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A B S T R A C T

We theoretically study the combined effect of Al-concentration, hydrostatic pressure, and temperature on the
magneto-optical absorption properties of a semi-parabolic quantum well (SPQW) by investigating the magneto-
optical absorption coefficient (MOAC) and the full-width at half-maximum (FWHM). The expression of MOAC is
expressed by the second-order golden rule approximation where the electron–longitudinal-optical (LO) phonon
interaction is taken into account while the FWHM is obtained from the profile of the curves. The numerical
calculations are made for a typical GaAs/GaAlAs quantum well. Our results showed that the Al-concentration,
hydrostatic pressure, and temperature affect the magneto-optical absorption properties strongly. Threshold
energy and the resonant peaks are non-monotonic functions of the Al-concentration. Moreover, it has been
revealed that the magneto-optical absorption properties of SPQW can be controlled by changing these para-
meters.

1. Introduction

Because of their potential applications in the integrated optics, op-
tical communications, as well as optoelectronic devices, the linear and
nonlinear optical absorption in low-dimensional semiconductor systems
have been extensively studied in recent decades [1–5]. Based on the
framework of density matrix theory, Yesilgul et al. investigated the
effects of externally applied intense laser, static electric and magnetic
fields on the linear and nonlinear optical response in the asymmetric
double quantum wells [1]. Shaaban and co-workers [2] have experi-
mentally investigated the nonlinear refractive index and the absorption
coefficient of co-doped ZnO thin films. The linear and nonlinear sus-
ceptibility and refractive index have also been experimentally observed
in nanocrystalline Sn-doped ZnO thin films [3]. Darwish et al. [4] have
experimentally studied the linear optical absorption coefficient and
third-order nonlinear optical susceptibility in GeSe2−ηSnη (0≤ η≤0.8)
thin films. The optical properties of the ZnAlO thin films have been

experimentally investigated through studying the effect of Al-con-
centration on the intensity and transmittance [5]. However, in these
works, the electron-phonon interaction and the combined effect of
hydrostatic pressure and temperature were ignored. This is one of the
main issues of our present study.

The combined effect of Al-concentration, hydrostatic pressure, and
temperature has been demonstrated to be a simple and efficient way to
modify and to run the electronic properties of low-dimensional semi-
conductor systems [6–8]. Using the k ⋅ p procedure, Reyes-Gómez et al.
showed that the hydrostatic pressure and Al content affected strongly on
the effective mass through the strong dependence of the different energy
gap on these two external parameters [6]. Hermann and Weisbuch de-
monstrated, via a k ⋅ p perturbation theory, which provides the expres-
sions of energies and wave functions in the vicinity of a semiconductor
band extremum, that the effective mass is related to the k2 term of the
energy development [7]. Particularly, they found that near the k=0
point, the conduction effective mass for a cubic semiconductor comes
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from the expansion m∗=[1+∑u(Ec− Eu)−1|〈S|px|u〉|2]−1m0, where
m0 is the free electron mass, S the conduction band wave function, u the
state of energy Eu, and px is the x-component of the momentum operator.
Also, they concluded that the dominant terms come from the interaction
of the Γ1c conduction band with the nearest bands of Γ5 symmetry, i.e.,
the Γ5v valence bands and the Γ5c, conduction bands. The lattice para-
meter of a cubic semiconductor can be modified by using hydrostatic
pressure or changing the stoichiometry of the compound materials.
Using, for instance, a first principle calculations it is possible to obtain
the electronic structure of the perturbed system which finally provides
the basic information to obtain the valence or conduction effective mass
via a two bands k ⋅ p Hamiltonian. Also, based on the eight-band k ⋅ p
Hamiltonian, Krishtopenko et al. [8] demonstrated that the change of
hydrostatic pressure and temperature could be used for pushing transi-
tions between topological insulator phases, band insulator, and semi-
metal. The effects of hydrostatic pressure on the exciton states [9] and
the correlated electron-hole transition energy [10] have also been cal-
culated in quantum wells. The effect of these parameters on the optical
properties of the low-dimensional systems has been investigated
[11–15]. According to the works, as mentioned earlier, the variation of
these parameters affected either the magnitude or the position of re-
sonant peaks. For example, the increasing hydrostatic pressure leads to
the reduction in scale and the blue-shift feature of the absorption coef-
ficient in quantum ring [11] and in quantum wire [12]. Whereas, an
opposite result, i.e., the red-shift behavior, was reported via theoretical
calculations in the zinc-blende GaN/InGaN quantum wells [13]. Besides,
the red-shift response of the optical rectification coefficient was also
obtained in the quantum well with an asymmetrical Gaussian structural
potential [14] and in quantum dots [15]. This disagreement shows that
the studying of the influence of these external parameters on the optical
properties of such low-dimensional systems should be continued. In this
work, we will demonstrate that in GaAs/GaAlAs semi-parabolic quantum
well, the increase of the hydrostatic pressure results in the decrease of the
threshold energy, leading to the red-shift behavior of the optical spec-
trum.

The precise control over both host and impurity atom profiles that is
possible with Molecular Beam Epitaxy (MBE) techniques has accessed a
new regime of heterojunction superlattice study [16]. A wide range of
two-dimensional quantum well (QW) structures can be modeled with
the MBE technique, among them: step-like QWs, parabolic and semi-
parabolic QWs, and triangular QWs. It is well-known that when the
symmetry of confinement potential of the systems is broken, the
quantum confinement effect will enhance the electronic and optical
properties of these systems. The triangular QW is the most typically
asymmetrical 2D low dimensional system [16]. Also, the semi-parabolic
quantum well (SPQW) is another kind of asymmetrical structure which
has attracted the attention of many researchers in recent years [17–25].
The choice of parabolic potential profile is motivated by the experi-
mental fact that the spectrum of single dots in GaAs is well described by
a parabolic confinement potential [26,27]. In GaAs bulk material, the
electron affinity is 4.07 eV, which corresponds to GaAs-vacuum inter-
face [28]. Such kind of almost infinite confinement potential can be
modeled via the infinite barrier at the extreme of the SPQW. To study
the optical properties of this interesting model, many researchers have
investigated the linear and nonlinear optical absorption coefficients
[17–19], the optical rectification coefficients [20,21], as well as the
second-order [22] and the third-order [23] susceptibilities. They de-
monstrated that the asymmetrical semi-parabolic confinement had
more efficient to the optical properties in comparison with the regular
parabolic ones [20,23]. This implies that the asymmetrical structural
confinements have a significant effect on the optical properties of these
types of the low-dimensional systems.

The goal of the present work is to study the combined effect of the
Al-concentration, the hydrostatic pressure, and the temperature on the
MOAC and FWHM in SPQW. To do this, in Sec. 2, we first present a
brief of the electronic structure of SPQW in the presence of a

perpendicular magnetic field. The expression of magneto-optical ab-
sorption coefficient is given in Sec. 3. In Sec. 4, we show our numerical
results and discussion. Finally, our conclusions are shown in Sec. 5.

2. Electronic structure of SPQW in the presence of magnetic field

When a static magnetic field B=(0,0,B) is applied to the GaAs/
Ga1−ηAlηAs SPQW grown along the z-axis, the one-electron
Hamiltonian, under applied hydrostatic pressure (P) and temperature
(T) for certain value of the Al-concentration (η), can be written as fol-
lows in the effective mass approximation

= + +e
m P T

U zp A( )
2 ( , , )

( ),
2

(1)

where p is the momentum operator of electron, e is the electron charge,
U(z) is the confinement potential in the z-direction given by [18,20,23].

=
<

U z m P T z z
z

( ) ( , , ) /2 0,
0,

z
2 2
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with ωz being the frequency of the confining potential. In the above
equations, m∗(η,P,T) presents the electron effective mass, which is as-
sumed to be dependent on η, P, and T, and can be expressed as
[6,29,30].

= + +
+
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where m0 is the free-electron mass, ξ(η)= (28900− 6290η) meV is the
interband matrix element, Δ(η)= (314−66η) meV is the valence-band
spin-orbit splitting, the parameter ζ(η)=−3.935+ 0.488η+4.938η2

is related to the remote-band effects, and EgΓ(η,P,T) is the energy gap
function at Γ-point of the Brillouin zone given as

= + + +
+

E P T a a a P
T

T T
( , , ) ,g 1 2 3

2
1

1
2

0 (4)

where a1= 1519.4 meV, a2= 1360 meV, a3= 220 meV, α1= 107
meV/GPa, β1= 0.5405 meV/K, and T0= 204 K. In Eq. (4), the tem-
perature dependence of the bandgap (last term on the right hand side)
corresponds to the Varshni equation which describes the change in the
energy bandgap of a semiconductor with temperature (T), where β1 and
T0 are material specific constants [31]. Note that the ξ(η) and Δ(η)
parameters in Eq. (3) are obtained by linear interpolation between the
corresponding parameters in GaAs and AlAs, whereas the ζ(η) para-
meter is obtained via a quadratic interpolation between them [6]. The
same quadratic η-dependence has been used for the Ga1−ηAlηAs
bandgap. In the case of the hydrostatic pressure coefficient, α1, the used
value is obtained from experimental findings [6].

The electron wave-function and energy corresponding to the
Hamiltonian in Eq. (1) have been already presented in Ref. [32], which
was adapted from those in square quantum wells [33]. However, to be
more convenient to follow we recall them as below in the Landau gauge
of the vector potential A=(0,Bx,0)

=N n k L ik y x x z, , ( ) exp( ) ( ) ( )y y y N n
1/2

0 (5)

and

= + +E E N 1
2

.N n c n, (6)

Here, N=0,1,2, … and n are respectively the Landau and electric
subband quantum numbers, Ly and ky are respectively the normal-
ization length and the electron wave-vector in the y-direction, ψ(x− x0)
is the normalized harmonic oscillator wave-function with x0=− ac2ky
being the center of the cyclotron orbit, ac=[ℏ/m∗(η,P,T)ωc] is the
length radius of the orbit with ωc= eB/m∗(η,P,T) being the cyclotron
frequency. Note that, in this work, the influences of Al-concentration,
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pressure, and temperature are taken into account. Also, the corre-
sponding eigenfunction and eigenvalue in the z-direction are given by
[18,20,23].

= +z A e H z
a

( ) ,n n
z a

n
z

/2
2 1z

2 2

(7)

= + = …n n2 3
2

, 0,1,2, ,n z (8)

where = +A n a[2 (2 1) ! ]n
n

z
2 1/2 is the normalization constant,

az={ℏ/[m∗(η,P,T)ωz]}1/2 is the length radius of the orbit in the z-di-
rection, and H2n+1(z/az) are the Hermite polynomials.

3. The expression of magneto-optical absorption coefficient

When considering the electron–longitudinal-optical (LO) phonon
scattering, the MOAC is calculated through the transition probability
for the photons absorption process [34].

= ±K
V I

f f( ) 1
( / )

(1 ),
0 ,

,W
(9)

where we follow the notation of Ref. [34], i.e., I/ℏΩ is the average
number of the incident photons per unit area per second with energy
ℏΩ and optical intensity I= nrcε0Ω2A02/2, V0= SLz is the volume of
the system with S being the area of the sample, and fα and fα' are the
Fermi distribution functions of electron in the initial ∣α〉 and final ∣α ' 〉
states, respectively. The parameters ε0, c, and A0 are, respectively, the
permittivity of vacuum, the speed of light in the vacuum, and the vector
potential magnitude of the incident electromagnetic field, and

=n P T( , , )r 0 is the refractive index, with χ0(η,P,T) being the low-
frequency dielectric constant, given below in Eq. (16). In Eq. (9), the
sums are taken over all values of quantum numbers of the states ∣α〉 and
∣α ' 〉 excepted α= α' due to the forbidden of self-absorption. The tran-
sition matrix element is given by the Born's second-order golden rule for
the case of ℓ-photon absorption process [34]
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where q=(q⊥,qz) is the LO-phonon wave vector with q ⊥
2= qx2+ qy2,

the upper (+)/lower (−) sign refers to the phonons emission/absorption
process, α0= (eF0)/[m∗(Ω2−ωc2)] [35] is the dressing parameter with
F0 being the electric field strength of an electromagnetic field (F0 is in the
unit of V/m, and the α0 is in the unit of m), and δ(…) is the delta
function. Note that although the expression of the transition matrix
element presented here is similar with that in MoS2 monolayer (see Eq.
(12) of Ref. [34]), their distinguishing features are expressed through the
electron–phonon matrix elementℳα, α,

± given as follows in SPQW [32].

= ±± ±
±V J q q Nq| | | ( )| | ( )| | ( )| ,NN nn z k k,

2 2 2 2
0 ,y y qy (11)

where N0± =N0+1/2 ± 1/2 with N0 being the LO-phonon distribu-
tion function of energy ℏω0= (36.25+1.83η+17.12η2−
5.11η3) meV [36,37]. The other parameters in Eq. (11) are
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Here, LNN'−N(u) are the associated Laguerre polynomials. The
(η,P,T)-dependent high frequency dielectric constant, in Eq. (12), is
[38].

=P T( , , ) 10.89 2.73 . (15)

And the low frequency static dielectric constant is expressed by
[36,39].

=P T P T( , , ) (0, , ) 3.12 ,0 0 (16)

where [40–43].

=
+ <
+

P T
P µ T T T
P µ T T T

(0, , )
exp[ ( )], 200 K,
exp[ ( )], 200 K,0

1 1 1

2 2 2 (17)

where λ1= 12.47, λ2= 13.18, σ=1.73×10−2 GPa−1,
μ1= 9.4× 10−5 K−1, μ2= 20.4×10−5 K−1, T1= 75.6 K, and
T2= 300 K.

In the steady-state, the matrix element for electron-photon inter-
action is given as follow through the dipole moment eℬαα' = e〈α'|r|α〉
[44].

= A en| |
4

| | ,,
rad 2

2
0
2

2
(18)

where n is an unitary vector associated to the polarization of the in-
cident electromagnetic field; in this work we assumed that the incident
field is polarized along the x-direction (n= ux). Using the eigenfunc-
tions in Eq. (5), the magnitude of matrix element of the position op-
erator in Eq. (18) yields

= + + + +x N N[ ( / 2 )( 1 )] .N N c N N N N k k0 , , 1 , 1 ,y y (19)

The Eq. (19) implies that the magneto-optical transitions in SPQW
satisfies the condition that the change of Landau level index by 0 or 1,
i.e., ΔN=0, ± 1. This is exactly consistent with that of the dipole type
transitions in MoS2 monolayer [34], graphene [45,46], and quantum
well [47].

In the case of calculating up to the two-photon process, i.e., ℓ= 1, 2,
we thus obtain the following expression for the MOAC

where the result is calculated for transition between two first-lowest
states, i.e., n=0→ n ' = 1, and

= ± =±X E , 1, 2,0 (21)

where we have denoted ΔE= EN, 1− EN', 0 is the threshold energy. In
Eq. (20), J0, 1 is the overlap integral given as [32].

= ± =
+

J q dq
a

| ( )| 11
4 2

.z z
z

0,1 01
2

(22)

The expression of MOAC in Eq. (20) describes the transitions of
electrons from ∣0, 0〉 state to ∣1, 1〉 state thanks to absorbed of one
(ℓ= 1) or two (ℓ= 2) photons simultaneously absorbed or emitted an
LO-phonon. In which, the delta functions imply the energy-momentum
conservation law or also recalled the selection rules. Unfortunately,
they will be divergent when their arguments equal to zero. To deal with
this problem, we will replace these delta functions by the Lorentzians of
width γ±, namely δ(Xℓ± )= (γ±/π)[(Xℓ± )2+ (γ±)2]−1, with [33].

= + + + + ++ + + +K S e
n c V
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32
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=± ±( ) | | ,
q

2
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where the electron-phonon matrix element ℳα, α'
± is shown in Eq.

(11).

4. Numerical results and discussion

In this section, we will present our numerical results for the mag-
neto-optical properties of GaAs/Ga1−ηAlηAs SPQW through studying
the MOAC and FWHM. To do this, we take α0= 15 nm, B=10 T, and
ne=3×1016 cm−3 leading to the Fermi level energy EF=26.15 meV
[32,36,48,49]. Here we assumed that the Fermi level energy does not
depend on the Al-concentration, the pressure, and the temperature.

Because the product fN, 0(1− fN', 1) has a strong effect on the
magnitude of MOAC, in Figs. 1 and 2 we show the contour plot of the
product f0, 0(1− f1, 1), which presents the interband transition between
the ground (N=0,n=0) and the first excited (N ' = 1,n ' = 1) states.
From Fig. 1 we can see that this product is an increasing function of P
while its dependence on η is very complex. When η increase (P is fixed),
this product increases up to the maximum value around η=0.34 for
P=0, then it starts reducing if the Al-concentration is more increased.

Fig. 2 shows the contour plot of the product f0, 0(1− f1, 1) versus the
ratio ℏωz/ℏω0 and temperature at η=0.3 and P=2 GPa. Although the
electron–LO-phonon interaction plays only the primary role in the high-
temperature region, to clarify the issue, we would like to show here in a
large interval of temperature even down to a very low value. It can be
seen from the figure that all contours tend to converge to two points
located at ℏωz/ℏω0= 0.066 and 0.356 with T→0 K. At these two
points, the first excited (E1, 1) and the ground state energies (E0, 0) equal
to Fermi level energy, respectively. Therefore, at the very low-tem-
perature region, the best interval of the values of ratio ℏωz/ℏω0 is be-
tween these two values. At the higher value of temperature, this in-
terval is broader, and the product f0, 0(1− f1, 1) decreases due to the
thermal spreading of the Fermi distribution functions.

In Fig. 3, we show the threshold energy as functions of the Al-
concentration for two values of the ratio ℏωz/ℏω0, temperature, and the
hydrostatic pressure. The threshold energy presented here is ΔE= E1,
1− E0, 0, standing for the transition between ground and the first ex-
cited states. The solid line (black) is for P=0, T=77 K and ℏωz/
ℏω0= 0.3. In comparison with the solid line, in each of the other lines,
there is only one parameter changed while other ones are kept fixed. In
contrast to the other systems such as quantum rings [30] and quantum
wells [38], in the present work, the threshold energy is not a mono-
tonous function of η. For example, for the dashed blue line (P=2 GPa,
T=77 K, ℏωz/ℏω0= 0.3), firstly, ΔE decreases with the Al-con-
centration, reaching the minimum value of 34.19meV at η=0.35, and
then it increases when the Al-concentration continuously increases. The
complexity arising here is because we have considered the dependence
of phonon energy on η. We can easily deduce from Eq. (6) that ΔE
depends on η through the electron effective mass m∗ and the confine-
ment energy ℏωz, which depends on η through the ratio of ℏωz/
ℏω0= 0.3. When η increases, there will be two competitive processes:
while the electron effective mass increases resulting in the decrease of
the threshold energy, the confinement energy increases (to ensure the
ratio of ℏωz/ℏω0= 0.3, because ℏω0 is an increasing function of η)
resulting in the increase of the threshold energy. The result is shown in
Fig. 3 implies that in the small values of η the mass-increasing effect is
predominant, while the effect of the increasing confinement energy
seems to dominate at the higher values of η. Besides, the effect of the
ratio of ℏωz/ℏω0, the temperature, and the hydrostatic pressure on the
threshold energy is also clearly illustrated in this figure: ΔE increases
with the ratio of ℏωz/ℏω0 and temperature but decreases with the hy-
drostatic pressure.

Fig. 4 describes MOAC as functions of the incident photon energy
for three different values of η. It is easy to see two resonant peaks in
each curve corresponding to the one-photon (ℓ= 1) and the two-photon
(ℓ= 2) absorption processes. For example, the solid line stands for
η=0, corresponding to threshold energy ΔE=37.14 meV, having the
one- and two-photon resonant peaks at ℏΩ=73.39 meV and
36.70meV, respectively. These two peaks satisfy the selection rule

= + =E , 1, 2,0 (24)

describing the fact that an electron at the ground state absorbs one
(ℓ= 1) or two (ℓ= 2) photons and simultaneously emits one LO-
phonon to transfer to the first excited state.

Note that the processes with both phonon emission and phonon
absorption might happen as shown in Eqs. (20) and (21). However, in
this work, only the phonon emission process is observed while the
phonon absorption one is disappeared, which can be explained as

Fig. 2. Contour plot of the product f0, 0(1− f1, 1) versus the ratio ℏωz/ℏω0 and
temperature at η=0.3 and P=2 GPa.

Fig. 3. Threshold energy as functions of Aluminum concentration for two dif-
ferent values of the ratio ℏωz/ℏω0, temperature, and hydrostatic pressure.

0 1 2 3 4
0.0

0.1

0.2

0.3

0.4

P GPa

0

1

Fig. 1. Contour plot of the product f0, 0(1− f1, 1) versus the Aluminum con-
centration (η) and hydrostatic pressure (P) at T=77 K and ℏωz/ℏω0= 0.3.
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follows: The absorbed photon energy along with the phonon absorption
must satisfy the selection rule: ℓℏΩ=ΔE− ℏω0, (ℓ= 1,2). For the
chosen values of the input parameters (P=2 GPa, T=77 K, ℏωz/
ℏω0= 0.3), the corresponding energies of absorbed photons are:
ℓℏΩ=0.63 meV for η=0, while for the two other cases (η=0.3 and
0.4) the absorbed photon energies will have negative values because
the threshold energy (ΔE) is smaller than the LO-phonon energy (ℏω0),
therefore, these two cases can not happen. Although the phonon ab-
sorption process does happen in the case of η=0, the energy of the
absorbed photon is so small, nearly coincide with the singularity point
(ℏΩ=0). That is the reason why, in this work, the resonant peaks due
to the phonon absorption have not been observed. Note that, this fea-
ture only happens for the SPQW, where the threshold energy is small. In
other models of quantum well [50,51], both phonon emission and ab-
sorption processes are normally observed.

Besides, unlike in the square quantum well [38], the dependence of
the peaks position here is more complicated. With the increasing Al-
concentration, first, the resonant peaks shift toward the low-energy side
and then turn to the higher region of energy. This can explain from the
dependence of the peaks position on the Al-concentration as shown in
the inset (left vertical axis), in which the physical meaning can be de-
rived from the dominant effect of the increasing LO-phonon energy in
comparison with the mass-increasing effect, similarly to what happened
with the threshold energy shown in Fig. 3. Moreover, the increase of the
magnitude of MOAC with the increasing Al-concentration results from
the rise of product A= χ∗ ∣ J0, 1 ∣ f0, 0(1− f1, 1) as shown in the inset
(right vertical axis). This can be explained from the increase of the
reduced dielectric constant χ∗ and the overlap integral J01 with the
increasing Al-concentration. In which the increase of J01 with η reveals
that the overlap between the ground state and first excited state

increases when the Al-concentration increases.
The dependence of the FWHM on the Al-concentration is shown in

Fig. 5 for both one- and two-photon absorption processes. It is found
that FWHM is the nonlinearly increasing function of η and they can be
expressed as the following fitted results: FWHM
(meV)=9.51+4.41η+2.36η2 for the one-photon process and FWHM
(meV)=5.06+2.77η+1.35η2 for the two-photon ones, respectively,
which are illustrated by the solid (red) lines. Although at present, there
is no experimental data to support our results, we hope that these
prediction values of the FWHM will be useful data for the experimental
investigation in the future. Besides, because the FWHM is closely as-
sociated with electron-phonon scattering, the increase of FWHM with
the Al-concentration implies that the electron-phonon interaction will
be enhanced when the effect of the Al-concentration is included. This
result is in agreement with previous findings reported in the square
[38] and the parabolic [52] quantum wells. All of these works showed
that when the Al-concentration increases, the electron–phonon inter-
action increases, leading to the increase of the FWHM.

In Fig. 6, the MOAC is shown as functions of the photon energy for
several values of hydrostatic pressure. It is well-known that when the
hydrostatic pressure increases, there will be a crossover from Γ to X
points [6,53]. Considering a GaAs/Ga1−ηAlηAs QW under hydrostatic
pressure, it is known that for η=0.3, T=77 K, and P1= 0.91 GPa
there is a crossover between the Γ and X minima in the Ga0.7Al0.3As
barrier material, whereas at P2= 4.46 GPa the crossover occurs be-
tween the X minimum of the Ga0.7Al0.3As barrier material and the Γ
minimum of the GaAs well material. As the hydrostatic pressure in-
creases the following behavior is observed for a confined electron in the
heterostructure: i) in the range of 0≤ P≤ P1, the potential barrier
height remains constant and the changes of the energy levels are as-
sociated mainly to variations in the effective mass, ii) for P1≤ P≤ P2
there is a monotonous reduction of the barrier height which effect is
additive to those of the effective mass, and finally iii) for P > P2 there
is a semiconductor-semimetal transition and the electron loses its
confinement. We have to stress that the effects of the Γ− X mixing
induced by hydrostatic pressure can be taken into account by con-
sidering a position dependent effective mass. This subject can motivate
further research and will be reported elsewhere. In this work, the
MOAC is calculated for transitions at the Γ-point of the Brillouin zone;
therefore we will not take into account the effect of crossover Γ-X in-
duced by pressure. We can see from the figure that when the hydro-
static pressure increases, the decrease of the peaks' position as shown in
the inset (left vertical axis) leads to the red-shift behavior of the MOAC.
Meanwhile, the decrease of the product A= χ∗ ∣ J0, 1 ∣ f0, 0(1− f1, 1)
(right vertical axis) results in the reduction of the magnitude of MOAC.
This is completely consistent with that reported in parabolic quantum
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Fig. 5. FWHM as functions of the Aluminum concentration at P=2 GPa,
T=77 K, and ℏωz/ℏω0= 0.3.

Fig. 6. MOAC as functions of the photon energy for there different values of the
hydrostatic pressure at η=0.3, T=77 K, and ℏωz/ℏω0= 0.3. The inset illus-
trates the position of one-photon peak (ℓ= 1, left vertical axis) and the product
A= χ∗ ∣ J0, 1 ∣ f0, 0(1− f1, 1) (right vertical axis) as functions of P.

Fig. 4. MOAC as functions of incident photon energy for there different values
of the Aluminum concentration at P=2 GPa, T=77 K, and ℏωz/ℏω0= 0.3.
The inset illustrates the position of one-photon peak (ℓ= 1, left vertical axis)
and the product A= χ∗ ∣ J0, 1 ∣ f0, 0(1− f1, 1) (right vertical axis) as functions of
η.
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well [52] as well as in the other low-dimensional systems
[38,40,48,54,55]. The red-shift phenomenon can be physically ex-
plained by the reduction of the threshold energy with the increasing
hydrostatic pressure as shown in Fig. 3.

The result in Fig. 7 indicates that FWHM is approximately a linearly
decreasing function of hydrostatic pressure. The best linear fits found
are

= + PFWHM (meV) ,P P (25)

where αP=12.27 meV(7.048 meV) and βP=−0.65 meVGPa−1

(−0.44 meVGPa−1) for the one- (two-) photon absorption process
(with P in GPa), respectively, which are presented by the solid red lines
in Fig. 7. To be more accurate, we can also describe FWHM as nonlinear
functions of P as follows

= + +P PFWHM (meV) ,P P P
2 (26)

where γP=12.142 meV (6.970 meV), δP=−0.445 meVGPa−1

(−0.315 meVGPa−1), and εP=−0.052 meVGPa−2 (−0.031
meVGPa−2) for the one- (two-) photon absorption process, respectively,
which are shown by the solid blue lines. It is clear that although the
nonlinear fitted results describe more accurately, their expressions are
more complicated as compared to linear cases. Therefore, in this case,
the linear fits are good enough to describe the obtained results. Besides,
the obtained result that FWHM decreases with the decreasing hydro-
static pressure is consistent with previous works [38,52].

Fig. 8 shows the dependence of MOAC on the photon energy for
three different values of the temperature. It is observed that when the
temperature increases the MOAC shows a slight blue-shift feature of the
peaks' position and a reduction in the magnitude. These results are
consistent with previous works [38,52,54,56]. The causes of these

results can be explained as follows: the blue-shift behavior of the MOAC
is the result of the increase of the threshold energy with temperature
(see Fig. 3), which is also clearly described by the increase of the peaks
position as shown in the inset (left vertical axis). Meanwhile, the de-
crease of the MOAC's magnitude results from the decrease of the pro-
duct A= χ∗ ∣ J0, 1 ∣ f0, 0(1− f1, 1) (right vertical axis of the inset). Be-
sides, we can also see from the inset that the product A rapidly
decreases in the interval of temperature from T=50 K to T=200 K,
then the product A is almost unchanged in the range of temperature
T > 200 K. These features of the product A are illustrated by the
change of the magnitude of MOAC as shown in Fig. 8. Moreover, the
unusual feature of the product A at T=200 K (shown in the inset) is
derived from the expression of χ0(0,P,T) as shown in Eq. (17). It is
noted that although the MOAC's magnitudes are almost maintained in
the interval T > 200 K, the width of their resonant peaks is broadened
by the temperature. The influence of temperature on the width of re-
sonant peaks (or FWHM) will be discussed in more details in Fig. 9.

Finally, the dependence of FWHM on temperature is shown in
Fig. 9. It is well-known that the thermal broadening FWHM caused by
the electron-LO-phonon can be expressed as follows [57].

= + N TFWHM[meV] ( [K]),0 1 0 (27)

where N0(T)= [eℏω0/kBT−1]−1 is the LO-phonon distribution function
with kB being the Boltzmann constant. Using this expression, we found
the best fits as follows for the low-temperature part, γ0, and the thermal
broadening part, γ1, of FWHM: γ0= 11.02 (5.95) and
γ1= 10.43 (7.62) corresponding to the one- (two-) photon process.
These fitted results are illustrated by the solid red lines in Fig. 9, in
which the fitted consequence for the one-photon process is significantly
consistent with the experimental result reported in GaAs/Al0.3Ga0.7As
quantum wells, i.e., η=0.3 [57].

5. Conclusion

In summary, we have studied the combined effect of Aluminum
concentration, hydrostatic pressure, and temperature on the magneto-
optical absorption properties of the GaAs/GaAlAs SPQW by examining
in detail the dependence of threshold energy, MOAC, and FWHM on
these parameters. The results show that the threshold energy is a non-
monotonic function of Al-concentration, increase with the temperature,
and decreases with the pressure.

The present results also show a significant dependence of MOAC on
the Al-concentration, the pressure, and the temperature. The magnitude
of MOACs increases with Al-concentration but decreases with pressure
and temperature. The position of MOACs' peaks is a non-monotonic
function of Al-concentration, but they give the red-shift with the pres-
sure and slight blue-shift with the temperature.

Our results also indicate that the FWHM is strongly influenced by
these parameters in both processes: one- and two-photon cases. FWHM
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Fig. 7. FWHM as functions of the hydrostatic pressure at η=0.3, T=77 K, and
ℏωz/ℏω0= 0.3.

Fig. 8. MOAC as functions of the photon energy for there different values of the
temperature at η=0.3, P=2 GPa, and ℏωz/ℏω0= 0.3. The inset illustrates the
position of one-photon peak (ℓ= 1, left vertical axis) and the product
A= χ∗ ∣ J0, 1 ∣ f0, 0(1− f1, 1) (right vertical axis) as functions of T.
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Fig. 9. FWHM as functions of the temperature at η=0.3, P=2 GPa, and ℏωz/
ℏω0= 0.3.
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is a nonlinearly increasing function of Al-concentration, almost a line-
arly decreasing function of pressure, and depends on the temperature
with an exponential function. We hope that our specific results about
the FWHM might be useful data for the experimental observation in the
future.
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