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Abstract
The pressure and temperature effects on the optical responses involving the 1s − 1p intersubband transition of an exciton 
in a spherical quantum dot are investigated. Calculations are performed in the framework of the effective mass approxima‑
tion and the energies are obtained by using a Ritz variational method. Our approach is based on the Hylleraas formalism 
were the correlations between the electron and hole are taken into account. Temperature, pressure and the size effects on 
the linear and third nonlinear optical properties are analyzed. Our results show that the temperature and pressure provide 
important effects on linear and nonlinear parts of the absorption coefficient (AC) and the relative refractive index change 
(RI) associated to the 1s − 1p transition. We found that by increasing the temperature and pressure the AC and RI curves 
shift to lower and higher energies respectively. Calculations show also that the dot size affects considerably the AC and RI 
and their corresponding amplitude.

1 Introduction

Due to their wide range applications in different domains 
(biology, electronic, photonic, energy storage among others) 
[1–4], the semiconductors nanomaterials continue to receive 
increased and special attraction. Their original properties 
are attributed to their nano sizes and therefore to the con‑
finement effects. Indeed, the reduction of the size leads to 

quantization of electronic states, enhancement of orbitals 
overlap and strengthening of the binding energies of donors, 
excitons or excitonic complexes. All these properties induces 
important changes in optical properties of the nanomaterials 
[5, 6] which open the way to the realization of new opto‑
electronic devices. A particular interest has been focused 
on the nonlinear optical properties. Thus, numerous inves‑
tigations have treated the nonlinear optical effects associ‑
ated to the intersubband transitions in various situations: 
with and without external perturbations such as magnetic 
field, electric field, pressure and temperature [7–10]. It has 
been demonstrated that the nonlinear optical responses are 
sensitive to the asymmetry of the confining potential and 
to the size and the shape of the structure. Among the most 
significant results we can cite Yildrim et al. [11] who have 
demonstrated that the nonlinear part of absorption coeffi‑
cient (AC) of GaAs quantum dots (QDs) is affected by both 
the geometrical asymmetry and the effect of electric field. 
Kostic and Stojanovic have treated the nonlinear absorption 
spectra for intersubband transitions of CdSe/ZnS spheri‑
cal quantum dots described by a spherical potential. They 
have determined the fundamental energy state of electrons 
and first excited states (s, p, and d) using the effective mass 
approximation. Their results show that the nonlinear optical 
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properties associated with 1s–1p, 1p–1d, and 1p–2s transi‑
tions are greatly dependent on the QD size and structure 
[12].

The nonlinear optical coefficients and refractive index 
changes related to the presence of donor centre has been 
investigated in the parabolic confinement, by using Potential 
Morphing Method [13] and by the matrix diagonalization 
approach [14]. These studies have shown that the optical 
responses are strongly influenced by three factors: confine‑
ment strength, incident optical intensity and presence of 
impurities. In addition, the orientation of the incident light 
polarization constitute an important factor influencing the 
nonlinear susceptibility [15]. In relation with pressure, theo‑
retical studies have shown that for all types of confinement 
the absorption coefficient resonant‑peaks are blue shifted 
and their intensities increase with increasing pressure and 
the nonlinear properties are very sensitive to the ionized 
donor position in the structure [16]. More recently, the 
hydrostatic pressure induced band diagram of an InGaAsN/
GaAs spherical quantum dot system was theoretically calcu‑
lated using an expanded form of standard 8 band k.p Hamil‑
tonian [17]. The optical gain for a GaAs spherical quantum 
dot laser was also studied under pressure and temperature 
by Owji et al. [18].

It is worth mentioning that the majority of these studies 
have neglected the effect of electron hole correlations on the 
nonlinear optical properties. Indeed, in the QDs, the 3D con‑
finement leads to an enhancement of the oscillator strength 
associated to the electron–hole recombination. Therefore, 
the Coulomb interactions lead to a significant change of the 
linear and nonlinear optical properties [19]. Thus, taking 
into account the excitonic effects is unavoidable mainly in 
the confined systems.

Unfortunately, analyzing the existing literature, we noticed 
that the majority of the studies were limited to the nonlinear 
optical properties related to the transitions between the non‑
interacting and interacting (via a coulombic potential) elec‑
tron–hole pair but very few theoretical studies are devoted to 
the investigations of the nonlinear optical properties associ‑
ated to the excitonic transitions. One of the first attempts is 
that made by Hanamura [20] who has shown that the third 
nonlinear optical response is enhanced in QDs with larger 
exciton binding energy and small effective Bohr radius such 
as in I–VII and II–VI semiconductors. In the framework of 
effective mass approximation and by using a perturbation 
method, Lu et al. [21] have investigated the optical proper‑
ties of exciton under pressure, temperature and electric field. 
The authors highlighted that the excitonic effects can not be 
neglected. Let’s emphasize that their calculations have shown 
that the effect of the temperature is underestimated and their 
conclusion concerning the pressure and confinement effects 

is questionable (we will return to this point in the discussion 
of our results).

In order to show the contribution of the excitonic states 
transitions on the nonlinear optical properties, we investigate 
the linear and nonlinear optical properties associated to 1s–1p 
excitonic transition in single quantum dots under the pres‑
sure and temperature effects. Thus, we attempt to discover the 
behavior of linear and nonlinear absorption coefficients and 
the change of the refractive indexes involving the first allowed 
excitonic transition. We also analyze the effect of tempera‑
ture and hydrostatic pressure. Calculations are performed in 
the framework of the effective mass approximation and the 
energies are obtained by using a variational method and by 
choosing an appropriate wave function taking into account 
the different inter‑particle correlations for 1s and 1p states. 
This paper is organized as follows: in Sect. 2 we present our 
detailed theoretical analysis to determine the eigenstates and 
the optical properties for the 1s − 1p intersubband transition. 
Our numerical results and discussions are reported in Sect. 3.

2  Background theory

In the framework of the effective mass approximation and 
under the effect of external hydrostatic pressure P and tem‑
perature T, an interacting electron–hole (exciton) in a GaAs 
spherical QD surrounded by a material with large band gap is 
described by the Hamiltonian:

with reh = ||��⃗re − ��⃗rh
|| , r⃗e and ��⃗rh are the electron and hole coor‑

dinates. �(P, T) and m∗

i
(P,T) are respectively the pressure 

and temperature dependent dielectric constant and effective 
masses of particle i (i = e, h) . The pressure and temperature 
dependences follow the relations [22, 23]:

where m0 is the free electron mass and Δ0 is the spin orbit 
splitting. Eg(P,T) is the pressure dependent GaAs band gap 
at the centre Γ of the Brillouin zone, it can be expressed in 
eV by the relation [22, 24] :

and
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+ 0.01261 P + 3.77 × 10−5P2,
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In this work, we treat the case where the QDs are supposed 
immersed in a wide band dielectric medium such as curable 
resin or another polymer with a very large gap. Because 
of this large band offsets between the QD and the exter‑
nal medium, the electronic density is more localized inside 
the dot. This justify the choice of an infinite confinement 
potential:

It has been proven that in nanomaterials, all physical param‑
eters are assigned by the strain effects [25]. The sizes with 
and without pressure are always related to the elastic con‑
stants by assuming that the dot radius follows the behavior:

where R(0) is the radius without pressure (P = 0) , S11 and 
S12 are the compliance parameters which are related to the 
elastic constants C11 and C12 by the relations [26–28]:

By using the excitonic units aX = �ℏ2
∕e2� for length and 

RX = ℏ2
∕2�a2

X
 for energy, where � = (

1

m∗

e

+

1

m∗

h

)
−1 is the exci‑

ton reduced mass, the Hamiltonian in Eq. (1) becomes:

where � =

m∗

e

m∗

h

 is the electron to hole mass ratio.

Strictly speaking, the exciton can be treated as a two body 
system whose the parametrization requires six degrees of 
freedom. However, because of the invariance by rotation of 
all states about the z‑axis, only five coordinates are needed. 
In our previous studies [29–31], we have shown that the 
coordinates ( re , rh , reh , ze , zh ) used by Atanasoff [32] are well 
appropriate for this type of calculations. In these systems, 
the Laplacian Δe can be transformed as:

(4)𝜀(P,T) =

{
12.7 exp(−1.67 × 10−3P) exp(9.4 × 10−5(T − 75.6)) for 0 ≤ T ≤ 200K

13.18 exp(−1.73 × 10−3P) exp(20.4 × 10−5(T − 300)) for T > 200K
.

(5)Vi
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while Δh is obtained by interchanging the subscripts e and 
h. The energy EX and the corresponding envelope wave 
function ΨX are solutions for the Schrödinger equation 
HXΨX = EXΨX . This equation cannot be solved analytically, 
so the eigenvalues must be determined numerically using, 
for example, a variational method. The energy is obtained 
by the minimization of the mean value of H:

The trial wave functions are chosen as:

where  Ym
l
(�,�) a re  the  spher ica l  har monics , 

Rn(re, rh, reh, ze, zh) are the radial wave functions which can 
be expressed in terms of Bessel functions [33], l is the orbital 
quantum number, m is the magnetic quantum number, and n 
is the quantum number which corresponds to the number of 
solutions of the dispersion equation (when l is fixed).

In this study we focus on the excitonic transition 
between the fundamental 1s (n = 1, l = 0, m = 0) and the 
first excited 1p (n = 1, l = 1, m = 0) states as follows:

where j0 and j1 are the zero order and the first order spherical 
Bessel functions respectively. N0 and N1 are the normaliza‑
tion constants. The state energies are obtained by minimiz‑
ing the mean value (10) by respect to the variational param‑
eters � and � . In order to calculate the different integrals we 
use the elementary volume in Hylleraas coordinates:

where the denominator Q is given by:
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The integrations over ze and zh were performed by gener‑
alization of Atanasoff integrals [32] and done in domains 
−re ≤ ze ≤ re and Z1 ≤ zh ≤ Z2 where Z1 and Z2 are the roots 
of the Q expression.

In order to study the optical responses related to this 
kind of elementary transitions, we introduce the oscillator 
strength Pfi associated with the electronic dipole‑allowed 
transition, which constitutes a measurable magnitude in 
photoluminescence spectra. Its expression is given by the 
Fermi golden rule:

where Efi = Ef − Ei  denotes  the energy t ransi‑
tion between the final 1p and initial 1s states, 
Mfi = e ⟨Ψi���⃗re − ��⃗rh�Ψf ⟩ = e ⟨Ψi�reh�Ψf ⟩ is the electric dipole 
moment of the transition between the states i and f with the 
selection rule on the quantum number l ( Δl = ±1).

Based on the compact density matrix approach, the total 
refractive index change can be written as [34–36]:

The first and second expressions in the right member are 
respectively the linear and nonlinear terms of refractive 
index (RI), they are given by:

and

In the previous expressions, c stands for the velocity of light 
in vacuum, �1 is the electron density related to the occupied 
volume by the relation �1 =

n

V(P)
 , V(P) is the pressure 

dependent sphere volume, I is the intensity of the incident 
electromagnetic field, �1 is the permeability of the system, 
nr is the relative refractive index of the QD, �0 is the dielec‑
tric constant of the vacuum, ℏ� is the incident photon energy 
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and finally, the non‑diagonal matrix element Γfi is defined as 
the inverse of the relaxation time �fi and known as relaxation 
rate of final and initial states. The same formalism allows to 
obtain the total absorption coefficients (AC):

The linear and third‑order nonlinear parts of the AC are 
respectively:
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Table 1  Physical parameters of GaAs and light properties [37]

m
∗

e
= 0.067m0 m

∗

h
= 0.079m0

�1 = 0.848 � = 13.18

Eg = 1.607 eV Δ0 = 0.341 eV

n = 3.2 � = 3 × 1022 m−3

Γfi = 0.2 ps−1 I = 200MW/m2

S11 = 1.16 × 10−2 GPa−1 a
X
= 19.24 nm

S12 = −3.7 × 10−3 GPa−1 R
X
= 2.84meV

Fig. 1  Energy difference between ground and first excited states as a 
function of the dot radius, for (P = 0, T = 0 K) and (P = 20 kbar, 
T = 0 K)
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3  Results and discussions

We investigate the effects of hydrostatic pressure, temper‑
ature and QD size on the optical properties including the 
linear, third‑order nonlinear of the ACs and RIs related to 
the 1s − 1p transition of exciton in a spherical GaAs QD. 
The physical parameters used in our calculation are given 
in Table 1.

In the beginning, we should notice that the energies 
difference Efi = E1p − E1s and the dipole matrix element 
|Mfi| are the principal parameters influencing the oscilla‑
tor strength, and consequently modify the linear and non‑
linear optical properties. In Fig.  1, we present the first 
energy transition Efi = E1p − E1s for (P = 0, T = 0K) , 
(P = 20 kbar, T = 0K) and (P = 0, T = 300K) as a func‑
tion of QD sizes. It appears that under the effect of the 
hydrostatic pressure, the shift between the fundamental and 
the first excited states increases, whereas the temperature 
tends to reduce this energy difference. Due to the fact that, 
in strong confinement, the kinetic energy of the uncorrelated 
electron and hole dominates the total energy of exciton, the 
magnitude of 1s − 1p transition is more pronounced for small 
sizes. The same behavior is observed in GaAs/Ga0.7Al0.3As 
QD described by a quasi 3D classical parabolic potential 
and using a perturbative approach [21]. We are limiting the 
pressure value to 20 kbar because when the outer matrix 
of the dot is for example GaAlAs, the hydrostatic pressure 
induces a crossover between the Γ and X conduction bands. 
In this case, near to 30 kbar the system turns in a metallic 
structure and there is not confinement effect on the carriers.    

In Fig. 2, we plot the variation of the dipole matrix ele‑
ment |Mfi| as a function of QD sizes under the pressure and 

temperature effects. As it can be seen, |Mfi| increases with 
increasing dot size. The pressure and temperature have 
opposite effects on the |Mfi| behavior. Indeed, the pressure 
reduces the intensity of |Mfi| while the augmentation of the 
temperature reinforces it. We note that the temperature and 
pressure effects are very sensitive to the QD size. The influ‑
ence of P and T are less pronounced for smaller sizes than 
for larger ones. Our calculations are in good agreement with 
the conclusions existing in the studies related to the donor 
impurities [38, 39].

Figures 3 and 4 present the behaviors of different parts 
of the ACs and RIs. In Fig. 3, we draw the linear, third 

Fig. 2  The electric dipole transition matrix element of an exciton as 
a function of the dot radius for (P = 0, T = 0 K), (P = 0, T = 300 K) 
and (P = 20 kbar, T = 0 K)

Fig. 3  The linear, third nonlinear and total absorption coefficients as 
functions of incident photon energy for R = 2 and 3aX

Fig. 4  The linear, third nonlinear and total refractive index changes 
versus the incident photon energy for R = 2 and 3aX
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nonlinear and total ACs as functions of the incident photon 
energy without taking into account the pressure and temper‑
ature effects for two size values corresponding to R = 2 aX 
and 3 aX . First of all, we notice that the linear AC constitute 
the principal contribution in the total AC. The nonlinear AC 
has also a not negligible contribution but it varies oppositely 
with the linear AC, so the addition of the nonlinear term 
reduces the total AC.

On the other hand, we can clearly see that all components 
of ACs are deeply influenced by the variation of the dot 
sizes. It is known that the energy of the exciton decreases 
when the radius increases, due to the spreading of the elec‑
tronic density. This leads to a weakness of the Coulomb 
interaction effect and the electron and hole are moving away 
from each other. Thus the system relaxes and the transition 
Efi = E1p − E1s becomes less important as discussed before 
in Fig. 1. As consequence, the peaks of the ACs exhibit a 
red shift (blue shift) when the dot size increases (decreases). 
The amplitude of the peaks increases for strong confine‑
ment because the strength of AC is dominated by the value 
of the energy difference Efi . In Fig. 4, the RIs are plotted as 
functions of the incident photon energy, we find that the RIs 
follow the same behavior as the ACs, and shift toward the 
lower energies (red shift), when the QD size becomes larger.

In order to understand the pressure effects, we present 
in Fig. 5 and 6 the linear and third nonlinear components 
of the total AC and of the RI, respectively, as functions of 
the photon energy ℏ� , for three significant values of pres‑
sure ( P = 0 , P = 10 and P = 20 kbar) and for two QD sizes 
( R = 2 aX and R = 3 aX).

As expected, in Fig. 5, we observe that by increasing the 
pressure, the ACs peaks are shifted to high energy region 
and their intensities are reinforced. This due to the fact 
that the pressure effect reinforces the spatial confinement 
by shrinking the orbital wave functions and acts as a addi‑
tive confinement and consequently a strengthening of the 
optical properties can be observed. Our conclusions are in 
good agreement with different previous works concerning 
the donor systems [40, 41]. Note that our results disagree 
with those of Lu et al. [21] where their model predicts a 

Fig. 5  The linear, third nonlinear and total absorption coefficients as 
functions of incident photon energy for 3 values of pressure: P = 0, 
10 and 20 kbar, for R = 2 and 3aX

Fig. 6  The linear, third nonlinear and total refractive index changes 
versus the incident photon energy for R = 3aX and 3 values of pres‑
sure: P = 0, 10 and 20 kbar

Fig. 7  The linear, third nonlinear and total absorption coefficients as 
functions of the incident photon energy for 3 values of temperature: 
T = 0, 200 and 300 K, for R = 2 and 3aX
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decrease of intensity for the high pressures. By analyzing 
the AC and RI variations (Fig. 6), different aspects can be 
detected: a significant increase in AC and a small decrease 
for RI. These different evolutions can be explained by means 
of the expressions of AC and RI. Equations (21) and (22) 
show that AC is related to the electric dipole matrix element, 
the transition energy Efi and the dielectric constant �(P) . 
These quantities do not depend on the pressure in the same 
way, which leads to a competition between these three terms. 
Our numerical calculations show that the introduction of the 
pressure induces a small change in |Mfi| and Efi compared to 
�(P) , so the AC magnitude is dominated by the value of the 
pressure‑dependent dielectric constant. On the other hand, 
contrarily to what happens for AC, the Eqs. (18) and (19) 
show that RI is independent of � what explains the slight 
increase of RI with increasing pressure.

To know how the temperature influences the ACs and 
RIs, we plot in Fig. 7 the variations of ACs as functions of 
the photon energy, for three different values of temperature 
( T = 0K , T = 200K and T = 300K) and for two QD radii ( 
R = 2 aX and R = 3 aX) . Our results show that, as the tempera‑
ture increases, the ACs peaks move to the lower energies for 
all confinement regimes. This red shift is accompanied with a 
diminution of the peak intensities of both AC. This is due to 
the decreasing in the energy transition between the initial and 
final states as function of temperature as mentioned in Fig. 1. 
Indeed, the variations of the electron and hole effective masses 
and of the band gap energy of GaAs as functions of the tem‑
perature lead to a decreasing of the uncorrelated electron hole 
energies in the confined systems. In Fig. 8, the RIs are plotted 
as functions of the photon energy, for three different values of 
temperature T = 0K , T = 200K and T = 300K for R = 3 aX . 

As we can see, the RIs strongly depend on the temperature 
and their peaks move toward the lower energies contrary to 
the results obtained by Lu et al. [21] who used a perturbation 
method with a parabolic potential to model the confinement.

4  Conclusion

In the present work, we have determined the nonlinear opti‑
cal properties of an exciton confined in a GaAs spherical 
quantum dot under the effects of hydrostatic pressure and 
temperature using the variational method by taking into 
account the QD sizes. Our results show that the optical prop‑
erties of QDs strongly depend on the QD size, hydrostatic 
pressure and temperature. By increasing the pressure, the 
ACs and RIs curves shift toward the higher energies (blue 
shift) but increasing temperature and QD sizes induce a dis‑
placement of the optical responses (AC and RI) to lower 
energies (red shift). We underline the simplicity and robust‑
ness of our model taking into account the Coulomb interac‑
tion between the electron and hole and using the Hylleraas 
coordinates and we hope that it can contribute to a better 
understanding of the optical properties associated to transi‑
tions specific to excitonic states 1s − 1p towards low powers 
optoelectronic devices such as modulators, optical switches 
or injection lasers.
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