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Abstract. The problem of ensuring the sustainability of the processing
process is directly related to the energy efficiency of the entire processing
process. Virtually any machine the control of motion of which is
considered interacts with the environment (technological, aerodynamic,
trybologic, etc.). If one sticks to the synergetic analytical concept, the
influence of the environment is described by a model of forces in state
coordinates. The interaction is also characterized by the irreversible
transformation capacity trajectory on the work. As a result, the system
parameters are change causing additional strain displacements changing
the trajectory. This transformation characterizes internal control and they
are defined not by external action but by internal self-organization and
defines the evolutionary trajectory. The properties of the system along the
evolutionary trajectory change and the trajectory can lose its stability. The
article considers the process of mathematical simulation of the
evolutionary trajectory forming by the example of metalwork by cutting at
turning machines and analyzes its stability. The evolution is presented as
the parameters of the system depending on the capacity and work trajectory
and presented by the Volterra integral equation of the second kind. When
the trajectory loses its stability, irreversible changes can be formed in the
system which may cause a complete system breakdown. In addition, the
loss of stability leads to an increase in the oscillation amplitude of the tool
and, as a consequence, an increase in energy costs for processing.

1 Statement of the research problem

For the last two decades a new paradigm of analysis and synthesis of systems interacting
with various environments [1-3] was formed. Their properties are related to the cutting
process [6, 7]. Energy irreversible transformations in a cutting area change the laws of
interaction of the tool subsystems and the part by means of a cutting process. Irreversible
energy transformations in the cutting area change the laws of the tool subsystems and parts
through the treatment process. When studying the interaction laws, the scientists usually
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analyze mechanical subsystems and, consequently, the dynamics of cutting as an entirely
mechanical system.

The models of subsystems on the tool and workpiece side are commonly considered in
the form of finite-dimensional spatial structures. The representation of cutting forces in
state coordinates are non-linear in principle and takes into account their dependence on the
area of the cutting layer [8-22], regenerative self-excitation for linear [8] and non-linear
[21-26] models. The delay of forces action in relation to elastic deformations [9, 13, 16, 27]
is also considered as well as the decrease of forces at increased cutting speed [12, 13], the
impact of friction forces at the tool edges [28, 29]. A significant attention was paid to
stability problems. The authors also consider parametric self-excitation for the system the
parameters of which are periodic time functions. There are also papers analyzing a dynamic
modification of system properties in the course of functioning [30-32]. The present article
develops the mentioned research for the case when the system parameters are changed due
to the energy emitted in the conjunction the system - environment. In the paper the key
focus is placed onto the problems of the evolutionary trajectory stability

2 Modeling of evolutionary change

Consider spatial elastic strain displacements X = {X,, X,, X5}’ which make the system

motion trajectory deviate. We will analyze them in a lowered coordinate system. The
dynamic equation is presented in the form (Fig.1)

2
d f+h“;i+cx =Fg (X,Vig,ps)i=123;5 =12,k )
dt t '

where m= [m&k ] m_, =m, where:s =k, m , =0, where:s # k in kgsek® / mm,

h= I:hs,k] in kgsek /mm, c= lcs’kJ in kg /mm, s,k=1273- symmetrical, positively

defined matrices;
Fs ={F5 1 (X, 10,120, V305 i)y Fs 0 (X, V105 V2,0. V3,05 )51 (X V10,V 2,0, V300 21) -
mathematical model of the dynamic connection formed by a cutting process.

X

Fig.1. The pattern of the tool - workpiece interaction at cutting.
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(1) comprises the parameters p;,i=1,2,...k which are considered to be changeable in

the course of evolution. In case the speed ¢, (¢) of changing the parameter p; is set then
D= Do+ jggi(g)dg, i=12,.k, ()
0

where p; , -initial parameters at the moment #=0. For the simulation of ¢, (¢) accept a

basic hypothesis on the dependence of ¢;(¢) on the capacity and work trajectory. In this

case ¢;(¢) can be presented in the form of the following Volterra equation of the second
kind [33]

§:(1) = ) {N (1) + ¢ [W (1 = )N (9)dg } » @)
0

where c; - ratio in [c_l ], the dimensions of ¢, depend on the parameter; W (¢ —¢)- a
nondimensional core is represented in the form of W (t —¢) = exp[~(T,, Y l-o)1; T, ¢ - time

constant defining the hereditarity of the capacity impact in [c] The parameter change as
well as wear are irreversible and their rate depends not only on the current capacity value
but also on its pre-history. The changes p, are functionally connected. For analyzing the
dynamics it is necessary to present the forces Fy in state coordinates, external impacts and
industrial modes [5, 6]. When simulating the forces, take into account their known
properties: the forces F' = {F|, F,, F) }T acting on a front tool surface depend on the area of
the cut layer; their change delays in relation to the variation of its surface; they decrease at
the increasing of the cutting speed; at the movement of the tool towards the contact with a
rear edge one observes increase in the forces action @ ={®, , D, , D, }T depending on the

speed. Fig. 1 “b” shows the approximation sections in bold lines. The forces @ are
presented in the form

t
p{ [[Vo,—dX , /dtldt}exp o, (—dX | /dt);
t-T 4
0 )
pltp” — Xy (Olexpl o, (Vo —dX 5 /dt)];
Dy =kp[@, +D,],

?,

?,

where p - specific force reduced to the contact length [xe/mm]; o , - ratio of the force

increase steepness. Take into account the forces delay F modified with the parameter
Tp(S,Vy3) depending on the area of the cut layer S and the cutting rate [6, 7, 9]. Limit

the consideration to the case when the forces projections on the directions X, X,, X5 are

defined by slope ratios ¥, %5, X3 - Along with this, ()(1)2 + ()(2)2 + ()(3)2 =1. Then

F(t)={F,Fy, F;}" =Fo(t) {17273} )
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where Fo (1) ={(F)” + (F3)” +(F3)"}".
In contrast to the well-known research take into account the dependence of 7 (S,V; 3)

on elastic deformations and industrial modes, i.e.

Tp(S,Vys)dE, /di+F, =

t (6)
=PoXi {l+uexp[_0“v(V0,3 _dX3 /dt)]}[tg)) _Xl (t)] J.{VO,2 _dXz /dt}dta i= 13233a
-T

where T (S, V) 3)-cutting time constant in [c]; Py - pressure on the tool front surface in
[kg / msz ; W - nondimensional ratio; o, - ratio defining the decrease in forces at speed

rise in [sek / mm] ; T=1/Q =const - time of the part rotation. In (7) the time constant

K, (01, (1) e

Tp(S.Vo3)=
Vo3 (0)

where S, ()= j{V2(0) —dX , /dtyde3t, (@) :tfno) —X,(#); x - dimension ratio MMfl;
sy

V()= Vos = dX;/dt. Analyze the system with constant modes, ..

t
SO = [, }di =const . 15 =const and V,y=const. The systems (1) - (7)
=T
characterize a full mathematical model of the evolutionary dynamic system.

3 Stability of the evolutionary trajectory

Evolutionary processes at cutting are quite slow. That is why introduce a stationary
evolutionary trajectory X ) ={X 1(3),)( 59),)( 3(9)}T in the consideration which
corresponds to the trajectories of forces
F® (t)= {Fl(a) , F2(9) , F3(9) }T and@?) )= {@1(9) , @53) , @3(3) }T in a single system,
as well the trajectories of parameters (2). If the trajectory X ) along the entire duration of
the system functioning is asymptotically stable, it characterizes the attracting set, i.e, the

attractor of the tool deformation displacements in the course of evolution. To define it, one
can use the following system

cs X =F ®)
0
Cl1 +p0x1[1+uexp(—(xVV3,0)]S1(3); Ca1s €3
where ¢ = Cip tpox2[l+uexp(-a,Vs, )]S;O) +tpexp(a,,Vs0); €25 C3a |0

0
i3+ Poxsll+pexp(—a, V3 )ISE) +pkyexp(a,Vy0); ca33 €34

R =F9 @),
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poxi[1+pexp(—a, V)18 ey F®
)
2

0),(0 0
FO pox2ll + mexp(—a, V3 IS W18 + pexp(at, Vs o)t =
2
Poxs[l+mexp(—ot, V3 0)1S S t8) + phr [l exp(a, V5 0) + SE 1| | Fi”)

This system should be complemented with integral operators (3) and the equation (2). Then
for defining X @) Fz(a) and the parametric trajectories it is necessary to solve the integral

equation. However, its solving virtually always leads to the necessity of numerical
integration. That is why it seems simpler to use the application software package Matlab
Simulink. In this case the simulation of the integral operator (3) can be conducted on the
basis of the approximating the core with its constant values at increments Af = const. Along
with this, 7, =nAt. Here T - time during which the core function attenuates by 98%. Then,

the following is correct

L i=n (i+1)At

¢, (t)—0¢{N(t)+C¢IW(t—G)N(€)dGV (1)~ cy {N (1) + ¢y ZOW [ N(&)dt}; )
[ iAt

W, =050t — (i + 1)At] + W[t —iAt]}.

All W; =0 at [t—iAt]{0. Note that Ty is several orders greater than the one during
the evolutionary parameter change. This calculation pattern is congruent with the software
product Matlab Simulink as N (l —iAt ) is easily simulated on the basis of the dead time

elements. Evolutionary trajectories are defined by initial parameters and industrial modes at
the condition the trajectory is asymptotically stable. In case the trajectory loses its stability
a cascade of bifurcations occurs in the system attracting a set of strain displacements and
influencing the system evolution. In this case it is necessary to analyze the dynamic system
in general while the evolution becomes difficult to predict. To obtain the stability of the

point X ) , it is necessary to know the linearized equation in variations. After replacement
of X, = X )+x F = F +f i=1,2,3 obtain

2
PE {E+BdXE+CXZ:Oa (10)
dt d
m 0 0 0
where 4 _ 0 m 00 ;
0 0 m O
0 0 0 O
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B=
by + P%Sg) ) Iy, I 0
by hyy +p(xw(tg)) 2.0 sy 0
s +P%/‘T5§-9 ) I3 +P0‘M/‘r(f}0) -X) I3 0
O _ 1*1¢0
_ 0 0 1P — XS0 s _Xikp ZZPp Uz VXDS}J 0 0
= 03
O _ y4y¢(0)
0 0 Yapop(t) ~ XS 00 0 1l — XSy . S 0
03
O _ 14160
0 0 Tapop(ty) ~ XS 10 0 0 1t~ XS
L Vo3 |
I L1 €1t p 31 — X1 0 0
Ciapt Pe_%VO’2 €2 ¢y 0 = 0
c 3+ Pkreiaon’z C3 + pky a3 0 0 = %3
C= (0) oy s ©0) _ y “aVosy o
—X1PoSp (1 + pe 7)) = xpotp” — X )1+ pe 2y 0 =y 0 0
0 — VV 0 * — VV
—szOS;)(lJFHe * ) _szo(té)_Xl Y1+ pe * >y 0 0 ——=x 0
0 -,V 0 * —a,V
= 13PoSH (L pe ™70) = yapg (e = X )1 +pe ™) 0 0 0 -]

The system (10) allows identifying the areas of asymptotic trajectory stability X ) in the
space of evolutionary parameters at all stages of evolution.

4 Examples of in deformation

displacements

evolutionary changes

Consider the example of the evolutionary trajectory of strain displacements of the tool at
axial turning. Table 1 provides the parameters of the tool subsystem

(m=4-10"kg-s>/mm ) and Table 2 - initial values p,,i=12,34 as well as constant

parameter values. Table 3 gives the parameters of integral operators. Without going into
details, analyze the examples of evolutionary trajectories (Fig.2). Here the controlling
parameter is cutting depth of ¢z, =0,5mm and t, =1,5mm . The depth of cut for one rotation

S, =0,lmm/ turnover and cutting speed ¥, , =2,0m/ sek .

Table 1. Values of the viscosity coefficient matrix

hl,ls hz,z’ h3,3a h],z = hz,l P h1,3 = hz,n hz,s = hs,z >
kg -sek/mm | kg-sek/mm kg-sek/mm | kg-sek/mm kg -sek/mm | kg-sek/mm
0,25 0,15 0,15 0,1 0,08 0,08
G Cyas G G =G 3 =Gy C3 =G5,
kg / mm kg / mm kg / mm kg / mm kg / mm kg / mm
1000 800 800 200 100 100
Table 2. The values of the coefficients in the expressions describing the forces
Py kg /mm’ | a,sek/mm | a,sek/mm | M k, mm™ p,kg / mm
300,0 20 0,2 0,5 1,2 0,5
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Table 3. Values of stiffness matrix coefficients

ci)p”) 1/ mmt’ & 1/ mm? ™ sek / kg (mm)’ c*,(c)f1 o ,(mm-c)f2

0,4-10° 0,12:10° 310" 0,1 4.10°

At the cutting depth 7, =0,5mm the evolutionary trajectory is asymptotically stable
during the whole period of cutting forces operation (Fig.2). At the depth 7, =1,5mm mainly

by means of the parametric evolution the system, starting from point A, loses its stability
and various processes occur in this system causing multiple strain displacements. At this,
there are sections “B-C” and “D-E” where chaotic oscillations occur.

X,,mm x107° =
6 ; T T T T T T T T
4 b tY =0,5mm
2
X,,mm x107} E 1=
1 T T
45 A

L t =1,5mm

15 i i i i i i i i i
0 100 200 300 400 A, kgl’}’l

Fig. 2. The example of changing the trajectories of strain displacements in the course of work of cutting
force in time.

Conclusion

The dynamic cutting system in the course of functioning changes its properties due to the
cutting forces action. These changes manifest in the variations of the parameters of
dynamic connection formed by the machining process. As a result elastic deformation
properties of the tool change. The proposed mathematical description allows predicting the
evolutionary trajectory of tool strain displacements in relation to the workpiece which leads
to the changes in the diameter of the machined part. For practical purposes it is necessary
not only to predict the evolutionary trajectory but also to analyze its stability. To analyze
the stability, one can use the dependencies provided in the article. Predicting the
evolutionary trajectory and providing its asymptotic stability leads to outlining the new
ways of the improvement of the machine treatment due to the coordination of the external
control (for example, from the NC system) with the system evolutionary properties. Here
we are talking, in particular, about the energy efficiency of the entire processing process.

The study was performed under financial support of Russian Foundation for basic research grant
19-08-00022.
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