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Abstract: In the paper, the model and method of synthesizing quasi-time optimal control laws for Two Degree of 
Freedom (2-DOF) Robotic Arms are presented. 2-DOF Robotic Arms is a non-linear MIMO System with large nonlinear 
characteristics and uncertain parameters. In this design method, it is necessary to convert the MIMO system to the SISO 
system, in which each SISO system is guaranteed in Jordan form, followed by using the conversion system in the form of 
quasi-time optimal equation. By this method, the control law ensures a stable global Robotic Arm. In addition, the control 
law also ensures that the Robotic Arm System has a quick response of time, but also ensures a stable and robust system 
when changing parameters and impact noise. The simulation results on the 2-DOF Robotic Arm show the effectiveness 
of the proposed method. 

INTRODUCTION 

 Trajectory Tracking Control of the Robotic Arm is a very interesting field due to its complex dynamic model 
and its changing model parameters. The dynamic analysis of the robot model is to study the relationship of torque at 
the joints made up of the actuators and the position of the robotic arm. Non-linear dynamics and joint relationships 
make it difficult to control accurately and sustainably. Therefore, designing a controller with traditional control 
methods depends on the dynamics of the robot model is difficult. Many methods of synthesizing control laws have 
been implemented for this object. Control methods according to errors based on traditional control rules such as PID 
are presented in [4], [5], [18], [19]. The downside of these controllers is that it is difficult to find controller 
parameters and poor control quality when the input varies in large ranges. In [6-8], the authors use LQR and MPC 
controllers but are based on linear models, which lead to a rapid reduction in control quality when the system goes 
away from the working point. Sliding Mode Control is presented in [9-10], but current characting at high frequency 
leads to breaking or damaging the physical structure. In [11, 12] presented techniques to reduce or eliminate this 
phenomenon, but the quality of control still has limitations. The method of using Fuzzy Logic and Neural Network 
is presented in [13-15]. The construction of Fuzzy Model, Neural Network Model, and implementation time need to 
be solved by this method. In addition, Evolutionary Algorithms (EA) have appeared as a method of designing or 
optimizing the parameters of traditional controllers for 2-DOF Robotic Arms presented in [16- 17]. 

This study focuses on modeling Robotic Arm and synthesizing them to the quasi-time optimal controller for the 
MIMO system. Two controllers are synthesized nonlinear state feedback of SISO system based on Jordan formula. 
The SISO system is based on the principle of MIMO model separation to ensure that the system of subsystems form 
Jordan. The Controllers are synthesized effective rapid impact without relying on linearized equations and ensure a 
stable MIMO system is the contribution of the project. 
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A DYNAMIC MODEL OF THE ROBOTIC SYSTEM 

A. Experimental Setup 

The model of 2-DOF Robotic Arm was built at the Control Systems Laboratory, Department of Automation and 
Computing Techniques, Le Quy Don Technical University shown in Figure 1. 

 

 
a) 

 
b) 

FIGURE 1. Experimental 2-dof robotic arm mounted camera 
 
We assume the mass of each link set at the top of link. The above model is described as a 2-DOF Robotic Arm 

shown on Figure 2 diagram. 
2_DOF Robotic Arm mounted camera consists of two links with motors. The first link can rotate around the z 

axis by DC1 motor. The second link around in the plane is finished with the z axis by the DC2 motor and the center 
is the end of the first link. The purpose of the system is to maintain the camera following a given or unknown 
trajectory. The mass of links m1, m2, length of links l1 and l2 are given in Table 1. These values will be used in 
simulation and evaluation. 

 

DC2

DC1

m2

y

x

z

O

l1

l2

m1

 
FIGURE 2. Kinematic Model of 2-DOF Robotic Arm mounted camera 
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The dynamics of 2-DOF Robotic Arm mounted camera were built on the Lagrange-Euler formula to solve 
problems related to dynamic models. Figure 2 shows the diagram of 2-DOF Robotic Arm with links 1 and 2, torque 
for links 1 and 2 respectively τ1, τ2. This moment is generated by two motors, DC1 and DC2, respectively. 

TABLE 1. Parameters of Robotic Arm 
Symbol Description Value Unit 

m1 Mass of link 1 30 kg 

m2 Mass of link 2 20 kg 

l1 Length of link 1 0.3  m 

l2 Length of link 2 0.4 m 

g Gravity 9.81 m2/s2 

B. Equations of Motion 

Referring to Figure 2 the kinematical relations for each mass can be written easily: 
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1 2 2 2 1

1 1 2 1 2 2
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  (1) 

The potential and kinetic energies of the system are given by [18,19] : 
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By applying Lagrange’s equation [19] 
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  (3) 

we get the following system of equations, after some manipulation 
 ( ) ( , ) ( )M q q C q q q g q( , ) ( )q q q q g q( , ) (( , ) ( )( , ) (( , ) (( , )  (4) 

Where the state variable q, τ  is defined by: q=[θ1 θ2]T , τ=[τ1 τ2]T and M represent the inertia matrix (symmetric 
positive definite) , C is the Coriolis and centrifugal matrix, gravity vector g=[g12 g21]T  which is given by: 
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Finally, τ=[τ1 τ2]T  is torque exerted by actuators (servo motors) at each joint. 

C. State-Space Representation 

Introducing the state vector  1 2 3 4 1 1 2 2( , , , ) ( , , , )T Tx x x x x 1 2 2 )1 2 22
T), ,, ,1 221 2  and the input 

1 2  we obtain the 

state-space representation ( , )x f x( , )x f ( , 0(0)x x  with 
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SYNTHESIS METHOD OF CONTROL FOR MULTIPLE INPUT NONLINEAR 
SYSTEMS 

The control method for multiple input systems is built on the principle of separating multiple input systems into 
subsystems. Subsystems have one input and are structured based on the Controlable Jordan Form (CJF). The form of 
control Jordan [3], [20] order n of the dynamics control is a form of mathematical model as follows: 

 

 

1 1 1 2

2 2 1 2 3

1 2 1 2

( , )
( , , )

...
( , ,..., ) ( , ,..., )n n n n

x f x x
x f x x x

x f x x x g x x x u

1 1 1x f1 1 1( ,,111

2 2 1x f2 2 1( ,111

n n 1x f ( ,1n n 1( 1f ( ,1

  (6) 

with the differentiable functions fi according to x1, x2, ..., xi + 1, and fi/ xi + 1 # 0, for all i <n, | g |> 0. fi functions 
have arbitrary nonlinearity. 

For Jordan's control form, the control synthesis brings the state variables from an initial value to the balanced 
point that is presented in [20]. 

Suppose there are multiple input systems that control the order n with m control signals (m n) 
 

 1 1 2 1 2( , ,..., , , ,..., ), 1,i n nx f x x x u u u i ni 1 1x f1( ,111i 1 1111f (   (7) 
Jordanian subsystem order np of system (12) with the first state variable xp,1 of { x1,x2,…,xn } and the control 

signal uj as subsystem of the form: 
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with condition 
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then the subsystem (8) is a subsystem with the global Jordanian form with the first state variable xp,1.  

The global Jordan and Jordan subsystems of a multi-input system are considered to have one input, and the 
synthesis of controls for them is as the control synthesis for dynamic systems with one input which is the form of 
Jordanian control (6). 

From the above analysis, the synthesis method controls for multiple input systems (7) based on the principle of 
separating the system (13) into Jordanian subsystems with the following basic steps: 

1. Study the possibility and lists all the options separated inputs dynamic system (7) to form the subsystems 
Jordan (global Jordan); 

2. Select a separating option, synthesize the control as a parameter for each subsystem in this separation by 
applying the micro method; 

3. Based on the controls for subsystems found as parameters, find the control vector for the system (7) in the 
form of clear analysis. 

The Jordan subsystems have the advantage that finding the control vector is a process of solving linear equations. 
The idea of quasi-time optimal control is shown as follows. Suppose the system state model returned to Jordan 

form has the form: 
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where if  is the analytic function, which means that the derivative is followed by all the variables 

121 ,, ixxx , 0
1i

i
x

fni , and )(tu  is the control signal. 

The method of synthesizing the quasi-time optimal law for the system (9) is to use the micro transformation to 
bring the system (9) to the system of virtual equations of the form (10) [1-3]: 
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where 
2 2

( , ) yh y
y

nu  is quasi-time optimal function, ig - linear function, ; 1, ;i i n  – quasi-time 

optimal parameter.  
 Solving the equations with 1 1( )y x , we get the quasi-time optimal control law according to the desired 

variable. 

SYNTHESIS CONTROL LAW FOR 2-DOF ROBOTIC ARM MOUNTED CAMERA 

Quasi-time optimal control law: 
From the model (5), it is necessary to separate the Jordanian system into two subsystems as follows: 
 

Subsystem 1 Subsystem 2 
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2,1 2,2 1,2 2
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The subsystem is Jordan-controlled form, virtual system for each subsystem to be selected in the form (9), and 

the angles of joints will be ensured to be placed in the preset position with the optimal approach. The law of quasi-
time optimal control u1, u2 is found when solving (11) with y1 = x1 and y1 = x2. The formula of u1, u2 is not given 
here because it is too long. 
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SIMULATION AND EVALUATION OF THE RESULTS OF THE QUASI-TIME 
OPTIMAL CONTROL FOR A 2-DOF ROBOTIC ARM MOUNTED CAMERA 

By the method presented above, the control law is synthesized u1, u2 gives global stability control for Robotic 
Arm system. The simulation results of the system with the initial value of the system are as follows:  
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1 sin(2 )
2sp t  (rad), 

2 sin(2 )
2 2sp t2 s
2sp22 s (rad), 1(0) 1.5 (rad), 1(0) 01(0) 0 (rad/s), 2 (0) 1.5

(rad), 
2 (0) 02 (0) 0 (rad/s). Value Parameter of the quasi-time optimal controller 10v , 1 20.01; 0.01. 

Figure 3a, b shows the response to the position of the first and second link of the Robot Arm. The results show that 
the system is fast tracking and does not overshoot and oscillation occurs, the error is almost zero. On Figure 4 shows 
the tracking trajectory of the 2-DOF Robotic Arm, it is clear that the robot has been tracking the desired trajectory 
with small errors and without oscillation. 

 

 
a) 

 
b) 

FIGURE 3. The angle response: a- the angle of the first link of the Robotic Arm; b-the angle of the second link of the Robotic 
Arm 

 
FIGURE 4. The trajectory tracking response of the Robotic Arm 

CONCLUSION 

The results obtained when synthesizing the law to control the 2-DOF Robotic Arm have proved effective for the 
MIMO technical system with high nonlinearity. The result of the 2-DOF Robotic Arm response in good quality has 
no overshoot and oscillation. Future studies will add to the adaptation of control laws when executing on embedded 
systems with restricted control signals, as well as when a MIMO nonlinear system is not in Jordan form. 
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