

nonlinearities are considered by using CRC tangent modulus and a parabolic function [21]. The 
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geometric nonlinearities are considered by stability function accounting for the interaction between 

axial force and bending moment [6, 16]. 
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Figure 1. The moment–rotation curve of the generalized Clough model [18]. 

in figure 1: pM  is the full plastic moment of cross-section; sM  is the initial yielding moment; E is 

modulus of elasticity; p is the hardening factor, I is the moment of internal; R is the recovery force 

parameter [12, 17]. 

The assumptions used in this paper are as follow: 

- All elements are initially straight and prismatic. Plane cross-sections remain plane after 

deformation.  

- Large displacements are allowed, but strains are small. The strain reversal effect is treated by the 

application of double modulus theory. 

- The material model used is the generalized Clough model in consideration of effects of axial and 

shear force on plastic limit state of cross-sections [14, 18]. 

- The member shear forces are smaller enough that the effects of shear deformation can be 

neglected. 

- The element stiffness formulation is based on beam-column stability function including axial and 

bending deformations. 

- The static load due to the weight of the mass and dead loading (if any) is applied first to the 

structure by a static analysis, and then the earthquake loading is applied by a dynamic time-history 

analysis. 

- The element reamains elastic except at its ends where zero length plastic hinges form 

(concentrated plasticity). The beam-to-column connections of steel frame are the perfectly rigid joints. 

2. Element stiffness matrix in local axis 

2.1. Stability functions accounting for second-order effects 

From Kim et al., the incremental form of member basic force and deformation relationship of 2D 

beam–column element can be expressed as [1, 6]: 
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  (1) 

where MA, MB are the end moments at element ends A and B; N is the axial force; L is the undeformed 

length of the element; A is the area of an element cross section; ,A B  are the joint rotations; e is the 

axial displacement of the member; S1 and S2 are the stability functions, which may be written as [3, 6]: 
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where /L N EI  và N is taken as positive in tension. 

S1 and S2 account for the effect of the axial force on the bending stiffness of the member. Equations 

(2) and (3) are indeterminate when the axial force is equal to zero. To circumvent this problem, the 

following simplified equations are used to approximate the stability function when the axial force in 

the member falls within the range of 2.0 2.0   [1, 6]: 
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where  2 2/ / /e eN N N EI L    , N > 0 in tension. 

Equations (1) may be written as 

     .e e ef k d   (6) 

where    ,e ef d  are the element force and displacement vectors, respectively, and  ek is the element 

basic tangent stiffness matrix in local axis. 
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2.2. CRC tangent modulus model associated with residual stresses 

The CRC tangent modulus concept is used to account for gradual yielding (due to residual stresses) 

along the length of axially loaded members between plastic hinges. The elastic modulus E (instead of 

moment of inertia I) is reduced to account for the reduction of the elastic portion of the cross-section 

since the reduction of the elastic modulus is easier to implement than a new moment of inertia for 

every different section. From Chen and Lui (1992), the CRC tangent modulus Et is written as [3, 21] 

 1.0 0.5t yE E for N N   (8) 
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 (9) 

where Ny is the yielding axial force, y yN A .   

2.3. Parabolic function accounting for gradual yielding due to flexure 

The tangent modulus model is suitable for a member subjected to axial force, but not adequate for cases 

of both axial force and bending moment. A gradual stiffness degradation model for a plastic-hinge is 

required to represent the partial plastification effects associated with bending. When softening plastic-

hinges are active at both ends of an element, the force–deflection equation may be expressed as [6]: 
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where 
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The terms ,A B   are scalar parameters that allow for gradual inelastic stiffness reduction of the 

element associated with plastification at ends A and B. These terms are equal to 1.0 when the element 

is elastic, and zero when a plastic hinge is formed. The parameter   is assumed to vary according to 

the parabolic function [1, 6]: 
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where i is a force-state parameter that measures the magnitude of axial force and bending moment at 

the element end. The term α in this study is expressed as [1, 6, 7]: 
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Figure 2. Two-surface stiffness degradation model for refined plastic hinge analysis [6, 7, 16]. 

To treat the strain reversal effect in the hinge due to the abrupt change in applied direction of 

dynamic load, the scalar parameter  , which allows for gradual inelastic stiffness reduction of the 

element associated with plastification at member end as presented in equation (12), is modified based 

on the double modulus theory in Chen and Lui (1987) as follows [3, 4]: 
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 (15) 

where d is the scalar parameter in dynamic analysis; s  is the scalar parameter in static analysis 

determined by equation (12). 

2.4. Shear deformation 

Accounting for transverse shear deformation effects in a beam-column element, the stiffness matrix 

may be modified as [1, 5, 11]: 
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in which 
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where As is the shear areas, G is the shear modulus of elasticity of steel. 

3. Element stiffness matrix in global axis 

In a second-order analysis, it is convenient to express the element force displacement equations in an 

increment form. Denoting , , ,A B A BM M    as the incremental end moments and joint rotations at 

element ends A and B, respectively, and ,N e  as the incremental axial force and displacement in the 

longitudinal direction of the element, an incremental form of equation (1) may be written as [6]: 
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     .e e ef k d   (19) 

where    ,e ef d  are the incremental force and displacement vectors, respectively. 
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Figure 3. Global and local displacements of a beam-column element. 

If    1 2 3 4 5 6

T

g g g g g g gd d d d d d d  are defined as the global translational and rotational 

degrees of freedom of a frame member (see figure 3), it can be shown that the local displacements are 

related to the global displacements by 

     e e gd T d   (20) 

where  eT  is the element transformation matrix, may be written as 

  

s/ / 1 / / 0

/ / 0 / / 1
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where cos ; sinc s    . 
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Based on the principle of equilibrium, the forces in the two systems shown in figure 4 are related by 
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where    1 2 3 4 5 6

T
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global and local axis, respectively, shown in figure 4. 

Taking derivatives on both sides of equation (22) gives 
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In view of equation (18) and (20), equation (23) may be further written as 
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The transformation matrix 
T

eT    can be evaluated by taking the derivative of  eT  with respect to 

each global degree of freedom, gid  as 

 
 

 , 1 6

T
T e

e gi

gi

T
T d i

d

 
         

 (25) 

LfN

MA

MB N

fg4

fg5

fg6fg2

fg3

fg1

A B

f

M M

L



A B

f

M M

L



 
Figure 4. Equivalent force system. 

In view of equation (20), equation (25) may be written as 
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Substituting Equation (27) into Equation (24) gives 

    g g gf k d      (30) 

where gk    is the tangent stiffness matrix of the beam-column element in global axis, are given as 

           1 2 3

T

g e e e A Bk T k T T M T M T N        (31) 

Equation (31) represents the element tangent stiffness matrix in global axis when the element is 

elastic ( 1 ). When a plastic hinge is formed at end A or B, stiffness matrix  ek  is replaced with the 

matrixs      , , ,A B ABk k k  equation (31) is revised as 

When the plastic hinge is formed at end A: 

           1 2 3

T

gpA e A e A Bk T k T T M T M T N       , (32) 

When the plastic hinge is formed at end B: 

           1 2 3

T

gpB e B e A Bk T k T T M T M T N       , (33) 

And when the plastic hinge is formed at end A and B: 

           1 2 3

T

gpAB e AB e A Bk T k T T M T M T N       . (34) 

The stiffness matrixs determined according to equations (32-34) are based on the assumption of the 

material model used is elastic–perfectly plastic. When the material model used is the generalized 

Clough model, the element matrixs in global may be expressed as 

    R R 1 R ,gC B g A B gpB A gpABk R k k k                   when ,A BR R  (35) 

    R R 1 R ,gC A g B A gpA B gpABk R k k k                   when ,B AR R  (36) 

where RA and RB are the recovery force parameters for end A and end B of the element, respectively, 

which are relevant to the moments at the both ends of the element, MA and MB, and the deformation 

state of the element, and may be expressed as [12, 17]: 

                                            - if M < Ms then R = 1;   (37) 

                                            - if M > Mp then R = p;   (38) 

 - if Ms < M < Mp then  1 1s

p s

M M
R p

M M


  


. (39) 

4. The equation of motion and solving method 

The equation of motion for frames is given by [8, 9]: 

                 M U U C U U K U U R              (40) 
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where        , , ,U U U R  are the structural displacement, velocity, acceleration, and exciting force 

vectors, respectively;   M U 
   is the structural mass matrix; the structural viscous damping matrix 

  C U 
   can be defined as Rayleigh damping,         C U M U K U             , where   

and   are the coefficients of mass and stiffness proportional damping, respectively and are 

determined according to the natural frequencies of the first and second modes of the frame 
1 2,   and 

the same viscous damping ratio 5% ;   K U 
   is the structural stiffness matrix. 

Equation (40) is the nonlinear differential equation for the displacement vector  U . To solve this 

equation, we use the Newmark average acceleration method combined with the modified Newton-

Raghson method for the equilibrium iterative procedure. 

Divide the analysis time into intervals t , the Newmark algorithm written at t t   will lead 

equation (40) to form [9, 15]: 

    t
t t

K U R


      ,     (41) 

where 
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where    ,t tM C  are the structural mass and damping matrix at the time t, respectively. These are 

formed from the element matrixs deformed according to the generalized Clough model and are defined 

in [17].  tK  is the structural stiffness matrix at the time t and is determined from the element 

stiffness matrix in global axis defined in section 3.    ,
t t

U U  are the structural velocity, acceleration 

vectors at the time i, respectively. 

The incremental displacement vector  U  at the time t t  , can be calculated from Equation 

(41), from that determined      ,
t t t t t t

U U U
  

 as follows [8,15]: 

        1 ,
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; ;

.

t t t t t t

t t t

U U U U U U

U U U

 



     

  
 (46) 

where   và   are the integral parameters. 

After each calculation step, it is necessary to check the internal force-displacement state  M  , 

the displacement at the element end to update the stiffness, mass, damping matrixs and force vector of 

the elements, and moment Ms, Mp at the element ends to calculate the next time step. Checking is 

based on the relations between Ri and Rj [17]. The procedure presented in equations (41-46) is 

repeated for the next time steps until the considered frame is collapsed or desired time duration ends. 
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A computer program SODAP written in Matlab programming language is developed based on the 

above-mentioned formulations to predict nonlinear time-history responses of the planar steel frames 

subjected to static and dynamic loadings. The material model used is the generalized Clough model in 

consideration of effects of axial and shear force on plastic limit state of cross-sections. 

5. Numerical examples and discussions 

The dynamic behaviour of steel frame (see figure 5) with the generalized Clough material model is 

examined under seimic load. The effect of second order is also investigated with the internal force-

displacement results.  

The data of frame is: I-shape beam with (hxbxtwxtf = 200x100x5.5x8 mm), I-shape column with 

section (250x125x6x8 mm) (see figure 5); module E=2.0e+5 MPa; yielding stress p =210 MPa; 

p=0.02. The finite element diagram of structure is shown in figure 5. The frame is subjected to seismic 

action at Morgan Hill, 1984, in the Santa Clara Valley of Northern California with acceleration 

diagram measured at station 1567, direction 0
0
 as in figure 6. The peak of acceleration background is 

0.292g, interval of measurement 0.005 (sec). Damping coefficient 1 2 0.05   . Mass m1=3.0 

kN.s
2
/m; m2=1.0 kN.s

2
/m, acceleration of gravity g = 9.81 m/s

2
. Dead load P=50kN. 

The calculated results are shown in figure 7-11 and table 1 and 2. Figure 7 shows the diagram of 

horizontal displacements at node 11; figure 8 demonstrates the dynamic bending moment at node 1; 

figure 9 shows bending moment-rotation relationship at node 9 (in element 8) for these cases: case (a) 

– second-order plastic hinge analysis (SO); case (b) – refined second-order plastic hinge analysis 

(RSO). In figure 10 the displacement diagram, first plastic hinge location is demonstrated. The 

displacement diagram and locations of plastic hinges at the moment with maximum number of these 

hinges for cases (a) and (b) are shown in figure 11. In table 1 and table 2, the maximum and minimum 

displacements, bending moments at sections according to two cases analysis are detailed and 

compared with case (a). 

3
.9

m

3.0m 3.0m

3
.9

m

(1)

(2)

(4)

(5)

(7) (8)

(9) (10)

1

2

3

8

9

10

5

6

3
.9

m

(11) (12)4 117

(3) (6)

m1

m1

m2

m1

m1

m2

m2

m2

1.5m2

X

Y

0 ag(t)
b

tw

tf

tf

h

0.5P 0.5P

P

P

P

P

 

Figure 5. Three-storey planar steel frame for refined second-order effect verification. 
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Figure 6. Morgan Hill, 1984, Earthquake records, 

Northern California, at station 1567, direction 0
0
. 

Figure 7. Horizontal dynamic displacement 

diagram at node 11. 

 

  
Figure 8. Dynamic bending moment at node 1. 

 

Figure 9. Bending moment-rotation relationship 

at node 9 (in element 8). 

  
Figure 10. Displacement diagram and location of first plastic hinge. 
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Figure 11. Displacement diagram and locations of plastic hinges at the moment  

with maximum number of plastic hinges. 

Table 1. Maximum horizontal displacement of node 2, 3, 4. 

Node  
SO RSO Ratio (1)/(3) 

(%) Ux (cm) (1) ti (s) (2) Ux (cm) (3) ti (s) (4) 

2 
max 5.980 5.915 6.682 5.940 11.736 

min -6.024 6.535 -5.197 6.555 -13.732 

3 
max 12.815 5.920 13.710 5.940 6.983 

min -12.119 6.490 -10.169 6.510 -16.086 

4 
max 16.726 5.925 17.601 5.940 5.236 

min -16.427 6.430 -14.009 6.440 -14.719 

Table 2. Maximum and minimum bending moments at some sections. 

Node/ 

element 
 

SO RSO Ratio (1)/(3) 

(%) M (kNm) (1) ti (s) (2) M (kNm) (3) ti (s) (4) 

1/1 
max 56.002 5.915 51.225 5.940 -8.530 

min -62.347 6.540 -58.141 6.560 -6.747 

2/2 
max 43.932 6.960 42.716 6.985 -2.769 

min -38.746 6.335 -40.815 6.355 5.340 

3/3 
max 17.485 1.995 16.760 2.000 -4.144 

min -10.572 1.865 -9.967 1.870 -5.719 

6. Conclusions 

When performing second-order plastic hinge dynamic analysis for planar steel frame with generalized 

Clough model considering the effect of axial and shear forces to limit state of cross sections, the 

maximum displacement will be increased (see figure 7, 9 and table 1) by 11.736% (at node 2), 5.236% 

(at node 4) compared to those with SO analysis. The reason of this increasement is the consideration of 

the residual displacements and gradual yielding due to flexure and shear deformation effect.  

With RSO analysis, the maximum internal forces will be decreased. The results are shown in figure 

8 and table 2. At the same time, the plastic hinges appear earlier and more than those when using RO 
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analysis (see figure 10, 11). In the figure 9, the bending moment-rotation relationship has a similar 

shape to the moment–rotation curve of the generalized Clough model. Therefore, the calculation 

results of SODAP ensure reliability. 

Therefore, when analyzing the dynamics of planar steel frame structure, it is necessary to analyze 

according to refined second-order due to significant influence on displacement-internal force state of 

system. 
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