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Bending and free vibration analyses of
functionally graded material nanoplates
via a novel nonlocal single variable shear
deformation plate theory
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Abstract

A novel nonlocal shear deformation theory is established to investigate functionally graded nanoplates. The significant

benefit of this theory is that it consists of only one unknown variable in its displacement formula and governing

differential equation, but it can take into account both the quadratic distribution of the shear strains and stresses

through the plate thickness as well as the small-scale effects on nanostructures. The numerical solutions of simply

supported rectangular functionally graded material nanoplates are carried out by applying the Navier procedure. To

indicate the accuracy and convergence of this theory, the present solutions have been compared with other published

results. Furthermore, a deep parameter study is also carried out to exhibit the influence of some parameters on the

response of the functionally graded material nanoplates.
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Introduction

In the last decades of the twentieth century, function-
ally graded materials (FGMs) have been become the
most innovative composite materials and applied in

many fields of engineering.1–5 Because of their exotic
properties, the application and investigation of FGM

beams, plates and shells are increasing rapidly.
Therefore, enormous beam, plate and shell theories
were established and applied to scrutinize FGM

structures, especially FGM plates. First of all, classi-
cal plate theory (CPT) has been applied to study

beams and plates by many scientists such as Liessa,6

Mohammadi7 and so on. However, the CPT neglects
the shear strains and stresses, so it is compatible to

research thin plates only. Using this theory to analyze
thick plate may result in absolutely erroneous solu-

tions and consequently wrong designs. To deal with
this shortcoming of CPT, Mindlin8 developed a new
plate theory which was so-called Mindlin plate

theory. The benefit of this theory is that it is compat-
ible to analyze thin to moderately thick plates,

because it takes into account the influence of the
shear strains and stresses. After that, the first-order
shear deformation plate theory (FSDT) was devel-

oped and applied to study thin to thick plates.

Some valuable works using FSDT can be seen in
Hosseini-Hashemiand et al.,9,10 Nguyen et al.11

Continuously, many modified FSDTs have been
established to reduce the number of unknown varia-
bles of the displacement formula. The information
about these theories can be found in some works of
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Shimpi et al.,12 Thai et al.,13 Nam et al.,14 Nguyen
et al.15 The FSDT and its variants have been
employed to investigate isotropic and orthotropic
plates. The numerical results of these works were
useful in many fields of engineering and industry.
However, the shear strains and stresses of these the-
ories do not equal to zero at two surfaces of the
plates. On the other hand, FSDT and its variants
need a shear correction coefficient which is very dif-
ficult to determine the exact value. To overcome these
inconveniences of FSDT and its variants, researchers
have been established many higher-order shear defor-
mations (HSDTs). Because of its advantages, a lot of
different theories based on the idea of HSDT such as
sinusoidal shear deformation, generalized shear
deformation, four-variable refined plate theory,
refined plate theory and their variants have been
developed. These theories have been combined with
other methods to scrutinize isotropic and FGM
plates. The success of these theories is that the shear
strains and stresses are parabolic distribution through
the thickness, hence they do not need any shear cor-
rection factors. More information about these theo-
ries can be found in many papers which have been
published by many researchers such as Javaheri
et al.,16 Ferreira et al.,17 Talha et al.,18 Mantari
et al.,19,20 Merazi and Hasaine Daouadji,21–23

Mechab et al.24 and Shimpi et al.25,26 According to
these works, the HSDTs are good accuracy and con-
vergence and they can predict the behavior of the
plates better than FSDT. Recently, many quasi-3D
theories have been established to capture the stretch-
ing effect on the response of the plates. The formulae
and applications of these theories can be found in the
works of Zenkour,27 Mantari et al.,28,29 Adim et al.30

and Thai et al.31 On the other hand, quasi-3D theories
have been combined with the Carrera unified formu-
lation (CUF) to investigate a wide range of structures
as shown in Neves et al.,32,33 Carrera et al.34 and so
on. In these theories, the normal stress being the
thickness direction does not neglect, so they can be
applied to study thick and very thick plates.

Nowadays, FGMs are more and more applied
to manufacture the micro/nanostructures such as
biological building blocks, solar cells, artificial struc-
tures, micro/nano sensors, micro/nanoelectromechan-
ical systems (MEMS and NEMS). The using of
nanostructures is increasing in exponential principle,
so they have attracted a lot of researchers’ attention.
The reason is that these structures can act in high-
performance applications and exhibit delightful
features. The computation of these structures is very
different in comparison with the traditional struc-
tures. The small-scale effects on the behavior of
these structures must be considered, therefore it is
essential to develop different theories to evaluate
these structures. Some noticeable theories have been
established by many researchers, such as the modified
couple stress theory (MCST),35 the surface

elasticity,36–41 the strain gradient theory (SGT),42–44

the micropolar theory45 and the nonlocal elasticity

theory (NET).46–49 Among them, the NET which is

first established by Erigen is widely applied to evalu-

ate nanostructures, this theory is very simple and

good accuracy. In the NET, the stress at any points

in the solid body depends on the strains at all neigh-

bor points. Based on NET, a large number of works

have been published in the literature using different

plate theories. The analysis of nanobeams and nano

bars using NET and different shear deformation the-

ories were investigated by Reddy et al.,50,51 Zenkour

et al.,52–54 Thai et al.,55 Şimşek et al.,56 Eltaher

et al.,57 Nazemnezhad et al.58 and Arefi et al.,59

Sobhy and Zenkour60–63 and so on. Whereas, the

behavior of nanoplates are investigated by

Aghababaei et al.,64 Lu et al.,65 Aksencer et al.,66

Hashemi et al.,67 Zenkour et al.,68 Alzahrani

et al.,69 Sobhy70–73 and Natarajan et al.74 In these

studies, the nonlocal elasticity based on many plate

theories has been used to analyze the isotropic and

orthotropic nanoplates such as FGM nanoplates sub-

jected to the mechanical load or thermal-mechanical

load. According to these investigations, the effects of

small-scale on the behavior of nanostructures cannot

be neglected. These numerical results are very useful

to estimate and design the nanostructures, and it is

necessary to take more studies in these fields.
This study aims to establish a novel nonlocal

theory based on a single variable shear deformation

plate theory (SDPT), and then it is employed to inves-

tigate FGM nanoplates. Some important problems

are performed to demonstrate the accuracy of the

proposed theory. The outline of this work is as fol-

lows: Section 1 gives general and basic information of

FGMs, nanostructures as well as the investigations

of these structures. Section 2 gives a brief review of

FGM and section 3 introduces the nonlocal elasticity

theory of Eringen. Next, section 4 presents step by

step the development of novel NET based on single

variable SDPT and section 5 shows the analytical

solution based on Navier procedure. Continuously,

section 6 reveals the verification study to show the

accuracy and convergence of the proposed theory

and section 7 indicates the numerical and graphical

investigation of FGM nanoplates. Finally, section

8 summaries some important conclusions on the

development of proposed theory as well as the numer-

ical results of the current work.

Material properties of FGM

In this study, a rectangular FGM nanoplate as shown

in Figure 1 is considered, the dimension of the plate is

a� b� h. The material properties are calculated by

PðzÞ ¼ Pm þ ðPc � PmÞVc (1)
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Vc ¼ 1

2
þ z

h

� �p

; Vm ¼ 1� Vc (2)

where Pc; Pm and Vc; Vm are respectively the Young’s

modulus or density and volume ratio of the ceramic

and metal, p is the material parameter.

Nonlocal elasticity theory

In Eringen’s nonlocal theory,47 the stress at a point in

a continuum body depends on the strains at all neigh-

bor points. The differential form of this theory can be

written as48

<r ¼ Ce (3)

where < ¼ 1� j2r2½ �, j2ðnm2Þ ¼ e0að Þ2 is nonlocal

coefficient and r2 ¼ @2

@x2
þ @2

@y2
. In which, the nonlocal

coefficient should be j� 2 for the most cases of

nano-scale structures.49

Novel nonlocal single variable shear

deformation plate theory

Assumption of novel nonlocal single variable shear

deformation plate theory

The basic assumptions of novel nonlocal single vari-

able SDPT are shown as follows

(i) Separating w into two parts, which are bending

part wb and shear part ws:

w ¼ wb þ ws (4)

(ii) The normal stress rz is very small, so it can be

negligible.
(iii) The displacements u and v are separated into

bending and shear parts as

u¼ ub þ us
v¼ vb þ vs

(5)

In which, ub and vb are similar to the displacements

given by the CPT, which can be written as

ub ¼ �z
@wb

@x
; vb ¼ �z

@wb

@y
(6)

The shear parts us and vs give rise to shear strain

cxz; cyz and therefore to shear stresses sxz; syz, and

they distribute through the plate thickness.
Subsequently, they can be obtained as

us ¼ fðzÞ @ws

@x
; vs ¼ fðzÞ @ws

@y
(7)

The function fðzÞ is given as the following formula

fðzÞ ¼ z

4
� 5

3

z3

h2
(8)

The formulas of moment resultants Mx; My; Mxy

do not contain us and vs.

(iv) It is assumed that only bending deflection produ-

ces the rotation of the plate cross-section, the

inertia loading and distributed inertia moments
can be obtained as

�q ¼ �m0
@2w

@t2
; mx ¼ �J0x

@3wb

@x@t2
; my ¼ �J0y

@3wb

@y@t2

(9)

where

m0 ¼
Z h=2

�h=2

qðzÞdz; J0x ¼ J0y ¼ J0 ¼
Z h=2

�h=2

qðzÞz2 dz

(10)

Expressions of displacement, force

and moment resultants

Based on the previous section, the displacement field
of the plate is

u¼ �z
@wb

@x
þ fðzÞ @ws

@x

v¼ �z
@wb

@y
þ fðzÞ @ws

@y
w¼ wb þ ws

(11)

The formulas of the strain fields are

ex ¼ �z
@2wb

@x2
þ fðzÞ @

2ws

@x2

ey ¼ �z
@2wb

@y2
þ fðzÞ @

2ws

@y2

cxy ¼ �z 2
@2wb

@x@y

 !
þ fðzÞ 2

@2ws

@x@y

 !

cxz ¼
@ws

@x
rðzÞ

cyz ¼
@ws

@y
rðzÞ

(12)

where rðzÞ ¼ 1þ f0ðzÞ.

Figure 1. A model of FGM nanoplate.
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By utilizing the NET and the Hooke’s law, the
nonlocal constitutive equations can be written as

<rx ¼ EðzÞ
1� �ðzÞ2

"
� z

@2wb

@x2
þ fðzÞ @

2ws

@x2

þ �ðzÞ �z
@2wb

@y2
þ fðzÞ @

2ws

@y2

 !#

<ry ¼ EðzÞ
1� �ðzÞ2

"
� z

@2wb

@y2
þ fðzÞ @

2ws

@y2

þ �ðzÞ �z
@2wb

@x2
þ fðzÞ @

2ws

@x2

� �#

<sxy ¼ EðzÞ
2ð1þ �ðzÞÞ �2z

@2wb

@x@y
þ 2fðzÞ @

2ws

@x@y

 !

(13)

<syz ¼ rðzÞEðzÞ
2ð1þ �ðzÞÞ

@ws

@y

<sxz ¼ rðzÞEðzÞ
2ð1þ �ðzÞÞ

@ws

@x

(14)

Equations (13) and (14) can be rewritten in the
following forms

<rx ¼ �zEðzÞ
1� �ðzÞ2

@2wb

@x2
þ �ðzÞ @

2wb

@y2

 !

þ fðzÞEðzÞ
1� �2

@2ws

@x2
þ �ðzÞ @

2ws

@y2

 !

<ry ¼ �zEðzÞ
1� �ðzÞ2

@2wb

@y2
þ �ðzÞ @

2wb

@x2

 !

þ fðzÞEðzÞ
1� �2

@2ws

@y2
þ �ðzÞ @

2ws

@x2

 !

<sxy ¼ �zEðzÞ
1� �ðzÞ2 1� �ðzÞð Þ @

2wb

@x@y

þ fðzÞEðzÞ
1� �ðzÞ2 1� �ðzÞð Þ @

2ws

@x@y

(15)

<syz ¼ rðzÞEðzÞ
2ð1þ �ðzÞÞ

@ws

@y

<sxz ¼ rðzÞEðzÞ
2ð1þ �ðzÞÞ

@ws

@x

(16)

The nonlocal moments and shear forces are
obtained as

<
Mx

My

Mxy

8<
:

9=
; ¼

Z
�h

2

h
2

z<
rx
ry
sxy

8<
:

9=
; dz (17)

< Qx

Qy

� �
¼
Z
�h

2

h
2

< sxz
syz

� �
dz (18)

Based on the assumption of the present
theory, the nonlocal moments and shear forces can
be taken as

<Mx ¼
Z h=2

�h=2

�z2EðzÞ
1� �ðzÞ2

@2wb

@x2
þ �ðzÞ @

2wb

@y2

" #
dz

<My ¼
Z h=2

�h=2

�z2EðzÞ
1� �ðzÞ2

@2wb

@y2
þ �ðzÞ @

2wb

@x2

" #
dz

<Mxy ¼
Z h=2

�h=2

�z2EðzÞ
ð1� �ðzÞ2Þ ð1� �ðzÞÞ @

2wb

@x@y

" #
dz

(19)

<Qx ¼
Z h=2

�h=2

EðzÞ
2ð1þ �ðzÞÞ rðzÞ

@ws

@x
dz

<Qy ¼
Z h=2

�h=2

EðzÞ
2ð1þ �ðzÞÞ rðzÞ

@ws

@y
dz

(20)

After integrating equations (19) and (20) through
the thickness, ones get

<Mx ¼ �D
@2wb

@x2
�D1

@2wb

@y2

<My ¼ �D
@2wb

@y2
�D1

@2wb

@x2

<Mxy ¼ �D
@2wb

@x@y
þD1

@2wb

@x@y

(21)

<Qx ¼ S
@ws

@x

<Qy ¼ S
@ws

@y

(22)

The coefficients D; D1; S are calculated as

D ¼
Z h=2

�h=2

z2EðzÞ
1� �ðzÞ2 dz (23)

D1 ¼
Z h=2

�h=2

z2�ðzÞEðzÞ
1� �ðzÞ2 dz (24)

S ¼
Z h=2

�h=2

rðzÞEðzÞ
2ð1þ �ðzÞÞ dz (25)

The coefficients D; D1 and S are the integration
formulas respect to z and depend on the plate thick-
ness, the material properties and the distributed shape
function. In Shimpi’s plate theory, the material is
assumed that its properties do not change through
the thickness, therefore D; D1 and S are explicit
expressions of the thickness.
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The equilibrium equations of forces are

@

@x
<Mxð Þ þ @

@y
<Mxy

� �� <Qx ¼ <mx

@

@x
<Mxy

� �þ @

@y
<My

� ��<Qy ¼ <my

@

@x
<Qxð Þ þ @

@y
<Qy

� �þ<q ¼ �<�q

(26)

Equations (21) and (22) are inserted into equation
(26), ones get

� @

@x
D
@2wb

@x2
þD1

@2wb

@y2

" #
� @

@y
ðD�D1Þ @

2wb

@x@y

" #

� S
@ws

@x
¼ �< J0

@3wb

@x@t2

� �

� @

@x
ðD�D1Þ @

2wb

@x@y

" #
� @

@y
D
@2wb

@y2
þD1

@2wb

@x2

" #

� S
@ws

@y
¼ �< J0

@3wb

@y@t2

 !

S
@2ws

@x2
þ S

@2ws

@y2
þ <q ¼ < m0

@2w

@t2

� �
(27)

First two equations of equation (27) can be rewrit-
ten as

@ws

@x
¼ �D

S

@

@x

@2wb

@x2
þ @2wb

@y2

 !
þ < J0

S

@3wb

@x@t2

� �

@ws

@y
¼ �D

S

@

@y

@2wb

@x2
þ @2wb

@y2

 !
þ< J0

S

@3wb

@y@t2

 !

(28)

Or

ws ¼ �D

S

@2wb

@x2
þ @2wb

@y2

 !
þ< J0

S

@2wb

@t2

� �

¼ v r2wb

� �
þ < J0

S

@2wb

@t2

� � (29)

Where v ¼ � D
S.

By introducing equation (29) into equation (11),
the displacement formulas in terms of bending com-
ponent wb are

u¼ �z
@wb

@x
þ fðzÞ @

@x
v r2wb

� �
þ< J0

S

@2wb

@t2

� �� 	

v¼ �z
@wb

@y
þ fðzÞ @

@y
v r2wb

� �
þ < J0

S

@2wb

@t2

� �� 	

w¼ wb þ v r2wb

� �
þ< J0

S

@2wb

@t2

� �
(30)

It is obvious that the novel theory consists of only

one unknown variable-the bending component wb in

its displacement formulas. Another important thing is

that the varying of the material properties is consid-

ered when establishing the displacement formulas of

the proposed theory, this is a significantly different

point of this theory in comparison with Shimpi’s

theory; therefore, Shimpi’s theory cannot be applied

to analyze heterogeneous plates such as FGM plates.

On the contrary, the proposed theory can be

employed to analyze both homogeneous and hetero-

geneous plates.
By introducing equation (30) into equations (21)

and (22), ones get

<Mx ¼ �D
@2wb

@x2
�D1

@2wb

@y2

<My ¼ �D
@2wb

@y2
�D1

@2wb

@x2

<Mxy ¼ �D
@2wb

@x@y
þD1

@2wb

@x@y

(31)

<Qx ¼ S
@

@x
v r2wb

� �
 �
þ< J0

@3wb

@x@t2

� �

<Qy ¼ S
@

@y
v r2wb

� �
 �
þ< J0

@3wb

@y@t2

 ! (32)

Governing equation

Introducing equations (31) and (32) into equation

(26), the governing differential equation of the

FGM nanoplate can be written as

S
@2

@x2
v r2wb

� �
 �
þ S

@2

@y2
v r2wb

� �
 �
þ < J0

@4wb

@x2@t2
þ J0

@4wb

@y2@t2

 !
þ<q ¼ �<�q

(33)

After some variations, the governing differential

equation of the FGM nanoplate is

D r2r2wb

� �
� J0 � vm0ð Þ @

2

@t2
r2<wb

� �
þm0

@2<wb

@t2
þ J0m0

S

@4<<wb

@t4
þ<q ¼ 0

(34)

This is a simple governing differential equation of

the FGM nanoplates, because it consists of only one

unknown variable of bending component wb.

Analytical solutions

In the current work, the Navier procedure is applied

to analyze the fully simple supported rectangular
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FGM nanoplates. The solution of the plate is

assumed as the following formula

wbðx; yÞ ¼
X1
r¼1

X1
s¼1

Wbrssinuxsinwysinxrst (35)

where u ¼ rp=a; w ¼ sp=b and Wbrs is the quantity to

be determined and xrs is the frequency of free vibra-

tion of the FGM nanoplates.
In the case of static bending analysis, by introduc-

ing equation (35) into equation (34) without the time

items, ones can get the following formula

Wrs ¼ Qrs 1þ j2u2 þ j2w2
� �
D u2 þ w2
� �2 (36)

where Qrs ¼ q0 for sinusoidal distributed load.
In the case of free vibration analysis, by introducing

equation (35) into equation (34), ones can get the biqua-

dratic frequency equation as the following formula

1þ j u2 þ w2
� �
 �2

J0m0x4
rs

� 1þ j u2 þ w2
� �
 �

½ J0u2 þ J0w
2 þm0

� �
S

þ am0 u2 þ w2
� �

�x2
rs þDS u2 þ w2

� �2 ¼ 0

(37)

By solving this biquadratic equation, four roots are

archived, the lower positive root is related to the

bending mode and the higher positive root is related

to the shear mode.

Verified study

In this section, some demonstrative examples are

given to validate the accuracy of the proposed

theory. The materials properties of FGM nanoplate

are given by Sobhy72 as follows

Ceramic Al2O3: Ec ¼ 380GPa; �c ¼ 0:3;
qc ¼ 3800 kg=m3;

Metal Al: Em ¼ 70GPa; �m ¼ 0:3;

qm ¼ 2707 kg=m3.

The material properties vary continuously in the

thickness direction by

EðzÞ ¼ Em
Ec

Em

� 
Vc

; qðzÞ ¼ qm
qc
qm

� 
Vc

; Vc ¼ z
h þ 1

2

� 
p
(38)

Firstly, the present non-dimensional deflections and

stresses of square FGM nanoplates with a ¼ b ¼ 10

subjected to sinusoidal load q ¼ q0sinðxp=aÞ
sinðyp=bÞ are compared with those of Sobhy72 as

shown in Table 1. It is noticed that the results of

Sobhy72 are achieved using HSDT. The non-

dimensional quantities are calculated by �w ¼
wða=2; b=2Þ:102Ech

3=q0a
4; �rx ¼ rxða=2; b=2; 0Þ:10h=

q0a; �sxz ¼ sxzð0; b=2; h=2Þ:10h=q0a; �sxy ¼ sxyð0; 0;
�h=2Þ:10h=q0a. According to this comparison, the pre-

sent results are very similar to those of Sobhy72 for all

cases of nonlocal coefficient and materials parameters.
Secondly, the non-dimensional frequency of FGM

nanoplates is compared with those introduced by

Sobhy72 as shown in Table 2. It is noticed that the

numerical results of Sobhy are achieved using HSDT.

For all cases of the nonlocal coefficient j and aspect

ratio a=b; the present results are identical to those of

Sobhy.72

Thirdly, the non-dimensional fundamental fre-

quency of rectangular isotropic homogeneous nano-

plates is compared with those calculated by

Zenkour.61 The comparison is presented in Table 3

Table 1. The comparison of non-dimensional deflection and stresses of square FGM nanoplates (a/h¼ 10).

�w ; �r ið Þ j Refs

p

0 0.5 2.5 5.5 10.5

�w 0 Sobhy72 2.9603 5.4971 8.8382 10.0219 11.1361

Present 2.9607 5.4816 8.7638 9.9541 11.1188

2 Sobhy72 5.2977 9.8374 15.8166 17.9350 19.9288

Present 5.2983 9.8096 15.6835 17.8135 19.8978

�rxðh=2Þ 0 Sobhy72 19.9550 29.6544 41.8345 50.4378 61.1311

Present 19.9433 29.3487 41.1517 49.6932 60.5363

2 Sobhy72 35.7108 53.0686 74.8658 90.2620 109.3982

Present 35.6900 52.5215 73.6437 88.9294 108.3339

�sxzð0Þ 0 Sobhy72 2.4618 2.4559 2.1227 2.1679 2.3001

Present 2.3873 2.2354 1.7194 1.8326 2.1010

2 Sobhy72 4.4056 4.3950 3.7988 3.8796 4.1162

Present 4.2723 4.0003 3.0771 3.2796 3.7599

�sxyð�h=2Þ 0 Sobhy72 10.7450 4.4493 7.5813 8.1777 8.5915

Present 10.7387 4.4899 7.7104977 8.3180 8.7060

2 Sobhy72 19.2289 7.9624 13.5671 14.6345 15.3751

Present 19.2177 8.0350 13.79846 14.8856 15.5800
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with different values of aspect ratio and side-to-

thickness ratio. The non-dimensional frequency is

computed by �x ¼ xh
ffiffiffiffiffiffiffiffiffi
q=G

p
. It can obvious that the

present numerical results are in good agreement with

those of Zenkour.61

Overall, it can conclude that the present theory is

compatible to analyze FGM nanoplates with good

accuracy and convergence rate.

Numerical results

In this section, a rectangular FGM nanoplate ða ¼
10Þ is considered to demonstrate the effects of some

parameters on the static bending and free vibration

behavior. The material properties of two gradients of

nanoplates are

Ceramic Al2O3: Ec ¼ 380GPa; �c ¼ 0:3;

qc ¼ 3800 kg=m3;
Metal Al: Em ¼ 70GPa; �m ¼ 0:3;

qm ¼ 2707 kg=m3.

The following non-dimensional parameters are

utilized

w� ¼ w
a

2
;
b

2

� �
100Ech

3

q0a4
; x� ¼ x

a2

p2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
Ec:h

3

12 1� �2ð Þ

s
;

r�x ¼
h

q0a
rx

a

2
;
b

2

� �
; r�y ¼

h

q0a
ry

a

2
;
b

2

� �
;

s�xy ¼
h

q0a
sxy 0; 0ð Þ; s�xz ¼

h

q0a
sxz 0;

b

2

� �
(39)

Table 2. The comparison of non-dimensional fundamental
frequencies of square FGM nanoplates (a/h¼ 10).

j Refs

p

0 0.5 2.5 5.5 10.5

0 Sobhy72 1.9318 1.4969 1.2572 1.2087 1.1609

Present 1.9317 1.4989 1.2623 1.2126 1.1618

2 Sobhy72 1.4441 1.1189 0.9397 0.9035 0.8678

Present 1.4440 1.1205 0.9436 0.9065 0.8685

Table 3. The comparison of non-dimensional fundamental frequencies of rectangular homogeneous nanoplates.

a/h b/a Refs

j2

0 1 2 3 4 5

10 1 Zenkour61 0.093028 0.085015 0.078769 0.073725 0.069540 0.065996

Present 0.093028 0.085015 0.078769 0.073725 0.069540 0.065996

2 Zenkour61 0.058883 0.055556 0.052735 0.050305 0.048182 0.046308

Present 0.058883 0.055556 0.052735 0.050305 0.048182 0.046308

20 1 Zenkour61 0.023864 0.021808 0.020206 0.018912 0.017839 0.016929

Present 0.023864 0.021808 0.020206 0.018912 0.017839 0.016929

2 Zenkour61 0.014965 0.014119 0.013402 0.012785 0.012245 0.011769

Present 0.014965 0.014119 0.013402 0.012785 0.012245 0.011769

Table 4. The non-dimensional deflection of square FGM
nanoplates.

a/h j

p

0 0.5 1 4 10

4 0.0 3.7905 5.6097 7.1689 11.0892 13.5096

0.5 3.9775 5.8866 7.5227 11.6364 14.1762

1.0 4.5387 6.7171 8.5840 13.2781 16.1762

1.5 5.4740 8.1012 10.3528 16.0142 19.5096

2.0 6.7833 10.0390 12.8292 19.8448 24.1763

10 0.0 2.9607 4.5292 5.8701 8.7307 10.0194

0.5 3.1068 4.7527 6.1598 9.1615 10.5139

1.0 3.5451 5.4233 7.0289 10.4540 11.9972

1.5 4.2756 6.5408 8.4773 12.6082 14.4694

2.0 5.2983 8.1054 10.5050 15.6241 17.9304

100 0.0 2.8042 4.3255 5.6252 8.2859 9.3613

0.5 2.9426 4.5389 5.9028 8.6948 9.8232

1.0 3.3577 5.1793 6.7356 9.9215 11.2091

1.5 4.0496 6.2466 8.1236 11.9660 13.5189

2.0 5.0183 7.7407 10.0668 14.8282 16.7527

Table 5. The non-dimensional deflection of rectangular FGM
nanoplates (b/a¼ 2).

a/h j

p

0 0.5 1 4 10

4 0.0 8.7553 13.1261 16.8681 25.6928 30.5958

0.5 9.0253 13.5309 17.3884 26.4853 31.5394

1.0 9.8354 14.7454 18.9491 28.8626 34.3704

1.5 11.1856 16.7696 21.5504 32.8247 39.0886

2.0 13.0759 19.6035 25.1922 38.3718 45.6942

10 0.0 7.4276 11.3972 14.7901 21.9192 25.0115

0.5 7.6567 11.7488 15.2463 22.5953 25.7829

1.0 8.3439 12.8033 16.6148 24.6234 28.0972

1.5 9.4894 14.5609 18.8956 28.0036 31.9543

2.0 11.0930 17.0215 22.0887 32.7359 37.3542

100 0.0 7.1772 11.0712 14.3982 21.2076 23.9585

0.5 7.3986 11.4127 14.8423 21.8617 24.6974

1.0 8.0627 12.4371 16.1746 23.8240 26.9143

1.5 9.1695 14.1444 18.3949 27.0945 30.6090

2.0 10.7190 16.5347 21.5035 31.6732 35.7815
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Static bending analysis

Firstly, the numerical investigation of deflection w

of rectangular FGM nanoplates subjected to

sinusoidal load is presented in this subsection. The
non-dimensional deflections w� of square FGM nano-
plates with the variation of the nonlocal coefficient
from j ¼ 0 to j ¼ 2 are shown in Table 4, while the

Figure 2. Non-dimensional deflection of FGM nanoplates, (a) p¼ 0, a/h¼ 10, (b) p¼ 1, a/h¼ 10, (c) p¼ 4, a/h¼ 10 and (d) p¼ 10,
a/h¼ 10.

Figure 3. The distribution of stresses through the plate thickness with p¼ 5, a/h¼ 10, b/a¼ 2, (a) normal stress, (b) in-plane shear
stress, (c) and (d) transverse shear stresses.
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results of rectangular FGM nanoplates are presented

in Table 5. It can see clearly that increasing the non-

local coefficient leads to increasing of the deflection,

this due to the nonlocal plates are softer than local

ones. Also, when the coefficient p increases, the non-

dimensional deflection of the plates increases rapidly.

The reason of this phenomena is that the small value

of p denotes the ceramic-rich plates while the greater

value of p denotes the meta-rich ones. On the other

hand, Figure 2 shows the dependence of non-

dimensional deflections w� on the change of aspect

ratio. It is noticed that the rectangular plates are

softer than square ones if other parameters are simi-

lar. Figure 3 exposes the variation of the stresses

through the plate thickness. The normal stresses

r�x; r
�
y and the in-plane shear stress s�xy are nonlinear

distribution through the plate thickness, the maxi-

mum values of the normal stresses and the in-plane

shear stress occur at the top surface. On the other

hand, the shear stresses are not parabolic for FGM

plates, the maximum values do not occur at the mid-

surface of the plates because the neutral surface does

not locate at the mid-surface of FGM plate.

Furthermore, the stresses of the FGM plate increase

when j increases, it can conclude that the nonlocal

plates are softer than local ones.

Free vibration analysis

Secondly, the investigation of free vibration of rect-

angular FGM nanoplates is exhibited in Tables 6 and

7 and Figures 4 to 7. It can see clearly that the non-

dimensional fundamental frequencies of the rectangu-

lar FGM nanoplates decrease when increasing the

nonlocal coefficient j for both cases of the square

plates and rectangular plates as in Tables 6 and 7.

Also, when p increases, the non-dimensional funda-

mental frequencies of FGM nanoplates decrease. The

reason is that when the material parameter increases,

the plates become metal-rich plates which are softer

than ceramic-rich ones.

Table 6. The non-dimensional fundamental frequencies of
square FGM nanoplates.

a/h j

p

0 0.5 1 4 10

4 0.0 1.4116 1.2170 1.1029 0.9337 0.8693

0.5 1.3467 1.1610 1.0522 0.8908 0.8294

1.0 1.2900 1.1121 1.0079 0.8533 0.7945

1.5 1.2400 1.0689 0.9688 0.8202 0.7636

2.0 1.1953 1.0304 0.9339 0.7906 0.7361

10 0.0 1.6304 1.3860 1.2504 1.0801 1.0303

0.5 1.5554 1.3222 1.1929 1.0304 0.9829

1.0 1.4899 1.2666 1.1427 0.98706 0.9415

1.5 1.4321 1.2174 1.0983 0.94873 0.9050

2.0 1.3805 1.1735 1.0587 0.91455 0.8724

100 0.0 1.6874 1.4289 1.2876 1.1188 1.0747

0.5 1.6099 1.3632 1.2284 1.0673 1.0253

1.0 1.5421 1.3058 1.1767 1.0224 0.9821

1.5 1.4822 1.2551 1.1310 0.9827 0.9440

2.0 1.4288 1.2099 1.0902 0.9473 0.9099

Table 7. The non-dimensional fundamental frequencies of
rectangular FGM nanoplates (b/a¼ 2).

a/h j

p

0 0.5 1 4 10

4 0.0 0.9349 0.8018 0.7254 0.6186 0.5811

0.5 0.9074 0.7781 0.7040 0.6004 0.5640

1.0 0.8821 0.7565 0.6844 0.5837 0.5483

1.5 0.8588 0.7365 0.6663 0.5683 0.5338

2.0 0.8373 0.7181 0.6496 0.5540 0.5204

10 0.0 1.0320 0.8760 0.7900 0.6838 0.6539

0.5 1.0015 0.8502 0.7667 0.6637 0.6347

1.0 0.9736 0.8265 0.7454 0.6452 0.6170

1.5 0.9480 0.8047 0.7257 0.6282 0.6007

2.0 0.9242 0.7846 0.7075 0.6124 0.5857

100 0.0 1.0548 0.8932 0.8048 0.6993 0.6718

0.5 1.0240 0.8668 0.7811 0.6787 0.6520

1.0 0.9952 0.8427 0.7594 0.6598 0.6338

1.5 0.9689 0.8205 0.7393 0.6424 0.6171

2.0 0.9447 0.7999 0.7208 0.6263 0.6016

Figure 4. The effects of aspect ratio on the non-dimensional fundamental frequencies of the plates: (a) p¼ 1, a/h¼ 4, (b) p¼ 4,
a/h¼ 10.
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Furthermore, the graphical investigation of the
influences of some parameters on the free vibration
behavior of FGM nanoplates are exhibited in
Figures 4 to 7. Figure 4 presents the dependence of
frequencies of FGM nanoplates on b=a ratio, the
FGM nanoplates have intermediate behavior with
the change of aspect ratio. As increasing b=a ratio,
the non-dimensional frequencies of the plate decrease
rapidly. On the contrary, when a=h ratio increases,
the non-dimensional frequencies increase for all

cases of nonlocal and local plates as publicized in
Figure 5. The effects of p on the vibration behavior
of FGM nanoplates are shown in Figure 6, it is
noticed that the non-dimensional frequencies of the
plates decrease by increasing the material parameter.
To show more details about the influences of j on the
higher-order frequencies of the FGM nanoplates, the
first ten-mode shapes of the plates with different
values of the nonlocal coefficient are presented in
Figure 7. It is obvious that the variation of the

Figure 5. The influences of side-to-thickness ration on the non-dimensional fundamental frequencies of the FGM nanoplates:
(a) p¼ 1, b/a¼ 1, (b) p¼ 4, b/a¼ 2.

Figure 6. The effects of material parameter on the non-dimensional fundamental frequencies of the FGM nanoplates: (a) a/h¼ 10, b/
a¼ 1, (b)a/h¼ 10, b/a¼ 2.

Figure 7. The first ten mode shapes of the FGM nanoplates: (a) p¼ 5, a/h¼ 10, b/a¼ 1, (b)p¼ 5, a/h¼ 10, b/a¼ 2.
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nonlocal coefficient has a significant effect on the

higher-order frequencies of the FGM nanoplates.
Overall, for all cases of aspect ratios, side-to-

thickness ratios or material parameters, the

non-dimensional frequencies of the nonlocal FGM
nanoplates are smaller than those of local ones, this

is an important conclusion of this study.

Conclusions

In conclusion, a novel nonlocal theory based on single

variable SDPT has been recognized to evaluate the
rectangular FGM nanoplates. Although this theory

consists of only one unknown variable in its displace-

ment formulas and its governing differential equa-
tions, the shear strains and stresses are quadratic

variations and equal to zero at two plate surfaces.

This is the most advantage of the proposed theory,
because it reduces time and the computation cost to

predict behavior of the plates. The governing differ-

ential equations have been originated from the equi-
librium equation based on NET. The verified study

showed that the proposed theory was compatible to
analyze FGM nanoplates. A large number of para-

metric studies have been carried out to study the

effects of some parameters on behavior of the FGM
nanoplates. These results are useful for further studies

and the researcher in similar topics or practical

engineering.
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