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Abstract
Superoscillation is the phenomenon that is observed when a wave oscillates locally faster 
than its highest Fourier component. Although previous reports have been shown that the 
superoscillation is highly attractive for imaging, however, the small zero-region area of the 
superoscillation increases the remarkable effect of the outsidelobes. In this work, we intro-
duce a method using a binary phase mask with radial polarization to extend the zero-region 
of the superoscillation for high numerical aperture objectives. We successfully design a 
binary phase mask combining with a radial polarization to obtain a big zero-region of the 
superoscillation. Evaluation methods rely on point spread function and simulation images 
are presented. The results demonstrate that our proposed method is very effective for sup-
pressing the outsidelobes. In addition, we show that our technique becomes more effective 
by adding an amplitude mask.

Keywords Confocal fluorescence microscopy · Polarization · Superresolution · 
Superoscillation

1 Introduction

The point spread function (PSF) is a powerful tool which is used to evaluate the imaging 
performance of optical focusing systems (Le et al. 2018; Wan et al. 2014). However, the 
full width at half maximum (FWHM) of the PSF, which represents the resolution of the 
optical system, is related to the wavelength of illuminating light and the FWHM of the PSF 
is limited by the diffraction limit. For visible light, the best acquired resolution is around 
200 nm (Segawa et al. 2014). In the past decades, a lot of research effort has been dedicated 
to narrowing the PSF to achieve super-resolution and overcome the diffraction limit. Com-
mon methods are used such as stimulated emission depletion (STED) microscopy (Hell and 
Wichmann 1994; Gao et al. 2017), structured illumination microscopy (SIM) (Rust et al. 
2006; Huang et al. 2008), stochastic optical reconstruction microscopy (STROM) (Betzig 
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et  al. 2006; Hess et  al. 2006), photoactivated localization microscopy (PALM) (Classen 
et al. 2017; Gustafsson 2005), fluorescence emission different (FED) microscopy (Kuang 
et al. 2013; Korobcheyvskaya et al. 2016) and so on. While the superresolution methods 
are useful for many practical applications, they suffer various disadvantages, such as strin-
gent proximity restrictions, material system limitations, and heavy needs for pre-labeling, 
fine-step scanning, and the post-processing of collected image data, time-consuming 3D 
image data processing. Therefore, the development of these technologies and the search for 
simpler super-resolution techniques remain important research topics.

The description of superoscillation begins with both physics and mathematics (Aharo-
nov and Vaidman 1990; Ferreira and Kempf 2006; Aharonov et al. 1998), which have been 
introduced into microscopic imaging as a new way to achieve super-resolution. Superoscil-
lation refers to the phenomenon that is observed when the oscillation of a band-limited 
function can be more quickly than its fastest Fourier component. Superoscillation micros-
copy could achieve a resolution beyond the Abbe’s diffraction limit without the help of 
the evanescent wave. What’s more, superoscillation microscopy can survive for a relatively 
long time before fading away due to its complex momenta (Berry and Popescu 2006), and 
can transfer high-frequency information farther than several wavelengths. However, there 
exists a major drawback to be the inevitable existence of high-energy regions away from 
the outsidelobes of the superoscillation, which leads to trade-off between the duration and 
the effective bandwidth of the superoscillation region (Ferreira and Kempf 2006). If man-
aged unsuitably, these sidebands of superoscillation have been proven problematic when 
they spillover, drowning out the superoscillating signal (Berry and Popescu 2006; Huang 
and Zheludev 2009). Previous researches have been proposed various methods to man-
age the outsidebands of superoscillation and acquire high quality images. In some cases 
(Rogers et  al. 2012; Kosmeier et  al. 2011), the contribution of the superoscillation out-
sidebands on the image quality can be suppressed by confocal microscopy imaging setup. 
In other approach, the outsidebands of superoscillation have been moved away from the 
subwavelength hotspot due to an appropriate window for imaging (Wong and Eleftheriades 
2011, 2013). Studies also suggested that the outsidebands of superoscillation can remain 
with low energy for a weak subwavelength superoscillation hotspot (Rogers et  al. 2013; 
Roy et al. 2014). As a result, several techniques have been introduced into two photons to 
suppress the superoscillation outsidebands in confocal scanning fluorescence microscopy 
(Dong et al. 2017). However, dealing with the superoscillation outsidebands remains a cru-
cial consideration. Recently, the hybrid between the superoscillation and the subtraction 
method has been introduced to remove the outsidelobes of the superoscillation (Le et al. 
2018). This approach requires two images in the imaging processing, which makes the 
method more time-consuming. In conclusion, there are always tradeoffs between resolu-
tion, viewing area, and time cost in the superoscillation imaging system.

Currently, binary optics technology has been widely used in achieving super-resolution 
(Dong et  al. 2017; Le et  al. 2018; Wang et  al. 2012), producing non-diffraction beams 
(Wang et al. 2002, 2006; Wang and Gan 2001), generating longitudinally polarized light 
(Wang et al. 2008), and creating large-scale dark-spot optical traps for atoms (Wang and 
Gan 2001). Other applications of the binary phase mask are to generate multi point spread 
functions along the optical axis, which produces the applications of multi-planes (Yin et al. 
2002). Therefore, the 3D imaging speed is improved. The binary phase mask can be used to 
obtain the anti-point spread functions, which can be used to cloak or hide the object (Wang 
et al. 2014). In addition, the binary phase mask can be used to design the superoscillation, 
which can generate a focus with a narrower central spot at the expense of increased energy 
in the sidelobes (Yin et al. 2002; Wang et al. 2014). The substantial sidelobes created by 
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the phase mask limited the resolution of the images. In order to suppress the sidelobes 
of superoscillation, a spatial filter in the detection path was introduced and the effect of 
sidelobes in the signal is eliminated by multiplying the PSF of the excitation beam and 
that of the detection beam. However, the zero-region of the superoscillation is still small, 
so intensity distribution of the sidelobes is still exited when the pinhole with the size of 
0.5AU (Dong et al. 2017; Le et al. 2018; Kozawa et al. 2018). In this paper, we propose to 
use a binary phase mask with the radial polarization to obtain the superoscillation, which 
has big zero-region when achieving superoscillation in high numerical aperture, so the out-
sidelobes of the superoscillation can be suppressed effectively. In addition, the size of the 
pinhole is extended that leads to the improved effectiveness of light collected in the detec-
tion part.

2  Method

The focal effects of incident light propagating through an objective lens can be calculated 
by vector diffraction theory. The electric field near the focus plane can be obtained explic-
itly by the expression derived from the Debye integral (Richards and Wolf 1959), 

where E⃗
(
r2,𝜑2, z2

)
 is the electric field vector at the point (r2, φ2, z2) expressed in cylindri-

cal coordinates, C is the normalized constant, E0 is the amplitude function of the input 
light, A(θ, φ) is a 3 × 3 matrix related to the structure of the imaging lens and P is Jones 
vector of the incident light. Δa(θ, φ) is the parameter of phase delay generated by the phase 
mask.

When the objective lens satisfies the sine condition, A(θ, φ) can be presented by,

In the case of the incidence light with spatial non-uniform polarization, Jones vector of 
radial polarization is presented by,

In this paper, the high NA value which is used to perform the simulation is equal to 
1.41 and the sample is placed in the medium whose refractive index is 1.518. In order to 
extend the zero-region of superoscillation, we use the binary phase mask with the radial 
polarization. In order to extend the zero-region of superoscillation, the binary phase mask 
will be optimized. The optimal conditions extend the zero-region of superoscillation are: 
(1) The zero-region of superoscillation is bigger than TH1 value; (2) the full width half 
maximum (FWHM) of the central lobe of the superoscillation PSF is smaller than TH2; (3) 
the radial number of the binary phase mask is the smallest. We propose the initial condi-
tions such as TH1 = 1λ and TH2 = 0.259λ. Based on the initial conditions above, we obtain 
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the parameters of the binary phase mask as shown in Fig. 1. It is clear that the binary phase 
mask includes radial values of  r1 = 0.2,  r2 = 0.39,  r3 = 0.6,  r4 = 0.793,  r5 = 0.935 and  r6 = 1.

3  Simulation results

The superoscillation PSF is shown in Fig.  2. As Fig.  2 indicates, the superoscillation 
PSF can is divided into three parts: the insidelobes, the zero-region and the outsidelobes. 
The insidelobes of superoscillation is low intensity values, while the outsibelobes of 
superoscillation are high intensity values. The zero-region is used to divide between 
insidelobe and outsidelobes regions. In order to suppress the effect of the outsidelobes 
of superoscillation, we want to extend the radial of the zero-region of the superoscilla-
tion. In this paper, we can extend the radius of zero-region to 1λ for the high numerical 
aperture. For a big zero-region of the superoscillation, the outsidelobes of superoscilla-
tion can be reduced remarkably. The PSF of conventional confocal microscopy is shown 

Fig. 1  The binary phase mask 
include radial values of  r1 = 0.2, 
 r2 = 0.39,  r3 = 0.6,  r4 = 0.793, 
 r5 = 0.935,  r6 = 1

Fig. 2  The superoscillation PSF with the binary phase mask and radial polarization
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in Fig. 3 as a comparison. As Figs. 2 and 3 show, the insidelobes of the superoscillation 
PSF is smaller than the PSF of conventional confocal microscopy. Here, the FWHM is 
used to measure the effectiveness of the imaging performance. In Fig.  3, the FWHM 
values of PSF of the superoscillation and conventional confocal microscopy are set to 
0.259λ and 0.405λ, which means that the FWHM of superoscillation PSF is improved 
1.56 times compared with the conventional confocal microscopy.

Next, we consider the performance of the proposed PSF in confocal fluorescence 
microscopy. In order to show the effectiveness of the proposed method reducing out-
sidelobes of superoscillation, we consider the overall system PSF. As shown in Ref. Le 
et al. (2018), the outsidelobes of the superoscillation PSF can be reduced by multiplying 
the PSFs of the excitation and detection beams. In addition, the PSF of the detection 
part is convolved with a small pinhole. The size of the pinhole is set to 0.6AU (1AU is 
equal to 1.22λ/NA). The size of the pinhole is larger in comparison with the previous 
papers (Dong et al. 2017; Le et al. 2018; Kozawa et al. 2018). The overall system PSF 
can be presented by,

Based on the use of Eq.  (4), the overall system PSFs of conventional confocal 
microscopy and the superoscillation are shown in Fig.  4. The overall system PSF of 
the superoscillation has a smaller width than that of conventional confocal microscopy, 
which means that the superoscillation PSF can be used to obtain high resolution. It is 
clear that the outsidelobes of the superoscillation are also removed, which means that 
when the big zero-region is generated and the effect of outsidelobes of superoscillation 
is effectively reduced. The profiles of the PSFs of conventional confocal microscopy 
and the superoscillation are plotted in Fig. 5. The FWHM of the superoscillation PSF is 
smaller than that of conventional confocal microscopy. In addition, it can be seen that 
the outsidelobes intensity of superoscillation is very low, which is only about 2% of the 
peak intensity value of the superoscillation PSF.

(4)hoverall = [hIllu × (hdete ⊗ pinhole)]

Fig. 3  The PSF of conventional confocal microscopy
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In order to highlight the effectiveness of the proposed method, we evaluate the actual 
imaging performance under a noisy background in the simulation. The recorded image, g, 
can be presented as,

where o is the object and n is the noise.
The starting image is shown in Fig. 6a. As Fig. 6a shows, the image includes two parts: 

the first part in the left of Fig. 6a and the second part in the right of Fig. 6a. The two parts 
include three points. However, the distance between the points in the first part is bigger 
than that in the second part. The distances between circles in the first and second grounds 
are 0.468λ and 0.281λ, respectively. Figure 6b and c depict the image of conventional con-
focal microscopy and the image of the superoscillation, respectively. As can be seen that 

(5)g = o⊗ hoverall + n

Fig. 4  The overall system PSFs of a conventional confocal microscopy and b the superoscillation

Fig. 5  The profiles of conventional confocal microscopy and the superoscillation PSFs
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the resolution of superoscillation is better than that of conventional confocal microscopy. 
The points in the first part of the conventional confocal microscopy is discriminated, but 
fails to discriminate the points in the second part, while the superoscillation can discrimi-
nate the points in the both two parts. It is clear that the vague background, which is caused 
by the outsidelobes of superoscillation, is reduced remarkably. The profiles of images 
achieved by conventional confocal microscopy and the superoscillation, which are meas-
ured via the centers of circles, are indicated in Fig. 7. The intensity values at the central 
positions of the points of the superoscillation are similar and the background is very low. 
The peak intensity value of background is about 5% compared to the peak intensity of the 
points, which means that the proposed method can acquire high resolution and the back-
ground of the outsidelobes of the superoscillation is reduced remarkably.

Finally, we investigate the effect of noise in the proposed method. Here, the white 
Gaussian noise is added in simulation images of the superoscillation. Figure 8 shows the 
image of the superoscillation in Fig. 7 after adding the white Gaussian noise. Figure 8a, 
b and c show the results with the white Gaussian noise of 60SRN, 40SRN and 20SNR. 
As Fig. 8 shows, the noise results in the reduction of the quality of images. As the noise 

Fig. 6  Simulation images for conventional confocal microscopy and superoscillation, the size of images is 
8λ × 8λ: a the original image, b the simulation of conventional confocal microscopy, and c the simulation of 
the proposed method. In the original image, the circles are divided into two groups: the first group includes 
three circles in the left and the second group includes three circles in the right

Fig. 7  Profiles of images 
obtained by the conventional 
confocal microscopy and the 
proposed method. The blue 
line is the profile of the image 
obtained by conventional confo-
cal microscopy and the red line 
is that of the proposed method. 
(Color figure online)
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density of white Gaussian noise increases, the effect of noise on image quality also 
increases. As Fig. 8c shows, when the white Gaussian noise is 20SNR, the discrimination 
of the points in the second part is significantly reduced. 

In order to improve the imaging performance of the proposed method, an amplitude 
mask is added, while the phase mask does not still change as shown in Fig. 1. Here, we use 
an amplitude mask, P(r) = r^2, as shown in Fig. 9a. When the amplitude mask is inserted, 
the superoscillation PSF is shown in Fig. 9b showing the intensity value of the insidelobe 
increases in comparison to the peak intensity value of the outsibelobes. Figure 9c presents 
the image of superoscillation when the amplitude mask is added. It can be seen that the 
background of the outside lobes of superoscillation is strongly suppressed.

4  Conclusion

In this paper, we have proposed a method extending the zero-region of the superoscilla-
tion to obtain high resolution and to suppress the background of the outsidelobes of the 
superoscillation PSF. A binary phase mask with radial polarization generating the supero-
scillation PSF is introduced and a big zero-region of the superoscillation PSF is obtained. 
The simulation results are based on the evaluation approaches of PSF and demonstrated 
the proposed method’s effectiveness. The effectiveness of the proposed method can be 

Fig. 8  The simulation images for different noise levels. The noise values for Figs. a, b and c are set to 
60SNR, 40SNR and 20SNR, respectively. The size of the image is 8λ × 8λ

Fig. 9  a Amplitude mask, b the point spread function, c simulation image, the size of the image is 8λ × 8λ
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improved further by adding more suitable amplitude masks. In the future, the experimental 
results will be acquired.
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