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Abstract: In the paper, it is presented about the design of the quasi-time optimal control law for Ball and Beam system
when the control signal is limited. Impact signal limits are characteristic of real physical systems, so when designing
embedded control systems this is an important factor to consider. In this design method, the transformation from the
equations of object system to equations with limited control signals is made using extra variables. Proceed to synthesize
the new control laws on the new system by the quasi-time optimal control. By the proposed synthesizing method, the
control law ensures that the embedded control system works stably and the system works quickly in terms of time.
Simulation and experimental results show the effectiveness of the proposed design.

INTRODUCTION

Controlling unstable systems is an important and interesting issue in controlling the system because the systems are
not stable and dangerous when tested directly on real objects. Ball and Beam system is a typical system, used
extensively in laboratories for automatic control. This system aims to simulate processes such as balance control in
the spacecraft launch system; Stable horizontal control of aircraft during take-off and landing in air turbulence
conditions [4-8]. Many studies from traditional PID control laws [11,12] to sustainable control methods [8], linear
regression [4], nonlinear control [7], fuzzy logic control and Neuron network [5,6,13] has succeeded, but still has its
weaknesses. The studies [11,12,13] have successfully built an embedded controller for Ball and Beam system based
on PID control law.

The method of synthesizing the quasi-time optimal control law is presented in the works [1-3,9,14]. Its results
have shown the advantages of this method. In the work [3], the authors synthesized the quasi-time optimal control
law for Ball and Beam systems. The results of the method compared with the LQR method have shown its
advantages. But in this project, the author group designed the control law not to include the control signal limit on
real physical systems. This study focuses on a problem related to the quasi-time optimal signal control when
blocked. The effectiveness of the proposed method is demonstrated through simulation results and implemented on
real-time embedded systems.

XV International Scientific-Technical Conference “Dynamic of Technical Systems” (DTS-2019)
AIP Conf. Proc. 2188, 030007-1-030007-8; https://doi.org/10.1063/1.5138400
Published by AIP Publishing. 978-0-7354-1935-3/$30.00

030007-1



DYNAMICAL MODEL OF THE BALL AND BEAM SYSTEM

A. Experimental Setup

We consider a Ball and Beam system [4], which is schematically depicted in Figure. 1.

M,J1

FIGURE 1. Ball and Beam system

It consists of a ball that is rolling on a beam without slipping. The beam rotates around its pivot point where a
torque T can be applied. The ball position x is measured with respect to the pivot point and the beam angle ¢ is
defined relative to the horizontal plane. The values of the mass m and radius r of the ball, its moment of inertia J1 as
well as the moment of inertia J2 of the beam are given in Table 1 together with the gravity constant g and are the
same as those used in [1,6]. They will be used for the simulations in Section IV.

TABLE 1. The parameter of Ball and Beam

Symbol Discription Value Unit
M ball mass 0.05 kg
r ball radius 0.01 m
I ball moment of inertia 2x10° kg m?
AP beam moment of inertia 0.02 kg m?
g gravity 9.81 m?/s?

A DC motor is used to generate the torque 7 on the beam. The ball position x(¢) is measured with an ultrasonic
sound distance sensor. The rotation angle is measured using an incremental encoder. Due to this, we do not measure
the absolute rotation angle ¢(f), but rather the relative angular difference with respect to the beginning of the
measurement at ¢ = 0, i.e. #(¢)— @o, where we have introduced the angular offset ¢.

B. Equations of Motion

Following [4] and [13], the Lagrangian function
1 o | X g0, 1 .2 232 .
L= 0o + 5 J,C+4) 4o m(E +x°4) ~ mgrsin() ()
7

L is defined as the difference between the kinetic energy and the potential energy is employed, yielding the
following equations of motion

(J, +J, +mx*)g + 2mxid + mgx cos(@) = T 2)

(iz1 +m)¥ — mx@® + mgsin(¢) =0 3)
r
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C. State-Space Representation

Introducing the state vector x = (X;,X,,X;,X,)" = (x,X,¢,¢)" and the input u = T € R and |T|<Tyr , We

obtain the state-space representation X = f'(x,u), x(0) =x, with

X
mx,x; —mg sin(x,)

()= 4 4)

X4

u —2mx,x,x, —mgx, cos(x;)

B +mx]

where 4 =J,/?+mand B=J;+J; are employed for notational convenience.

APPROACH TO QUASI-TIME OPTIMAL CONTROL WHEN LIMITING THE
SIGNAL CONTROL

With this approach, it is possible to assume the synthesizing the quasi-time optimal control law for the nonlinear
system, in which this control law brings many advantages for the system, such as quasi-time optimal effects,
asymptotic stability, and sustainable [1-3,9,14].

The idea of quasi-time optimal control with limited signal control is shown below. Suppose the system model in
state-space is taken by Jordan in the form (5):

X = fi(x,x,,...x, ), i=Ln—1;
%, = f(0,x,,...x, )+

where f;-(o) is an analytic function, which means that the derivative exists according to all variables

)

X5 Xysein Xy, Vi<n—> a%c #0, and u(t) is the limited control signal |u| <u,..
i+l

In order to synthesize the control law, we need to convert the equations (5) to equations (6) that are not limited to
control signals by adding an extra variable.

X, =f x,%,...x, ,i=lLn—=l

xn+l

X =f x,x,.x +k——"——u (6)

! B 5 - max
'xn+1 + p

X, =V
where £ is a positive constant; 0<p <</ — fixed parameters;

The method of synthesizing the quasi-time optimal control law for the system (5) is the micro transformation that
brings the system (6) to the virtual equations with the quasi-time optimal form of the k-order with the following
form:
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n=Vh(y.e)+ v P, =Vvih(yL )+ v

y+ ° yn—

Vi === A Y s Y = =4y, (7)
k+1 gn—l

-)';n :_yn/gn

Solving the equations (7) with y, = ¢(x1) , we get the quasi-time optimal control law according to the desired
variable.
Synthesis the quasi-time optimal control law:

With model (4) when component mxle has a very small angular speed of the Beam, we transform into Jordan

form by removing the nonlinear component mxle we get the state equation of the Ball and Beam with the

following form:

X
—mg sin(x;)
A
- (®)
few=|
u —2mx,x,x, —mgx, cos(x,)
B+ mx;

The system (8) is Jordan controlled form and still nonlinear system [3], but u are blocked. Using the extra
variable to convert the system (8) into the system (9) is still in Jordan form, but the control signal is not blocked.

X5

—mg sin(x;)
A

X

fuw=|"" ©)

x
5
u_ k —2mx,x,x, —mgx, cos(x;)

NG +p

B+mx;

14

The selected virtual system takes the form (10), and then the Ball position will be guaranteed to return to preset
position with the optimal time. The quasi-time optimal control law according to the distance u is found when solving

(10) with y, = X, . The formula of u is not given here because it is too long.
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yl ysp
V=V > 2"’)’2
\/(yl ysp) +81
y
V=24
&
Y =—2 4y, (10)
&3
Yy
V4 = _4+y5
2
. Y
ys___s
&5

SIMULATION AND EVALUATION OF THE QUASI-TIME OPTIMAL CONTROL
LAW WHEN LIMITING THE CONTROL SIGNAL FOR THE BAR AND BEAM
SYSTEM

By the method described above, the synthesized control law u provides stable control for the Ball and Beam
system. Simulation results with the initial system value as follows: X, = 0, x(O) =0.5, x(O) =0, ¢(O) =04,

(0(0) =0. The parameters of quasi-time optimal controller are v=1,

=026 =¢=¢,=6=0.3, p=0.001. Figure 2 shows the response to the position of the Ball with the

two methods mentioned above. The position and angle response of the system when limited the control signal is
slower than when no limit to the control signal, but the control signal of the system is much smaller than the
unrestricted system in the same condition. Since then, when applying on a physical system, this method is more
effective.
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a) b)
FIGURE 2. a- The position response of Ball; b- The angle response of Beam
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FIGURE 3. Control signal of the system

The results performed on real-time system:

Control law is applied on real-time embedded systems (Figure 4a) with a working length of 0.5 (m). The Ball is
moved by the motor directly attached to the Beam. The angular measuring sensor of the Beam is an incremental
encoder S00CPR attached to the motor shaft. The Ball position is determined by the Laser Radar sensor VL53L0X:

Ardduino Uno|
ATMEGA328
P-PU

>

[

FIGURE 4. The real model of Ball and Beam system

Encoder [«
Ball and
Bridge Beam
circuit H 7A
System
Laser Radar
VLS3LOX |
b)

Circuit block diagram of the controller is shown in Figure 4b. The ATmegal6U2 microcontroller is used as a
central processor working with a 16 kHz quartz frequency. Two encoders are connected to the microcontroller
through two digital ports. DC motors are controlled via the H7A-Bridge Circuit and the microcontroller's PWM
pins. Laser Radar Sensor VL53L0X connects to the central controller via I2C protocol. The power supply to the
system is a DC source with voltage 12(V), current 7(A). The system connects to data collection software via RS232
serial port. The control interface is built on Visual Studio software to observe angle and position values by

displaying numerical values and graphs on the computer screen.
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FIGURE 5. Angle response and position response of the real-time system

a- The angle response; b- The position response.

In Figures 5a and 5b, the angle and position of the Ball is shown by the quasi-time optimal controller when
limiting the control signal. In the retangled area, the ball is deflected away from the balance position when there is
an impact noise. From the response of the system, we find that although there exists a fluctuation due to the
mechanical structure and the embedded program structure is not good, the ball is always at the desired position when
there is an impact noise and only small fluctuates around Balance position. The position of the Ball and the angle of
the Beam fluctuate around the desired position, which tends to decrease.

CONCLUSION

The results obtained when synthesizing control law on the Ball and Beam system when limiting the control signal.
The proposed method has proved the advantage for complex technical systems with high nonlinearity when
implemented on real-time embedded systems. The control quality has decreased when there is no limit to the control
signal. Although control quality is reduced when there is no limit to the control signal, they ensure the real system
operates more stable. Future studies will include adaptation of the control law parameters when there are changes in
system parameters or external disturbance.
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