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A 5-axis CNC machine is similar to two cooperating robots, one robot carrying the workpiece and one robot
carrying the tool. The 5-axis CNC machines are designed in a large variety of kinematic configurations and
structures. Comparing different 5-axis kinematic configurations plays an important role in machine selection
and optimal machine design. In this sense, the present study proposes a new mathematical model to analyze
and compare the kinematic performances of the 5-axis machines. First, a generalized kinematic chain of 5-axis
machine is treated as a unified kinematic chain of two collaborative robots in order to formulate a generalized
differential kinematics model of the machines. Second, four important properties of the kinematics model are
proved in a generalized case so that quantitative parameters characterizing the kinematic performances of the
machines can be evaluated effectively. Last, six typical groups of 5-axis CNC configurations are compared through
the evaluated parameters. In addition, it has been shown that, by using the properties of the kinematics model,
the forward and inverse kinematic equations for the rotary axes of any 5-axis machine can be formulated in an
effective and simplified manner that could be useful for developing the postprocessors for any 5-axis machine.

1. Introduction

Recently, 5-axis CNC machining has been one of the most modern
and effective material removal technologies used in manufacturing in-
dustries. The 5-axis CNC machines have been used for machining typical
complex parts such as molds, turbine blades, automotive and aerospace
parts whose geometries are typically defined by complex surfaces.

A 5-axis CNC machine is similar to two cooperating robots [1], one
robot carrying the workpiece and one robot carrying the tool. Fig. 1
shows the structure and kinematic chain diagrams of a 5-axis CNC ma-
chine Maho 600e.

A typical 5-axis mechanism consists of three prismatic joints (trans-
lational axes) X, Y and Z, and two revolute joints (rotary axes) AB, AC or
BC. The three translational axes X, Y and Z represent the three orthog-
onal movements along with three axes of a machine coordinate system
(a Cartersian coordinate system fixed to the machine base) whose Z axis
is always coincides with the tool axis of a machine. The rotary axes
A, B and C characterize the rotations of the machine table or the ma-
chine spindle head around the axis X, Y and Z of the machine coordinate
system, respectively. Note that when a rotary axis whose centerline is
parallel with one of the axes X, Y and Z is called the orthogonal rotary
axis. In contrast, if the centerline of a rotary axis is inclined at an angle,
it is called the non-orthogonal rotary axis.
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Theoretically, by taking into account the order of joints, there will be
5! possible combinations of joint sequence for each type of 5-axis mech-
anism. Furthermore, each combination of joint sequence has 6 possible
configurations that consist of two cooperative kinematic chains. Con-
sequently, the number of possible configurations of 5-axis mechanism
is 3x5!x6=2160. However, in practice, the rotary axes of a machine
are usually implemented nearest either to the workpiece or to the tool.
Therefore, the number of the possible configurations of each machine
type is reduced to six: (i) two configurations consisting of both revolute
joints on the workpiece carrying chain (e.g. XYZAB and XYZBA), (ii)
two configurations consisting of both revolute joints on the tool carry-
ing chain, and (iii) two configurations consisting of one rotary axis on
the tool carrying chain and one rotary axis on the workpiece carrying
chain. As a consequence, the number of feasible configurations of 5-axis
mechanism is recalculated as 3x 6 x6=108.

It is clear that the 5-axis machines can be designed in a large variety
of kinematic configurations and structures. Therefore, comparison of
the machines plays an important role in selecting suitable machines for
applications in manufacturing industries and in developing new 5-axis
CNC machines.

In recent years, some efforts have been taking place to synthesize,
analyze and compare multi-axis CNC machines [3,1,4]. Yan and Chen
[3] presented a general method to generate all possible configurations
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a) A machine structure diagram [1]

b) A kinematic chain diagram [1,2]

Fig. 1. The 5-axis CNC machine Maho 600e [1,2].

of machining centers which have up to seven DOFs. Bohez [1] clas-
sified, in general, the 5-axis machines into four main groups and in-
vestigated their advantages and disadvantages. However, these inves-
tigations have not discussed about the kinematic performances of the
machines yet. Tutunea-Fatan and Bhuiya [4] compared the 5-axis CNC
machines through the nonlinearity errors. However, this study mainly
focused on the 5-axis machine type with two orthogonal rotary axes im-
plemented on the spindle head only. Comparison of the 5-axis machines
with respect to important kinematic characteristics such as the manipu-
lability of a machine and the flexibility of the tool-workpiece orientation
has been overlooked. Note that the manipulability of a machine and the
flexibility of the tool-workpiece orientation play an important role in
comparing the performances of the 5-axis CNC machines. The manipu-
lability of a machine characterizes the tendency of changes in dexterity
characteristics along with the variance of the motion of the axes, and
it indicates of how close the machine configuration is to the singular-
ity. The flexibility of the tool-workpiece orientation implies how and
under which angle the tool can orient relative to the workpiece in the
workspace of a machine. The more the manipulability and the flexibility
of the tool-workpiece orientation of a machine are, the more complex
parts the machine can machine with a high performance. A 5-axis ma-
chine of high dexterity is capable of machining complex parts consisting
numerous sculptured surfaces with reduced setup times so that it can in-
crease the productivity of a manufacturing system.

To compare the kinematic performances of the 5-axis machines effec-
tively, a generalized differential kinematics model of the machines is of-
ten required. However, most of the previous investigations on the kine-
matic modeling of 5-axis machine mainly focused on individual types of
the machines.

Decades ago, there have been efforts working on the kinematic mod-
eling of the 5-axis machines with two orthogonal rotary axes. Xu et al.
[5] analyzed the 5-axis kinematics model with the purpose of minimiz-
ing the angular acceleration of the rotary axes. Munlin et al. [6] and
Munlin and Makhanov [7] focused on a kinematics model of the 5-axis
machine Maho 600e when investigating the optimization of the cutter
rotations near singular points. Lee and She [8] formulated kinematic
equations for the table- tilting machines, the spindle - tilting machines
and the table/spindle - tilting machines. Xu et al. [9] developed a kine-

matics model incorporated with the tool inclinations for the machine
type XYZAC. Farouki et al. [10] investigated the optimal tool orienta-
tion control with the use of the inverse kinematics for the rotary axes AC
on the workpiece carrying chain, and AB on the tool carrying chain. Lav-
ernhe et al. [11] concentrated on the kinematic behavior of the Mikron
milling center (XYZAC). Wu et al. [12] and Yun et al. [13] investigated
the kinematic modeling of individual 5-axis machines with both orthog-
onal rotary axes. With the purpose of postprocessor development, Jung
et al. [14] and, Boz and Lazoglu [15] formulated the kinematic equa-
tions for the table-tilting type 5-axis machines as well.

In recent years, there have also been some studies that focused on
the kinematic modeling of the 5-axis machines which consist of non-
orthogonal rotary axes. My [2] and, My and Bohez [16] investigated a
kinematics model of the nutating table 5-axis machines DMU 50e and
DMU 70e for the postprocessor development and the kinematic error
minimization. Sgrby [17] and, She and Huang [18] studied the forward
and inverse kinematic equations for the nutating table and nutating spin-
dle 5-axis machines also. Liu et al. [19] formulated the kinematic equa-
tions with the purpose of identification of geometric errors of rotary
axes in 5-axis machine tools with non-orthogonal rotary axes on the ta-
ble. Wang et al. [20] investigated the kinematic modeling of a 5-axis
CNC machine with one orthogonal rotary axis on the table and one non-
orthogonal rotary axis on the tool chain.

Apart from the aforementioned works, there have been attempts that
emphasized on the generalization of the kinematics model for the 5-axis
CNC machines [21-25]. She and Lee [25] proposed a postprocessor for
general 5-axis machines, using the kinematics module, which added two
rotary movements on the workpiece table and two rotary movements on
the spindle. Tutunea-Fatan and Feng [24] derived a general coordinate
transformation matrix for all 5-axis machines with two rotary axes. The
model was then used to verify the feasibility of the two rotary joints
within the kinematics chain of three main types of 5-axis CNC machines.
She and Chang [22] did further research on the basis of [23] by extend-
ing the inverse kinematics solution for translational motions in a unified
form. Yang and Altintas [23], and Liu et al. [21] presented a generalized
kinematics model using Screw theory. Note that the kinematic equations
proposed in [25,22] were expressed in terms of seven generalized co-
ordinates since two more revolute joints were added on the kinematic
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chain of a general 5-axis CNC mechanism; the kinematic equations in
[21,23] were represented in the form of a product of exponential func-
tions. With the purpose of comparing the kinematic efficiency of the
5-axis CNC machines, the use of such kinematics models to formulate
the differential kinematic equations and evaluate the kinematic perfor-
mances of a general 5-axis configuration is challenging.

The above raised critical issues lead to the motivations of developing
a new method to evaluate and compare the kinematic performances of
the 5-axis CNC machines. In this paper, a generalized differential kine-
matics model of the 5-axis CNC machines is formulated, where a general
mechanism of 5-axis CNC machines is treated as a closed loop mecha-
nism of two cooperating robot arms. Four important properties of the
generalized kinematics model of the 5-axis CNC machines are proved
in a generalized case so that the manipulability index, the non-singular
range of the five joint variables, the dexterity index, the condition num-
ber, and the non-linear kinematic error of the machines can be evaluated
effectively. Based on such the evaluation of the indicators, six typical
types of 5-axis CNC configurations are compared. It was demonstrated
that, with the four important properties proved, the kinematics model
formulated in this study is advantageous and effective when compared
with the previous models. It was also shown that the comparison of the
machines is useful when selecting suitable machines for given applica-
tions, especially when analysing new conceptual designs of a 5-axis CNC
machine. In addition, by using the properties of the proposed kinemat-
ics model, the inverse kinematic equations for any 5-axis CNC machines
are derived in a simplified and generalized manner. This is very useful
and effective when working on the kinematic performance analysis as
well as the postprocessor development for any 5-axis CNC machines.

2. Formulation of a generalized kinematics model of the 5-axis
machines

In this section, the kinematic equations at position level and veloc-
ity level are formulated for a generalized kinematic chain of the 5-axis
CNC machines. In particular, four important properties of the kinematic
equations are proved. These useful properties will be taken full advan-
tages when evaluating and comparing the kinematic performances of
the 5-axis CNC machines.

Let us consider a general 5-axis mechanism that consists of three
prismatic joints (X, Y and Z) and two revolute joints (AB/AC/BC). This
mechanism is a type of 5 DOFs closed-loop mechanism which is syn-
thesized with two collaborative kinematic chains. The two chains are
constrained via a planned tool path during the machining process. A
general kinematic diagram of the 5-axis CNC machines is presented in
Fig. 2.

letq=[q @ ¢ 4 495 17 (q€eLX Y, Z A B, C}) de-
note a vector of the generalized coordinates of the system, OyxyYoZ%
is a reference coordinate system, O,X,y,2; is a tool coordinate system,
and O,,x,y,,2, is a workpiece coordinate system. The tool coordinate
system O,x.y;2; is located at the tooltip and oriented parallel with the
machine coordinate system Oyxyo2y. The workpiece coordinate system
0,,%,,Yw2, is usually placed on the workpiece and oriented parallel with
OgXoYo2o as well.

In the viewpoint of the multibody system dynamics, the motion of
each joint of a 5-axis CNC machine can be described by a homogeneous
transformation matrix as follows:

E ¢ o
[0 1], for a prismatic joint i
Hi(qi) = S. T 1)
! '|, forarevolutejoint i
o

where E is a 3 X 3 identity matrix, and t; is a translation vector describing
the motion of a prismatic joint i. Wheng; =X, the vector t; can be writ-
tenast,=[ X+X, O 0 ]7. When ¢;=Y or q;=Z the vector t;is
represented ast;=[ 0 Y +Y, O JTort,=[ 0 0 Z+2, 17,
respectively. X,, Y, and Z; are the initial values of the prismatic joint
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Fig. 2. A general kinematic diagram of the 5-axis CNC machines.

variables (the initial position of the pointO; in the coordinate system
OpXoY020)- T; represents the offset distance between the centerline of a
revolute joint gq; (A, B or C) and a corresponding axis of the machine
coordinate system (Oyxg, OpYo or Op2y). The rotation matrix S; charac-
terizing the motion of a revolute joint i can be written as follows:

1 0 0
Si(g;=A)=|0 cosA —sind )
|0 sinA cos A |
[ cos B 0 sinB]
Si(¢;=B)=| © 1 0 3)
|—sinB 0 cosB|
[cosC  —sinC 0]
Si(¢;=C)=|[sinC  cosC 0 )
0 0 1

Note that if the centerline of a revolute joint ¢ is inclined at an angle
a (the non-orthogonal rotary aXiSqi), and a matrix Sg(a) represents the
rotation of the centerline, the matrix S;(g;)must be additionally multi-
plied by Si(a) and Si(— ) in the left and right sides of S;(g;), respec-
tively.

In the reference frame Oyx(Yo2, the cumulative transformation ma-
trices for the tool carrying chain and for the workpiece carrying chain
are calculated as follows, respectively:

Hy, =H,, (‘ln+1 )Hn+2(qn+2)"'H5(q5) (6))

HOw = Hn(qn)Hn—l (qn—l )Hl (l]]) (6)

For the cases in which the last joint g5 is a revolute joint, the trans-
formation matrix Hs(qs5) must be multiplied by a transformation matrix
characterizing the distance between the tooltip and the centerline of the
joint gs.

One more interesting feature of the mechanism under consideration
is that if the two kinematic chains are unified through the reference
frame OyXyo2o, the closed loop mechanism of the two chains becomes
a serial open mechanism of a single kinematic chain. The joint sequence
of the unified mechanism is q;,95,93,94 andgs. The motion of the tool
relative to the workpiece is thus described by the following kinematic
relationship:

-1
Hwt = (H()w) H()t

= HII (‘11 )-“'HZI (q,,)H,,+l (‘In+1 )---Hs (45)

Since n € {0, ..., 5}, the matrix H,,, can be rewritten as follows:

H,, =0,(4,)9,(4:)05(43)04(q4)0O5(g5) ®)

O]



C.A. My and E.L.J. Bohez

where

E-T , for aprismatic joint i
0 1
Gi(qi) =

R, )
[0’ 1;’], for arevolute joint i

(©)]

With respect to all the joints of the tool carrying chain,

T; =t;, for a prismatic joint i
R; =8S,;, for arevolute joint i

(10)

With respect to all the joints of the workpiece carrying chain,

T; = —t;, for a prismatic joint i
R, = SIT, for a revolute joint i

an

Eq. (11) implies that all the transformation matrices describing the
motion of the joints of the workpiece carrying chain must be inversed
because the unified kinematic chain starts at the workpiece and ends at
the tool.

Finally, the kinematics model of the machine is formulated as fol-
lows:

H,, = [R(’;" br ] (12)
where pr =[ x y z ]7 is the position of the tooltip in the work-
piece coordinate system O,,x,,y,,%,. The three direction cosines of the
tool axis vector i, j and k are the three entries of the last column of the
matrix R,,;.

Letsdenote X=[ x y z i j k ]' as the tool posture,
the forward kinematic equation of the system can be written as follows:

X =1(q) 13)

In Eq. (13), X is the so called the cutter location point (CL point)
which is usually calculated by CAD/CAM systems when planning a tool
path for the 5-axis CNC machining. To produce a G-codes file for con-
trolling an individual machine, the following inverse kinematic equation
must be solved for q.

q=f"'% (14)

Note that Egs. (13 and 14) are the kinematic equations at position
level that have often used for postprocessor development for the 5-axis
machines. With the purpose of evaluating the kinematic performances of
the 5-axis machines, both the kinematic equations at position level and
the kinematic equations at velocity level are required. Unfortunately,
with the six dependent equations in Eq. (13), it is impossible to for-
mulate the inverse differential kinematic equations that can be used to
evaluate the kinematic performances of the machines. Eq. (13) is com-
posed of five independent equations and one dependent equation, since
i2 +j% + k? = 1. Therefore, Eq. (13) needs to be transformed into a set of
all five independent kinematic equations.

Let g, and g, be the joint variables of the primary revolute joint
and the secondary revolute joint, where u < v and (u, v) € {1, 2, 3,
4, 5}. Note that the condition u < v implies that the revolute joint g,
always precedes the revolute joint g, in any joint orders of the unified
kinematic chain. For all configurations of the unified kinematic chain,
the joint g,is always closer to the wotkpiece than the joint g,, and it is
called the primary revolute joint. The joint g,is the secondary revolute
joint.

Let
w=[x v z]

>

and

T
aw=[a a ]
be the vectors of the three prismatic joint variables and the two revolute
joint variables, respectively.
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Table 1
Constant matrix ®.
qu A B C
0 1 0 1 0 0 1 0 0
¢[001] [001] [010]
Let
T
Pr =[ ¢ o ]

denote the orientation of the tool axis.

The parameters pand ¢ are the two independent direction cosines
selected from three dependent direction cosines (ij andk) of the tool
axis vector. The parameters pand ¢ must be selected so that both of
them are expressed in terms of both the variables g,and g,.

]T

pr=®[ i j k], (15)

where @ is a constant matrix in Table 1.

For example, when the primary revolute joint g,is the A-axis, and
the secondary revolute joint g, is the B-axis, ¢ =k=cos g,cos g,, and
¢ =j=—sin q,cos q,.

Rewriting Eq. (13) in a form of five independent equations yields

p =g, (16)
where

T
p=[pr bpr |- a7
and

T
a=[ ar az | (18)

Thus, the differential kinematic equation for the 5-axis machines can
be written as follows:

P =1Jq. 19

where Js 5 is the Jacobian matrix.

Ipr 9pr
— | 9ar o9qR
J= PR 9PR

aqr oqR (20)
_ [JTT JTR]
Jrr Jrr

Eq. (19) is the differential kinematic equation that relates the joint
velocities, the tool velocity and the Jacobian matrix which characterize
the structure of the machines.

It is worth noting that all the 5-axis mechanisms have some impor-
tant common features as follows.

The first feature is that the three translational axes X, Y and Z are
orthogonal each other, which are aligned with three axes of the machine
coordinate system OgXyyo2o. Particularly, in this study, the defined co-
ordinate systems O.x.y;2; and O,,x,y, %, are always parallel with the
machine coordinate system Oyx(Y(Zo-

The second one is that the tool axis vector always points in the di-
rection of the axis O,z;0f the tool coordinate system O,x.y,2;.

The third one is that the rotary axes A, B and C imply the rotations
of the machine table or the machine spindle head around the axes Oyx,
Opyo and Oyz,of the machine coordinate system Oyxoy(2g, respectively.

With respect to the three features above mentioned, some important
properties of the kinematics model of the general machine can be proved
that are very useful when working on the modeling and analysis of the
machine kinematic performances.

Property 1. For all configurations of 5-axis CNC machine, the forward
kinematic equations for the two rotary axes can be formulated directly
with the two rotation matrices, regardless of where the primary and the
secondary rotary joints are in the generalized kinematic chain of the
5-axis CNC machines.
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In other words, the tool orientation vector pp can be calculated with
Eq. (21), and the direction cosines i, j and k are calculated with Eq. (22).
Both the calculations are independent of the three prismatic joints vari-
ables X, Y and Z.

pr = PR R, I (21)

[i j k] =RRT 22)
where R, and R, are the two rotation matrices describing the motion of
the primary revolute joint (q,) and the secondary revolute joint (g,),
accordingly. T=[ 0 0 1 ]".

The use of this property will reduce the computational complexity
when formulating and analyzing the Jacobian matrix J, the manipulabil-
ity index, the dexterity index, and the conditioning index for the 5-axis
CNC machines that will be presented in the next section.

Proof. Based on the rules of the block matrix multiplication, the follow-
ing block matrix multiplications can be obtained:

E T_|[E T] [E T

0 1 Ho 1] o 1 @3
R, (B Ty _ R RT,+7

0 1”0 11710 1 @4
E T_||R, = |R T_+7

0 1”0 1f~ |o 1 @3

It can be seen from Eq. (23) that multiplying two translational trans-
formation matrices results in a transformation matrix in the same form
of the multiplied matrices. Eqs. (24 and 25) show that multiplying
a translational transformation matrix with a rotational transformation
matrix, in a different order, the rotation block matrix R; in the rotational
transformation matrix is not transformed. Consequently, Eq. (12) can be
rewritten as follows:

H. = Ru TRu Rv TRL'
“lo 1]]0 1
RMRU RuTRu + TRu
= 2
[ 0 1 (26)
— RuRU Pr
0 1

In Eq. (26) Tg, and Ty, are the vectors yielded by the multiplications
of a rotational transformation matrix with the translational transforma-
tion matrices, respectively.

Since the tool axis vector points in the axis z,0f the coordinate system
O.x.y:2, its direction cosines i, j and k are the three entries of the last
row of the rotation matrix R,R,. Therefore,

[i j k] =RRT @n

Substituting Eq. (27) into Eq. (15) yields Eq. (21) and completes the
proof.

It is also important to note that, pyp calculated with Eq. (21) is
a function of only qz =[ ¢, ¢, 17, and it is independent of qr =

[ X Y Z 1. Asa consequence of Property 1,
opr
=—==90 28
Jrr P (28)

Eq. (28) is an important consequence of Property 1 that is very useful
when calculating the Jacobian determinant presented later on.

Property 2. The determinant of the Jacobian matrix Jof the generalized
5-axis kinematics model can be directly calculated by using only the
kinematics sub-model of the two rotary axes. In other words,

Det(J) = Det(Jgg)- 29
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Workpiece > Tool

S1 q, q, q; 4, qs

S2 q, 49, 45 q, qs

S3 q, 49, q; q, q,

S4 q, 49, 4, 4, q,

S5 9, 49, q; 4. q,

S6 4, q, q; q, qs

S7 q, q, q, q, qs

Fig. 3. Seven sequences of the joint variables.

To evaluate the kinematic performances of a 5-axis machine, the Ja-
cobian determinant is often needed. However, formulation of the Jaco-
bian determinant in a generalized case is challenging, since the matrix
J has a dimension of 5x 5, and the determinant is a function of all five
joint variables. Hence, this property is important which makes it possi-
ble to formulate the Jacobian determinant for the machines. By using
Property 2, Det(Js, 5)can be formulated as the determinant of a matrix
with a dimension of 2 x 2 only.

Proof. As discussed in the Proof of Property 1, it is clearly seen that all
the transformation matrices ©,(g;)in Eq. (8) are expressed as particular
block matrices. Hence, multiplying two or three successive translational
transformation matrices, in different orders, yields a matrix in the same
form of the multiplied matrices. However, multiplication of a transla-
tional transformation matrix with a rotational transformation matrix is
not commutative. Thus, the result of the matrix chain multiplication in
Eq. (8) depends on where the two rotational transformation matrices are
in the matrix chain. Theoretically, there exist seven different sequences
of the joint variables (Fig. 3) that correspond to seven different results
of the matrix chain multiplication.

The family of the 5-axis machines with both rotary axes on the table
is represented by the sequence of the joint variables S1. The sequence S3
represents the group of 5-axis machines with the primary rotary axis on
the table, and the secondary one on the spindle head. The sequence S5
denotes the 5-axis machines with both rotary axes on the tool chain. The
sequence S2 represents for all the cases in which the rotational trans-
formation matrix @,(q,) is in between two translational transformation
matrices, meanwhile the matrix ©,(q,) is the first matrix of the matrix
chain. Similarly, as for the sequence S6, both the matrices ©,(q,) and
0,(q,) are in between a couple of translational transformation matrices;
the sequence S7 implies that ®,(q,) and 0,(q,) are adjacent, but both
the matrices are in the middle of the matrix chain.

With the seven chains of the transformation matrices, the seven re-
sults of the matrix chain multiplication can be archived accordingly,
where the tooltip positionpr =[ x y z 7 is expressed as follows:



C.A. My and E.L.J. Bohez

S1.pr =R,R,qr + R, 7, + 71,

S2.pr =R,R,qr —RR, (T, +T3) + R, (T, + T;) +R,7, + 1,

S3.pr =R, qr +R7,+ 7, + R R 7T,

S4. Pr = Run + (E - Ru) (Tl + TZ) + RuTU + T + RuRutr (30)
S5.pr=qr +R,7, + 7, + R R 7,

S6. pr =R,R,qr —R,R,(T; +T;) + R, T; +R,7, + 7, + T}

S7.pr =RR,qr + (E-RR ) (T, +T,) +R,7, + 7,

It is clear that, except from the Jacobian determinant of the first term
of all the expressions (S1-S7), the Jacobian determinant of all the other
terms equal to zero because the Jacobian matrix of a constant vector is
a zero matrix, and the determinant of a Jacobian matrix containing one
zero-column equals to zero.

Consequently, for the expressions S1, S2, S6 and S7, the Jacobian Jrr
can be calculated with Eq. (31). For S3 and S4, Jyr is calculated with
Eq. (32), and for S5, J¢7 is calculated with Eq. (33).

3o = 2 _ dRRuar)
TT= oqr —  oqr (31)
= RMRU
J _ 91 _ I(R,q7)
TT ™= oqr ~  oqr (32)
= RM
3, = %or _ ar)
TT = oqr ~ “oqr (33)

Note that Det(R,) =Det(R,) =Det(E) = 1. Hence, for all the cases
Det(Jrr) =1 (34)

On the other hand, the determinant of the block matrix J can be
calculated as follows:

Det(J) = Det(JTTJRR _JTRJRT) (35)

Substituting Egs. (28) and(34) into Eq. (35) yields Eq. (29) and com-
pletes the proof.

Property 3. The Jacobian determinant Det(J), a function f;(q)of a
multi-variables vector q, can be transformed and expressed in terms of
only one joint variable g,. In other words,

Det(J) = f;(q,)- (36)
Property 3 is important when solving Det(J(q)) =0 for q.

Proof. It is worth to note that R =R ,A,, and R/ =R A, where
Ay andA,, are constant matrices which can be looked up in the following
Table 2.

Based on Eq. (21), the Jaocobian matrix Jzz = [;’Z—R]2X2 can be for-
R

mulated as a block matrix multiplication as follows:

Jrr = [®R,] 5[ ART RAT |, . (37)
Since ®®T =E,, ,,
Jrr = [PR,®7], .| ®PART @®RAT |, 38)

=HK,

cos Fsing,, . .
> u q“] is an orthogonal matrix
+sing, cos g,

formulated with respect to q,only. Therefore, Det(H,)=1.

Note that H, = ®R,®" = [

Table 2
Constant matrices A, and A,

q; A B C
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K,=[ ®A,R,I' ®RA, ]isa matrix formulated with respect
to R,(q,) only. Therefore, the determinant Det(K,) is a function of only
one variable q,, Det(K,) =f;(q,) .

Finally, Eq. (29) can be transformed as follows:

Det(J) = Det (H“)Det(Ku)

39
=fj(qv) ( )

Eq. (39) completes the proof.

Property 4. For all 5-axis mechanisms, the condition number of the
Jacobian matrix, x(J), does not depends on the primary revolute joint
variable gq,,. Particularly, the condition number for all the machines with
both rotary axes implemented on the tool carrying chain (the spindle —
tilting machines) depends on only one joint variable g,,.

With the purpose of comparing the kinematic performances of dif-
ferent 5-axis CNC machines, the condition number x(J) must be taken
into account. Generally, x(J) depends on the variation of all five joint
variables of a machine. Hence, comparing «(J) of all different 5-axis ma-
chines is challenging. Therefore, the use of this important property will
makes possible the evaluation and comparison of the condition numbers
for the machines.

Proof. Due to the fact that if the matrix J can be factorized into two
matrices, where the first matrix is an orthogonal matrix, and the second
one is a matrix independent ofg,, the eigenvalues of the second matrix
will be the singular values of J (¢7 +05), and the condition number
k(J) = 6 max/ O min is thus independent ofg,,.

Revisiting Eq. (30), for the expressions S1, S2, S3, S4, S6 and S7, the
block matrix J can be derived and factorized with Eq. (40). For S5, J
can be factorized with Eq. (41).

R, O0][R, L,
=[5 wllv &l
_[E O][E (RM,-EM,NJ!][E M,
J= [0 Ru] [0 E 0 N, “h
The block L, in Eq. (40) is calculated as follows:

S1. LU = [ AuRun +AMTU RUAUqT ]

9L - [ ARGy — AR, (T +T3) + A, (T + Ty) ]

v +A,7,  R,Aqp —R,A, (T, +T;)
S3.L,=[ Agr+A7,+AR,T,  RAT |

42

S4.L, = Ay +A,(T, +T,) + A1, +AR,T,  RAT | “2)
6. L = [ AR ar — AR, (T +T;) +A,T, ]

v +AuTu RuAun - RuAu(Tl + T3)
T [ AR Gr = AR, (T; +T,) ]

v +A,7, R,Aqr —RA (T, +T,)

The blocks M, and N,, in Eq. (41) are calculated as follows:

M,=[ AR, RAT | (43)
N,=[ ART RA[T | (44)

It is clearly seen that, in the matrix multiplication Eq. (40), the first
matrix is an orthogonal matrix, and the last matrix is independent of
q,- Sincex(J)is calculated with only the eigenvalues of the last matrix,
it is independent of g,as well. The Egs. (41), (43) and (44) show that
the last matrix in the matrix multiplication Eq. (41) is dependent on g,
only, not dependent on q,, X, Yand Z. Moreover, because the first matrix
is an orthogonal matrix, and the second one is a triangular matrix with
ones on the main diagonal, the singular values of J is only affected by
the last matrix. Therefore «x(J) is dependent on g, only. This completes
the proof.
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3. Comparison of the kinematic performances of the 5-axis CNC
machines

In this section, all the proved properties of the kinematics model are
made full use to evaluate and compare the kinematic performances of
the six main types of 5-axis CNC machines.

The first machine type (Type I) includes all the machines whose both
rotary axes are implemented on the workpiece carrying chain, and the
axes are orthogonal [1,5,8,11,22,23].

Type II consists of the machines with both the rotary axes on the
workpiece carrying chain. One rotary axis is orthogonal and the other
one is a non-orthogonal rotary axis [1,2,6,7,16-19].
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Type Il is a set of the 5-axis CNC machines consisting of both rotary
axes implemented on the tool carrying chain, and both the axes are
orthogonal [4,8,10,22-24].

Type 1V is a family of the machines with the two rotary axes on the
tool carrying chain, but only one rotary axis is orthogonal [4,22,18].

Type V covers all machines consisting of one rotary axis on the tool
carrying chain and one rotary axis on the workpiece carrying chain.
Both the axes are orthogonal [1,8,10,22,23].

Type VI includes the machines with one rotary axis on the tool
carrying chain and one rotary axis on the workpiece carrying chain.
However, the rotary axis on the tool carrying chain is non-orthogonal
[18,20,22,23].

Type 11

Fig. 4. The six machine types [8,18].
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The six types of the machines are shown in Fig. 4.

To evaluate the kinematic performances of a machine, the manipula-
bility index, the dexterity index, the condition number, the non-singular
range of the joint variables and the non-linear kinematic error are eval-
uated as common indicators to compare the machines.

3.1. Manipulability index

In order to quantify the kinematic efficiency of an industrial robot,
the tendency of changes in dexterity characteristics along with the vari-
ance of the revolute joint variables is of importance and should be anal-
ysed. In particular, the kinematic manipulability index, @ = 1/ Det(JJT)
plays an essential role in the kinematical performance analysis since it
indicates of how close the machine configuration is to the singularity.
In this study, the manipulability index is evaluated for all the types of
5-axis CNC machines.

By using Property 2, the manipulability index w for a 5-axis CNC
machine can be formulated as follows:

w =4/ Det(JJ7)

45)
= Del(JRR)

Recalling Eq. (37), the manipulability index is formulated as follows:

o= Det([®R, |5 ART RAT | ) (46)

It is shown that @ can be calculated directly with only rotation ma-
trices R, and R, of a given machine, regardless of other joint variables
X, Y and Z. Therefore, the manipulability index wof different machines
can be evaluated in an effective and simplified manner.

Fig. 5 shows the manipulability index of three different machines.
The first machine is a machine Type IV with the orthogonal rotary axis
C; and non-orthogonal rotary axis B;on the tool chain (C.B,- nutating
machine). The second machine is a machine Type I (Spinner U5-620)
which has both orthogonal rotary axes on the table (B,,C,, - orthogo-
nal). The third one is a machine Type II (DMU 50E) whose the axis B,,
is non-orthogonal (B,,C, - nutating). The inclination angle of the non-
orthogonal rotary axis is 45°.

In this manner, for all the six machine types, the maximum value
of the manipulability index w,,,, can be calculated and compared effec-
tively. The comparison is presented in Section 3.6.
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3.2. Non-singular range of joint variables

In order to provide more insightful information on the manipu-
lability of a machine, the non-singular range of the joint variables
qa=[ ¢, ¢ 45 as g5 17 needs to be taken into account. In a
non-singular region of the joint variables, a machine operates under the
desirable dexterity condition, without singularities. In other words, the
larger the non-singularity range of the joint variables is, the more flexi-
ble the tool of a machine can be oriented, and the kinematic efficiency
of the machine is increased.

In this study, we define IT as the non-singular range of the joint vari-
ables of a 5-axis CNC machine. Actually, ITis the solution of the following
inequality.

Det(J) >0 A7)

In the general case, evaluation of ITis challenging since Eq. (47) is
a multi-variables inequality. Fortunately, by applying Property 3, the
inequality is dependent on only one joint variable g,. Therefore, IT of
a given 5-axis CNC machine can be obtained by solving the following
inequality forg,,.

fi1(a,) >0 48)

For instance, the non-singular range of the joint variables IT of the
machine Spinner U5-620 (Type I) are =* <II<0and 0 <II < %.

Thus, for all the machine types, the indicator IT can be evaluated and
compared effectively. The comparison is detailed in Section 3.6.

3.3. Dexterity index

The dexterity index is a measure of a 5-axis machine to achieve dif-
ferent orientations for each point within the workspace. Similar to a
robot manipulator, the orientation of the tool of a 5-axis machine can
be described by a rotation matrix using parameters such as Euler an-
gles, Roll-Pitch-Yaw angles, etc. It can be observed that, when a 5-axis
machine operates, the orientation of the tool axis is archived by the ro-
tation of the two rotary axes. For this reason, a tilt anglea and a roll
angle p should be considered to characterize the tool orientation rela-
tive to the workpiece since the tilt angle « can be calculated easily with
respect to the displacement of the second rotary joint only. The angle g
is determined with the direction cosines of the tool axis in the workpiece
coordinate system. Fig. 6 shows the tilt and roll angles in all three cases:

0.7 T T T T T T
— Omega - CtBt - nutating
o6pr /N S\ Omega - BwCw - nutating | 7
Omega - BwCw
0.5 _
0.4 —
03 —
0.2 .
01 =
0
-4 0 1 2 3 4
B [rad]

Fig. 5. The index w of the nutating head configuration (C,B,- nutating), the machine Spinner U5-620 (B,,C,,), and the machine DMU 50E (B,,C,,- nutating).
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b) g, =B

Fig. 6. The tilt angle a and roll pangle of a tool axis.

Table 3
The formulations of « and g.

qQ @ B

A arccos(i) arctan2(j, k)
B arccos(j) arctan2(k, i)
C arccos(k)  arctan2(i, j)

q,=A4A, q,=B and g, =C. Table 3 presents the formulation of « and g for
the three general cases correspondingly.

It is clearly seen that, for a 5-axis machine, the larger the range of «
and f is, the more flexible the tool orientation relative to the workpiece
can be obtained. The more the flexibility of the tool orientation of a ma-
chine is, the more complex the parts can be machined with the machine.
The smaller range of a and # decreases the orientation capability of a
machine.

The angles a and f can vary within the range of (0 +2x). Thus the
dexterity index can be defined as follows:

_ (2 Ap
D'2<2n+2n>’ “9)

where Aa =, — @pin and A =p .. — Pmin are the possible range of
variation of the angles a and g for each point of the workspace.

The dexterity index D can vary within the range of (0+1). If the
dexterity index is equal to unity we will say that the manipulator has
full dexterity at a particular point or an area. For example, the dexterity
index D of the machine Spinner U620 (Type I) is 0.75 since the possible
range of the tilt angle Aa =rand the range Af=2z. However, for the
machine DMU 50e (Type II), the dexterity index D is 1 since the ma-
chine has the same possible range of roll angle, but a lager range of tilt
angleAa =2x.

3.4. Condition number

The condition number x(J) € [1, +o0)is an important index which is
often used to describe first the accuracy/dexterity of a manipulator and,
second, the closeness of a pose to a singularity. The condition number
approaches to infinity when a machine operates near a singularity. The
condition number is a local property for any 5-axis CNC machine as it
depends on Jacobian matrix J which is a structural property. Since the
condition number characterizes a norm of the Jacobian matrix, it is a
measure of the relative amplification of the computed cutter position-
ing error 5p, upon a linear transformation, Eq. (50), with respect the
systematic positioning errors 5q.

op =Jéq (50)

t=J'F (51

As can be seen from Eq. (51), the Jacobian matrix relates the input
forces/torques t and output forces/torques Fof a 5-axis machine. Thus,
the so called mechanical advantage of a machine can be investigated
through the condition number as well.

When performing an identical machining task, which machines hav-
ing a larger value of the condition number «(J) will have a larger po-
sitioning error 6p at the tooltip and require more input forces/torques
7. In this sense, the condition number should be minimized in order
to maintain a suitable positioning accuracy and the mechanical advan-
tage. When the condition number equals an optimal value of one, the
manipulator is described as isotropic. Isotropic configurations have a
number of advantages, including good servo accuracy, noise rejection,
and singularity avoidance. At any point in the non-singular range of the
joint variables, the lower the condition number is, the better operating
condition of a 5-axis machine is reached.

As for the 5-axis CNC machines, evaluating and comparing the condi-
tion number «(J) is a challenging task since J is a Jacobian matrix of five
joint variables. Nevertheless, by taking full advantages of Property 4,
the condition number for the 5-axis machines can be formulated and
evaluated effectively.

According to Property 4, the condition number can be calculated
with the largest and smallest eigenvalues of the last matrix of the matrix
multiplications Egs. (41) and (40) for the machines Type III and IV, and
for other machine types, respectively.

For the machines Type III and IV, the computed condition numbers
exhibits a periodic behavior shown in Fig. 7, which does not depend on
the displacements of the machine axes X, Y, Z and q,,. It depends on g,
only. Note that the machines with different constant distance L, from
the tooltip to the pivot point of the rotary axis g, will have different
condition number curves as shown in Fig. 6 also. As the value of «(J) is
dependent on only g, for any point (X,Y,Z) in the domain of the linear
joint variables, the condition number of all machines Type III and IV
does not change.

Figs. 8 and 9 show the curves of the condition number of a machine
Type I and Type Il respectively. The shape of the curves is similar to that
of the previous ones in Fig. 7. One important thing is that the value of
x(J) is rapidly increased when X, Y and Z are increased (Figs. 7 and 8).
When the machine operates near the zero point (X=Y=Z=0) in the
joint space, the value of x(J) is minimized.

In comparison with the machines Type III and IV, the condition num-
ber of the other machine types is much larger. Moreover, the condition
number of the machines Type III and IV does not change within the
whole domain of linear axes X, Y and Z. For other machines, when the
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Fig. 7. The condition number «(J) for a machine Type III.
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Fig. 8. The condition number x(J) for a machine Type I (Spinner U620).
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Fig. 9. The condition number «(J) for a machine Type II (DMU 50e).

cutter operates father and farther from the zero point, the condition
number is larger and larger.

3.5. Non-linear kinematic tool path error
When CL data are generated by a CAM system it is assumed that the

tool path between two successive CL points is a straight line relative
to the workpiece. However, due to the rotary axes of the machine, the

actual tool path between two blocks in the NC program will be non-
linear relative to the workpiece, reducing the accuracy of the tool path.
If the deviation between the straight line and the actual tool path is
greater than the allowable limitation, more cutter contact points need
to be inserted in between the two points. The deviation due to the non-
linear kinematic behavior of a machine is called the non-linear kine-
matic error of the tool path. To reduce the non-linear kinematic er-
ror in 5-axis freeform surface machining, a number of blocks GO1 is
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Fig. 10. The non-linear kinematic errors of three 5-axis CNC machines cutting a common straight line between two CL points.

additionally interpolated so that the number of the commands of a NC
file is usually greater than the number of CL points generated by a CAM
system. The non-linear kinematic error is a structural and local prop-
erty of an individual 5-axis machine. Five-axis machines with different
architectures have different non-linear kinematic error levels while cut-
ting a similar path. Therefore, the non-linear kinematic error is also an
important measure of a 5-axis CNC machine that needs to be analysed.

Let’s consider X; and X, as two successive CL points represented
in the workpiece space O,x,y,2,. To machine a desired straight
lineX;=(1-0X; +tX, (0 < t < 1), the displacements of the five axes
of a machine are calculated with Eq. (14) as follows:

q =f71(X;) (52)

q=1"(X,) (53)

In the joint space, the displacement of the joints is interpolated in
the parametric domain 0 < t < 1 as follows:

an=010-0q; —1q; (54

The actual machined path X, is calculated with the kinematic equa-
tion:

X, =1(q() (55)
Thus, the non-linear error E, jineqr i calculated as follows:
Enonlinear(t) = ||Xa(t) - Xd(t)” (56)

Fig. 10 shows the non-linear kinematic errorsE, e, When a
machine Type I (Spinner U620), a machine Type III and a ma-
chine Type II (DMU 50e) cut a similar tool path starting fromX, =
[ 600 500 108.8 —0.3106 0.0661 0.9482 ]7toX, =
[ 63.0 500 1104 —0.2843 0.0627 09567 1”. The max-
imum value E)" s 0.0194 mm, 0.0000388 mm and 0.0197 mm
respectively for the three machines. It can be seen that, the non-linear
kinematic error E . of the machines with both the rotary axes on
the table (Type I and II) is much larger than that of the machines with
the rotary axes on the tool chain (Type III and IV).

To investigate the variation of the non-linear kinematic error along
with the variation of the five joint variables, the Taylor series expansion
of the function p(Eq. (16)) is formulated in a vicinity of a point q in the

domain of joint variables as follows:

P

Ap=Baq+.. 57)
Jq

Ap ~ JAq (58)

Obviously, the non-linear kinematic error E,yjineq- = || AP|| is ampli-
fied by the norm of the Jacobian matrix Jwhich is characterized by the
condition number of Jas well.

As shown in Property 4 and discussed in Section 3.4, for the machines
with two rotary axes on the tool chain (Type III and IV), the condition
number of Jdoes not change along with the prismatic joint variables
X, Y and Z. Therefore, the non-linear kinematic error E, jineq-0f these
machines depends on only one variable g,, and does not change in the
whole domain of the linear axes X, Y and Z. In contrast, for other ma-
chines, e. g the machines Type I and II, the condition number of Jis
rapidly increased when the values of X, Y and Z are increased. Hence,
the error E, jineqris increased when the machines operate with increas-
ing values of X, Y and Z.

Fig. 11 shows the non-linear kinematic error curves for the machine
Spinner U620 (Type I) and DMU 50e (Type II) cutting two different
straight lines. For the first line, the values of the joint variables are cal-
culated as X = —-0.1679, Y = —0.1455 and Z = 0.1687 which are closer to
the zero point (near the center point of the table). For the second line,
the calculated values X = —80.3403, Y = —61.3940 and Z=87.8774
are far from the zero point in the joint space. It is shown that when
the machines cut farther and farther from the zero point, the non-linear
kinematic error is larger and larger.

3.6. Comparison of the 5-axis CNC machines

Through the evaluation of the manipulability index w, the non-
singular range of joint variables I1, and the dexterity index D, the con-
dition number «(J), and the non-linear kinematic error E, jineqr> the
kinematic performances of the 5-axis CNC machines can be directly com-
pared. Table 4 shows a quantitative comparison of the six machine types.

It is clearly seen that, the machines Type II, Type IV and Type VI
have the largest non-singular range of the joint variables IT as compared
with other machines. The machines Type I and Type II have the largest
dexterity index D. The value of D for the machines Type III and V is
very limited. The maximum value of the manipulability index w,,, of
the machines Type II is lower than that of other machines. The condi-
tion number of the machines Type III and IV is very small and does not
change in the joint space. However, the condition number of the ma-
chines Type I and 1II is rapidly increased when the displacement of the
linear axes is increased.

With the highest manipulability index w,,, =0.66, the machines
Type IV has a maximum manipulability as compared with other
machines. This implies that, for these machines, the tendency of
changes in dexterity characteristics along with the variance of the
revolute joint variables is maximized. With the lowest manipulability
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Fig. 11. The non-linear kinematic errors of the machines Type I and II cutting two different straight lines.

Table 4
A comparison of the six machine types.

Indicators

max 1 D x(J) Enontinear

TWO ROTARY AXES ON THE TABLE

TWO ROTARY AXES ON THE SPINDLE

ONE ROTARY AXIS ON THE SPINDLE, AND
ONE ROTARY AXIS ON THE SPINDLE

Type I (Orthogonal rotary axes)
Type Il (Non-orthogonal rotary axes) 0.33
Type Il (Orthogonal rotary axes)
Type IV (Non-orthogonal rotary axes)  0.66
Type V (Orthogonal rotary axes)
Type VI (Non-orthogonal rotary axes)  0.33

0.5 0< | < % 0.75 Large
0O<|0l<nx 1.0 Large
0.5 0< || < % 0.5 Small
O<|nj<z 1.0 Small
0.5 0< | < % 0.5

O< O <=z 075

Large and varying
Large and varying
Small and unvarying
Small and unvarying
Medium
Medium

Medium and varying
Medium and varying

indexw,,, = 0.33, the tool of the machines Type II and VI have the low-
est manipulability when manipulating the workpiece.

It has shown that the machines with a non-orthogonal rotary axis
(Type II, IV and VI) have the largest value of the non-singular range of
the joint variables O < |I1| < z. Note that the 5-axis machines with a large
non-singular range of the revolute joint variables are generally desirable
when machining complex parts. This is because in the non-singular re-
gion of the joint variables, the manipulability index w is large enough to
avoid singularities, and within this region, the machine operates under
the desirable dexterity condition.

The machines Type III and V have the lowest value of the dexter-
ity index D=0.5 that means that orientation ability of the tool relative
to the workpiece is limited. For these machines, changing the orienta-
tion of the tool axis is less dexterous as compared with other machines.
Note that, the machines Type V have a rotary table which can rotate
unlimitedly, so that they have a better tool orientation capability when
compared with the machines Type III. With the largest value of the dex-
terity index D, the machines Type II and IV are the most dexterous ones.
Since one rotary axis on the machine table can rotate unlimitedly, the
machines Type II and I are excellent when machining sculptured sur-
faces with high curvature.

Based on the evaluation of the condition number x(J) for the ma-
chines, it has shown that the machines Type I and II have the poorest
mechanical advantage since their condition index is very large. More-
over, the value of the condition number is dramatically increased when
the machines of these types operate farther and farther from the zero
point of the linear axes X, Y and Z. This implies that the machines of
these types have a larger positioning error at the tooltip and require
more driving torques/forces (more power consumption) than other ma-
chine types when cutting an identical tool path. Based on this criterion,
the machines Type III and IV are the best, because their condition num-
ber is small and unvarying along with the linear axes. With a small and
stable deviation of the tool tip relative to the ideal tool path due to the

rotary axes errors and any geometrical deviations caused in the joint
space, the advantages of these machine types additionally include the
good servo control accuracy, noise rejection capability, and stable ma-
chining accuracy.

With respect to the evaluation of the non-linear kinematic error, it
has also shown that the magnitude of the non-linear kinematic error of
a 5-axis CNC machine is considerable, and it significantly decreases the
accuracy of machined parts. When a 5-axis machine operates in a vicin-
ity of the zero point of the linear axes, the non-linear kinematic error
is trivial and inconsiderable. However, when the machines cut an area
near to a singular point, the non-linear kinematic error is dramatically
increased, since at that points the Jacobian matrix is nearly degener-
ated, and the condition number of the Jacobian matrix approaches to
infinity. As compared with other machines, the machines Type III and
IV have a very small and stable non-linear kinematic error for the whole
domain of the linear axes. This is a very important advantage of the ma-
chines, especially for the case that a very large workpiece is machined
with a very large number of NC blocks. With respect to this criterion,
the machines Type I and II suffer from a critical disadvantage. For these
machines, the non-linear kinematic error is not only large but also sig-
nificantly increased when the absolute value of the machine coordinates
increased. To machine an identical large surface (an identical number
of CL points generated by a CAM system), a much larger number of NC
blocks is required for the machines Type I and II, in comparison with
the machines Type III and IV. This is because much more interpolated
points must be inserted in between the CL points to keep the machining
error within a permitted tolerance.

In summary, each machine type has both advantages and disadvan-
tages. The machines Type I and II have some main advantages over other
machines such as the higher manipulability, the higher dexterity and
the larger non-singular range of the machine coordinates. Especially,
the machines Type II have the highest dexterity index. It is clear that
these machine configurations with two rotary axes on the table tend to



C.A. My and E.L.J. Bohez

move more flexibly than those having the two rotational axes on the
spindle head. These machines can operate with a larger range of the
tilt angle, roll angle and joint variables without singularity. However,
they also have several disadvantages such as the large and unstable non-
linear kinematic error, the low level of the mechanical advantage, the
high level of the positioning error amplification, the large number of
NC blocks in a NC program. These machines, especially the machines
Type II, are strongly recommended to machine parts consisting of com-
plex sculptured surfaces of high curvature, and complex parts with small
volume. Nevertheless, owing to the structural advantage, the machines
Type II is capable of machining larger workpieces. Note that the non-
linear kinematic error of these machines are large and increased along
with the increase of the movements X, Y and Z. Therefore, when ma-
chining surfaces with high accuracy requirement, it is necessary to im-
plement the tool path linearization procedure to interpolate and insert
intermediate NC blocks in the NC programs. In addition, the position-
ing error of the cutter needs to be checked frequently since the effect of
the positioning errors of the five joint displacements on the volumetric
positioning error at the tool tip is a noticeable concern.

The machines Type III and IV have important advantages. The first
one is that the non-linear kinematic error of these machines is very small
and unvarying along with the entire domain of the linear axes that en-
sures the accuracy of the machining process. The second advantage is
that they consume less power, since less driving torques/forces are re-
quired (small condition number «(J)) when compared with other ma-
chine types. The third advantage of these machines is that the ampli-
fication of the positioning errors of the five displacements is small and
unchanged for the whole domain of the linear displacements. There-
fore, the positioning error at the tooltip due to the positioning er-
rors of the five individual motions of a machine Type III and IV is
lower than that of other machines. In addition, for these machine types,
the higher control resolution in the tasks pace can be archived. All
types of large workpieces comprised of surfaces with not very high
curvature should be recommended to be machined with these ma-
chine types. However, the orientation of the tool of these machines
relative to the workpiece is not so flexible. Moreover, the design and
implementation of two rotary axes on the tool chain with a nutat-
ing spindle head for a 5-axis CNC machine could be very complex.
The stiffness of an inclined spindle head is also a critical issue for the
machines.

Note that the machines Type V and VI which incorporate one rotary
axis on the tool carrying chain and another one rotary axis on the work-
piece carrying chain are, however, combining most of the disadvantages
of both previous types of machines and are often used for the produc-
tion of smaller workpieces. The application range of this machine type
is about the same as with machines with two rotation axes implemented
on the table.

Table 5
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4. Discussions and conclusion

Owing to the particular architecture of the 5-axis CNC machines, the
generic kinematics model of the machines has four special properties, as
compared with other CNC machine types and industrial robots. In this
paper, these properties have proved in a generalized case so as to make
possible the formulation, evaluation and comparison of the kinematic
performances of different 5-axis machines. It was shown that the com-
parison of the machines plays an important role in selecting suitable
machines for specific applications, and in synthesizing optimal 5-axis
mechanisms for new machine designs.

It has also shown that, the four properties of the generic kinematics
model proved in this study are useful not only for the purpose of com-
paring the machines, but also for other important purposes. The use of
Properties 1 and 2 is very helpful for modeling the kinematic tool path
error around singularities of the 5-axis CNC machines that was presented
in [2]. By applying the properties, the singular points of any 5-axis CNC
machine can be effectively identified and analysed with Det(Jpz) =0, in-
stead of Det(J) = 0. Moreover, since Det(Jzg) is a function of merely one
variable g,, the computational complexity of the algorithm constructed
for minimizing the kinematic tool path error in [2] is significantly re-
duced.

Another important application of the formulated kinematics model
and its properties is that the inverse kinematic equations for the two
rotary axes of 5-axis machines, which are necessary for the postprocessor
development can be established in an effective and generalized manner.

Table 5 presents all possible combinations of the primary and sec-
ondary rotary axes g, and g,. Note that for the cases g, =A or g, =B,
the combinationsCAand CBare not practical because the movement of
the axis Ccoincides with the rotation of the spindle. The forward kine-
matic equations for the two rotary axes can be immediately formulated
with Eq. (27). Thus, the inverse kinematic equations in a closed form is
effectively calculated accordingly. The kinematic equations for all the
machines are presented in Table 5. It is clear that these kinematic equa-
tions are explicitly expressed in a closed form. Therefore, the method
proposed in this study for formulating the kinematic equations for the
two rotary axes is more effective and advantageous, when compared
with other methods [19,23-25]. When developing an individual post-
processor for a given 5-axis CNC machine, the user just looks up the
inverse kinematic equations for the two rotary axes in the last column
of Table 5.

Note that, the following notes should be carefully considered when
looking up the inverse kinematic equations in Table 5.

a) The coordinate systemsO,x.y,2z,0,X, Y%, and Oyxyyoz, must be
parallel, and their corresponding axes must point in the same di-
rection.

The kinematic equations for the two rotary axes of 5-axis CNC machines.

q, q, Forward kinematics Inverse kinematics
i=sinB
A B j=—sinAcos B A = arctan2(—j, k)
k =cos Acos B B = arcsin(i)
B A l- " smgf]cAos A B = arctan 2(i, k)
j==s sy
A= sin(—
k =cos Acos B aresin(~J)
i=sinCsin A
C A j=—cosCsinA C = arctan 2(—i, j)
k =cosA A = arccos(k)
i=cosCsinB
B j =sinCsin B C = arctan2(j, i)
2 ) Bl B = arccos(k)
= cos

i = —sinacos Csin B + sina cos a sin C(1 — cos B)

B (inclined at a)
k = cos’a(l — cos B) + cos B

Jj =sinasinC sin B + sina cos a cos C(1 — cos B)

B = arccos((k — cosza)/sinz a)
jsinasin B +isinacosa(l — cos B),

C =arctan2(’ . R .
—isina sin B + j sina cos a(1 — cos B)

)
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b) If the positive direction of a rotary axis of the machine under con-
sideration does not comply with the Right-hand rule, the sign of the
corresponding joint variable in Table 5 must be changed. For exam-
ple, with the machine DMU 50e presented in [17], the sign of the
variables must be changed as B=—-B and C=-C when looking for
the kinematic equations in the last row of Table 5.

In conclusion, a new differential kinematics model of the 5-axis CNC
machines was successfully formulated in this paper. In particular, four
important properties of the kinematics model have been proved in a
generalized case, so that the kinematic performances of the 5-axis CNC
machines can be evaluated effectively. It was shown that, the gener-
alized kinematics model and its properties presented in this study are
advantageous and useful for several purposes such as the comparison of
the kinematic performances of the 5-axis CNC machines, the minimiza-
tion of the tool path error around singularities, and the development of
5-axis postprocessors.

The evaluation and comparison of the kinematic performances of
the six basic types of 5-axis machines have revealed that the machines
(Type I and II) with both rotary axes on the table have some main ad-
vantages over other machines such as the higher manipulability, the
higher dexterity and the larger non-singular range of the machine co-
ordinates. Especially, the machines Type II have the highest dexterity.
Hence, these machines tend to move more flexibly than those having
the two rotational axes on the spindle head. These machines can oper-
ate with a larger range of the tilt angle, roll angle and joint variables
without singularity. However, they also have critical disadvantages such
as the large and unstable non-linear kinematic error, the low level of the
mechanical advantage, the high level of the positioning error amplifica-
tion, and the large number of NC blocks in a NC program. In contrast,
the machines with two rotary axes on the spindle head (Type III and IV)
possess a lower flexibility when orientating the tool axis relative to the
workpiece. However, these machines have some special advantages. The
first advantage is that the non-linear kinematic error is very small and
unchanged along with the entire domain of the linear axes that ensures
the accuracy of the machining process. The second advantage is that
the machines consume less energy, since less driving torques/forces are
required, as compared with other machine types. The third advantage
is that the positioning error at the tooltip due to the amplification of the
positioning errors of the five axes of a machine is smaller than that of
other machines. For these machine types, the higher control resolution
in the workspace can be archived as well.

Finally, it was shown that the comparison of the machines is use-
ful when selecting suitable machines for given applications, especially
when analysing new conceptual designs of a 5-axis CNC machine.

Experimental investigation on the non-linear kinematic tool path er-
ror of all typical types of 5-axis CNC machines will be the future work
of this research.
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