Numer Algor -
Mark
DOI 10.1007/511075-017-0338-5 @Cms o

ORIGINAL PAPER

Parallel extragradient algorithms for multiple set split
equilibrium problems in Hilbert spaces

Do Sang Kim' - Bui Van Dinh?

Received: 29 August 2016 / Accepted: 1 May 2017
© Springer Science+Business Media New York 2017

Abstract In this paper, we introduce an extension of multiple set split variational
inequality problem (Censor et al. Numer. Algor. 59, 301-323 2012) to multiple
set split equilibrium problem (MSSEP) and propose two new parallel extragradient
algorithms for solving MSSEP when the equilibrium bifunctions are Lipschitz-type
continuous and pseudo-monotone with respect to their solution sets. By using extra-
gradient method combining with cutting techniques, we obtain algorithms for these
problems without using any product space. Under certain conditions on parame-
ters, the iteration sequences generated by the proposed algorithms are proved to be
weakly and strongly convergent to a solution of MSSEP. An application to multiple
set split variational inequality problems and a numerical example and preliminary
computational results are also provided.

Keywords Multiple set split equilibrium problem - Pseudo-monotonicity -
Extragradient method - Parallel algorithm - Weak and strong convergence

Mathematics Subject Classification (2010) 90C99 - 68W10 - 65K10 - 65K15 -
47125

< Do Sang Kim
dskim@pknu.ac.kr

Bui Van Dinh
vandinhb @ gmail.com

Department of Applied Mathematics, Pukyong National University, Busan, Korea

Faculty of Information Technology, Le Quy Don Technical University, Hanoi, Vietnam

Published online: 17 May 2017 €\ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s11075-017-0338-5&domain=pdf
mailto:dskim@pknu.ac.kr
mailto:vandinhb@gmail.com

Numer Algor

1 Introduction

In a very interesting paper, Censor et al. [8] introduced the following split variational
inequality problem (SVIP):

Find x* € C such that (F(x*),y — x*) >0,VyeC
and u™ = Ax* € Q solves (G(u™),v —u*) >0,Vv € Q,

where C and Q are nonempty, closed and convex subsets in real Hilbert spaces H;
and Hb, respectively, A : H; — H is a bounded linear operator, F : H; — Hj,
G : H, — H, are given operators. It was pointed out in [8] that many important
problems arising from real-world problems can be formulated as (SVIP) such that:
split minimization problem (SMP), split zeroes problem (SZP), and the split feasi-
bility problem (SFP) which had been used for studying signal processing, medical
image reconstruction, intensity-modulated radiation therapy, sensor networks, and
data compression, see [3, 5, 6, 10, 12, 13, 15] and references quoted therein.

To find a solution of SVIP, Censor et al. [8] proposed to use two methods, the first
one is to reformulate SVIP as a constrained variational inequality problem (CVIP) in
a product space and solve CVIP when mappings F and G are monotone and Lips-
chitz continuous. The second one is to solve SVIP without using product space when
F and G are inverse strongly monotone mappings and satisfying certain additional
conditions.

Moudafi [29] (see also He [21]) introduced an extension of SVIP to split
equilibrium problem (SEP) which can be stated as follow:

Find x* € C such that f(x*,y) >0,Vy € C
and u™ = Ax* € Q solves g(u*,v) >0,Vv € Q,

where f : H; x H; — R, and g : Hy x Hy, — R are bifunctions such that f(x, x) =
gu,u) =0,Vx € C,and Yu € Q, respectively.

For obtaining a solution of SEP without using product space, He [21] suggested
to use the proximal method (see [31, 37]) and introduced an iterative method, which
generated a sequence {x¥} by

x% € C; {pr} € (0, +00); u > 0,

1
O+ — =y =xk =0, vyec,
Pk

1

gk, v) + —(v —u*, uF — AY*) > 0, Yv € Q,
Pk

= Po(yF + pA* @k — Ay5), Vk = 0,

where A* is the adjoint operator of A.

Under suitable conditions on parameters, the author showed that {x*}, {y*} con-
verge weakly to a solution of SEP provided that f, g are monotone bifunctions on C
and Q respectively. Since then, many solution methods for SEP and related problems
when f is monotone or pseudo-monotone and g is monotone have been proposed,
see, for example [16, 17, 19, 25-27, 34, 38].
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Another extension of SVIP is multiple set split variational inequality problem
(MSSVIP), which is formulated as follows (see [8, Section 6.1]):

Find x* € C := N, C; such that (F;(x*), y — x*) > 0, forall € C;

and foralli =1, 2, ..., N, and such that

the point u* = Ax™ € Q::ﬁ?”lej solves (G j(u™), v—u*)>0, forallv e Q;
and forall j =1,2,..., M,

where, as before A : H; — H, is a bounded linear operator, F; : H; — Hj,
i=12,..,N,and G; : H, — Hp, j = 1,2, ..., M, are mappings and C; C Hj,
foralli =1,2,..,N; Q; C Hp, forall j = 1,2, ..., M are nonempty, closed, and
convex subsets, respectively.

To solve MSSVIP, Censor et al. [8, Section 6.1] proposed to reformulate MSSVIP
as a SVIP via certain product space and applying their first method to solve SVIP.
The iteration sequence generated by their method was proved to converge weakly to
a solution of MSSVIP when F;,i = 1,2,...,Nand G;, j = 1,2, ..., M, are inverse
strongly monotone mappings and satisfying some additional conditions.

In this paper, motivated by the results mentioned above, we introduce an extension
of MSSVIP to multiple set split equilibrium problem (MSSEP) and propose two par-
allel extragradient methods for MSSEP. We make use of the extragradient algorithm
for solving equilibrium problems in the corresponding spaces to design the weak
convergence algorithm, we then combine this algorithm with the hybrid cutting tech-
nique (see [9, 41]) to get the strong convergence algorithm for MSSEP. By using the
extragradient methods, we not only deal with the case MSSEP is pseudo-monotone
but also solve MSSEP directly without using any product space.

The rest of paper is organized as follows. The next section presents some
preliminary results. Section 3 is devoted to introduce MSSEP and parallel extra-
gradient algorithms for solving it. The last section presents a numerical example to
demonstrate the proposed algorithms.

2 Preliminaries

We assume that H; and H, are real Hilbert spaces with an inner product and the
associated norm denoted by (-, -) and || - || respectively, whereas H refers to any of
these spaces. We denote the strong convergence by ‘—’ and the weak convergence
by ‘—’ in H. Let C be a nonempty, closed and convex subset of H. By Pc, we denote
the metric projection operator onto C, that is

Pc(x) e C:llx = Pc)ll < llx = yll, Yy € C.

The following well known results will be used in the sequel.

Lemma 2.1 Suppose that C is a nonempty, closed and convex subset in H. Then P¢
has following properties:

(a) Pc(x) is singleton and well defined for every x;
(b) z=PcXx)ifandonlyif{x —z,y —2) <0, Vy e C;

@ Springer



Numer Algor

(c) lly—=Pc@? <llx —yl> = llx — Pc(x)|I, Vy € C;
(d) |IPc(x) — Pc)II> < (Pc(x) — Pc(y), x —y), Vx,y € H;
(e) |IPc(x)—PcI? <llx = ylI? = llx — Pc(x) =y + Pc()?, Vx,y € H.

Definition 2.1 [4,28,32] Let ¢ : HH x H — R be a bifunction, and C be a nonempty,
closed and convex subset of H, ) #= S C C. Bifunction ¢ is said to be:
(a) monotone on C if
plx, y) + ¢y, x) =0, Vx, y € C;
(b) pseudo-monotone on C if
Vx,y € C,p(x,y) =2 0= ¢(y,x) <0;

(c) pseudo-monotone on C with respect to § if

Vx* e S, ¥y e C,o(x",y) 2 0= ¢(y,x") <0;

(d) Lipschitz-type continuous on C if there exist positive constants L and L, such
that

90, ) +9(y.2) = 9(x, 2) = Lillx = yI* = Lally = z|)%, ¥x,y.2 € C.
From Definition 2.1, we have the followings

Remark 2.1 (i) itis clear that (a) — (b) = (¢), VS C C.

1) Ife(x,y) = (P(x),y — x), for a mapping ® : H — H. Then the notions
of monotonicity of bifunction ¢ collapse to the notions of monotonicity of
mapping P, respectively. In addition, if mapping & is L-Lipschitz on C, i.e.,
[®(x) — ()| < L|lx — y|l, Vx,y € C. Then, ¢ is also Lipschitz-type
continuous on C (see [28, 42]), for example, with constants L = 2L_e’ L, =
%, for any € > 0.

(iii) If ¢ and ¢, are Lipschitz-type continuous on C with constants L}, Lé, and
L%, L%, respectively. Then ¢; and ¢, are also Lipschitz-type continuous on C
with the same constants L, Ly, for instance, take L] = max{L}, Lé}, L, =
max{L?, L%}.

Lemma 2.2 (Opial’s condition) [33] For any sequence {x*} c H with xk = x, the
inequality

liminf ||x* — x| < liminf ||z — y||

k—> +o00 k—> +o00

holds for each y € H with y # x.

3 Main results

Now, given a bounded linear operator A : H; — H», nonempty, closed, and convex
subsets C; C M, Q; C Hp, foralli =1,2,..., N, j =1,2,..., M, and bifunctions
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fi iHy x Hy — R, and g; : Hy x Hy — R such that f;(x, x) = g;(u, u) =0, for
every x € C;,u € Qj,andforeveryi = 1,2,..., N, j = 1,2, ..., M, respectively,
the multiple set split equilibrium problem (MSSEP) is stated as follows:

Find x* € C := N, C; such that f;(x*,y) > 0, forally € C;

and foralli = 1,2, ..., N, and such that

the point u* = Ax* € Q := ﬂ?”le./ solves g;(u*,v) > 0, forallv e Q;
and forall j =1,2, ..., M.

Since variational inequality problem could be consider as a special case of equi-
librium problem [4, 32], MSSVIP is a particular case of MSSEP, for instance,
take fi(x,y) = (Fi(x),y —x),i = 1,2,..,N, gj(u,v) = (Gju),v — u),
j =1,2,..., M. Similarly, the split common fixed point problem [11, 23, 30] and
the split common null point problem [7, 40] can be formulated as MSSEP. Further
more, if Q; = Hp and g;(u,v) = 0, Yu,v € Hp, and forall j = 1,2,.... M.
Then MSSEP becomes the problem of finding a common element of the set of
solutions of equilibrium problems, see, for example [35, 39] and references quoted
therein.

By Sol(C;, fi), we denote the solution set of the equilibrium problem EP(C;, f;),
ie.,

Sol(C;, f;) = {x € C; such that f; (¥, y) > 0, Yy € C;},

foralli =1,2,..., N, and Sol(Q;, g;) stands for the solution set of the equilibrium
problem EP(Q;, gj), forall j =1,..., M.

Now, let K be a nonempty, closed and convex subset of H and ¢ : H x H — R be
a bifunction such that ¢(x, x) = 0, Vx € K. In order to find a solution of MSSEP,
we make use of the following blanket assumptions:
Assumptions A

(A1) ¢ is pseudo monotone on K with respect to Sol(K, ¢);

(A2) @(x, ) is convex, subdifferentiable on K, for all x € K;

(A3) ¢ isweakly continuous on K x K in the sense that if x, y € K and {x¥}, {y*} C
K converge weakly to x and y, respectively, then ¢(x¥, y¥) — @(x, y) as
k — +o0;

(A4) ¢ is Lipschitz-type continuous on K with constants L; > O and L, > 0.

The extragradient algorithm was first proposed by Korpelevich [24] (see also
[20]) for finding saddle points and other problems; recently, many authors have
succeeded in applying this algorithm for solving equilibrium problems and other
related problems [18, 42]. One advantage of the extragradient algorithm for solv-
ing equilibrium problems is that it can be apply not only for the pseudo-monotone
equilibrium problem cases but also at each iteration, we only have to solve two
strongly convex programs. We now present a parallel extragradient algorithm
for MSSEP.
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Algorithm 1 (Parallel extragradient algorithm for MSSEP)

Initialization. Pick x0 ¢ C = ﬂlNz Ci, choose constants 0 < p < p <

min{z—;l, i},o <a<a<l;foreachi =1,2,...N,j=1,2, .., M,choose

parameters {p}}, {r{} C [p. pl: {a} ). (8]} C la, &, 301 o = Y01, B = 1;
e O, -

Iteration k (k =0, 1, 2, ...). Having x¥ do the following steps:

Step 1. Solve N strongly convex programs in parallel

yf =argmin{ fi(h, ) + Ly =Py e C)

. i=1,2,...,N.
Z¥ = argmin{ f; OF, y) + ;Euy —xK2: y e,

Step 2. Set z¥ = Zf\;l a,’;zg‘, and compute 0¥ = Az
Step 3. Solve M the following strongly convex programs in parallel
vl = argmin{g; (0%, v) + #Hv —*)%:v e 0}
k —
. N j=12,., M.
u’j‘ = argmm{gj(vf, v) + #Ilv —o*)%:v e 0},
k

Step 4. Compute it* = Zﬁ”zl ﬁk’u’]‘
Step 5. Take x¥*! = Pc(zF + nA*(@* — ©%)), and go to Iteration k
with k is replaced by k + 1.

Remark 3.1 (i) At iteration k, if y* = x¥, then x* is a solution of EP(C;, f;).
Similarly, if u’; = %, then 0¥ is a §olution of EP(Q;, g))-

(i))  Ateach iteration k, parameters {o; } can be chosen basing on the relative posi-
tion of sz and x*,i =1,...,N. Similarly, parameters { ﬂ,f }, can be chosen by
using the distance between u']‘ and f)k, j=12,.., M (see[l,22]).

(iii) We may assume without loss of generality that bifunctions f;,i = 1,2, ..., N
and g;, j =1, 2, ..., M, satisfying assumptions (A4) with the same Lipschitz-
type constants L and L.

Before going to prove the convergence of Algorithm 1, let us recall the following
result which was in [2, 42]

Lemma 3.1 ([2, 42]) Suppose that f;, i = 1,2,..., N, satisfy assumptions (A1),

(A3), (A4) such that ﬂlNzlSol(C,-, fi) is nonempty. Then, for eachi = 1,2, ..., N, we

have:

(i) PR ) = fik yO) = (5f =K, yf =), Yy e Ci

(ii) Nz = x*I1? < llx* =27 = (1 =20 L) lIx* = yfIP = (1 = 2pp L) Iy} —
012, vx* e NN, Sol(Cy, fi), Vk.

We are now in a position to prove the convergence of Algorithm 1.
Theorem 3.1 Let bifunctions f;, g; satisfy assumptions A, on C; and Q j, respec-

tively, foralli = 1,2,...,N, j = 1,2,..., M. Let A : H; — Hy be a bounded
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linear operator with its adjoint A*. If Q@ = {x* € ﬂlN:l Sol(C;, f;) : Ax* €
ﬂyzl Sol(Qj, gj)} # 9, then the sequences {(xky, {yf‘}, {zf}, i=1,2,..., N converge
weakly to an element x* € Q and {vlj‘.}, {u’]‘. Lj=1,2,..., M converge weakly to

Ap € NJL; Sol(Q}, g)).

Proof Let p € Q,s0 p € ﬂ _ 1 Sol(C;, f;) and Ap € ﬂ —1 S0l(Q;, g;j). For each
i=1,2,..., N by Lemma 3.1, we have

i — I < ¥ — pI — (1 - 20 L)X = yfI1P = (1 = 20, L) Iy = 2f I

Combining with step 2, one has

N
I = plI* = ||Zaz - pl? —||Za,z<zi‘—p>||2
Z allzf — plI? ——ZZakaknz - 250

i=1 i=1j=1
n
< I = pI? = D e = 2p L) = yfI1?
i=l1

n
=Y (1 =20, Lo)lyf — 211, 3.1
i=1

=z <

Similarly, assertion (ii) in Lemma 3.1 implies that
luk—Ap|? < 1425~ Ap P~ (1—2r] L) | AZF =k 2= (1=2r] Lo) vk —ub 2. ¥ = 1.2, .. M.
Thus,

S

I — ApI> = 1Y Bl @k — Ap)IP?
j=1
M

Zﬂ lu — Apl® ——ZZﬂkﬁk luef — w12

j=1 i=1j=1

< Az — Ap|® — Zﬂ,ﬁ(l —2r] L) || AZ" — 8|2
j=1

S

=Bl =2 Lok — k)2 (3.2)

We have
20AEF — p),a* — AT = 2(AGEF — p) + i — AZF — @* — AZF), @k — AZh)
= 2% — Ap, i* — AZFy — 2|1k — AZF)?
= [li* — Ap|* + " — AZ)? — 1Az — Ap|?
—2Jjik — AzZK||?
= |lii* — Ap|* — [li* — AZF|? — |AZ" — Ap|®. (3.3)
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By definition of x**!, we have
I — plI? = | PcZ* + nA*@* — AZF) — Po(p)I?
<G = p) + nA* @t — AZH)?
= [1Z* = pII* + lnA*@* — AZ)|* + 20" — p, A*@* — AZY))
< 12X = pI? + WP 1A — AZN? + 202 — p, AF@EF - AZY)
=128 = pII* + LI AN 1" — AZ? + 20(AGE — p), @ — AZY)).
Using (3.3), we get
I = pI? < 1125 = pI* + w2l AP " — AZF)?
+ullli* — Ap|* — |a* — AZH)2 — | AZF — Ap|?]
= [12F = pI* — w1 — pl AP " — AZF)?
+ullli* — Ap))* — | AZF — Apl?]. (3.4)
In combination with (3.1) and 1\(/3.2), (3.4) becomes
= pI? < I =plP=) e[ =20 L) " =y 1P~ =20, LD N1 yF 2 1]
i=1

—u(1 — ull A a* — AZF)?

M
—uY_[Bla=2r{ LDIIAZ =k 1P= (1-2r] Ly) s =ik 1%]. 3.9)

j=1
. 1 ; i _ . . .
Since 0 < p < s {oph Arf} € L2, A) C (O, min{5—, 57-1), {o} ), {B]} C
[¢, @] C (0, 1]. Equation (3.5) implies that {Ix* — plI?} is a nonincreasingly
sequence.
So
lim [x* = plI* = a(p). (3.6)
k—o00
From (3.5) and (3.6), we get
lim [x* —y5| = lim |y = =0, vi=12,.. N (3.7)
k—+00 k—400
. —k kn _  1: k ky _ P
kiufoo IAZ" — vl _kEToo v —ujll =0, Vj=12, ., M. (3.8)

Because . lim |[x* — p|| = a(p), {x*} is bounded, there exists a subsequence {x*m}
—+00

of {x*} such that x*» converges weakly to some x* as m — +oo0. Remember that
*kecCc= ﬂlN: C;, Yk and C; are closed and convex sets foralli = 1,2, ..., N.
We have that C is also closed and convex, so C is weakly closed and therefore x* €
C,ie,x* € C;foralli = 1,2,..., N. From (3.7), we also get that {y;"}, {Zf'"}
converge weakly to x*, foralli = 1, 2, ..., N. Hence, {ka} converges weakly to x*,
consequently {AZ%"} converges weakly to Ax*. Together with (3.8), we obtain that
{v];.’”}, {uljc.'"} converge weakly to Ax* forall j = 1,2,..., M as m — +o00. Since

{vlj‘-} C Qj, Qj is closed and convex, so Ax* € Q;, V.
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Foreachi = 1,2,...,Nand j = 1,2, ..., M, assertion (i) in Lemma 3.1 implies
that

[ km km m km
pi, LI GFm oy — filebm, yim] = (yi = xF yim — y), Yy € Ci, and

' Z Z Kin Kin sk o km
rzm[gj(Aka’v)_g](Akaav )]2(1)] _AZk ,vj _v>, VUEQJ,

Since
k k k k k k
(" =x" y" = y)y = =lly;" —x"lly;" — yll and

km _ azkm okm oy oo ok
(vj Az 2V v) > ||vj

it follows from the last inequalities that

[ kin ki m km
pi, Lfi G, ) = fib yim)] = =y = x5y =yl and

- k
" — Ao — vl

J =k —kpn .k K -k, k
ri [87(AZ", v) — g (AZo vl = | — AZE S — vl

Hence,

km 1 m m m
fibm oy = ik yimy 4 — Ny — xF (™ = vl = 0, and
ki

gj(AZRm vy — g (AZFn

. LTI S i
)+ =l = AT — vl = 0.
Tion
Letting m — +00, in combination with (3.7), (3.8) and the continuity of f;, g;, yield
fix*, y)— fitx*,x*) >0, VyeC;, Vi=1,2,..., N, and

gj(Ax*, v) — g;(Ax*, Ax*) =0, Yve Q;, Vj=1,2,... M,

which means that x* € Sol(C;, f;) foralli = 1,2, ..., N and Ax* € Sol(Q}, g;) for
all j=1,2,...,M,orx* € Q.

Finally, we prove {x¥} converges weakly to x*. Indeed, if there exists a subse-
quence {x*} of {x¥} such that x*» — % with ¥ # x*, then we have ¥ € Q. By
Opial’s condition, yields

liminf |[x* — x*|| < liminf ||x* — %]
m——+00 m——+00
= liminf |x* — %||
n——+00
< liminf [|x% — x*||
n——+00

= liminf [Jx* — x*|.
m——+o0

This is a contradiction. Hence, {x*} converges weakly to x*.

Together with (3.7), we also get yl(‘ — x* and zf-‘ — x* foralli =1,2,...,N.
Therefore, ¥ — x*, and AZF — Ax*. Combining with (3.8), it is immediate that
{v’/‘.}, {u’j} converge weakly to Ax* forall j = 1,2, ..., M. O

When N = M = 1,then C; = C and Q| = Q, we get the following corollary.
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Corollary 3.1 Suppose that f, g are bifunctions satisfying assumptions A on C and
Q respectively, suppose further that A : H; — My is a bounded linear operator

with its adjoint A*. Take x° € C; {pr}, {re} C o, Pl for some p, p such that
O0<p=<pc< min{lel, ZITZ}; 0<pu< and consider the sequences {x*},

(yK), {z), and {v*}, {u*} defined by

Al

. 1
v =argmin { i f (5, ) + SNy — <Py e
2 =argmin { o FO%, )+ 5lly —x*I7 sy e ],
f , x 1 k)2
V¥ = arg min {rkg(Az , V) + EHU —AZ" |7 v e Q},
1
uk = arg min {rkg(Av y) + —||v — Az ||2 v E Q}
= po(zk + pA*u* —Azk))

IfQ = {x* € Sol(C, f) : Ax* € Sol(Q, g)} # W, then the sequences {x*}, {y*}
and {zF} converge weakly to an element x* € Q, and {v*}, {u*} converge weakly to
Ax* € Sol(Q, g).

An important case of MSSEP is multiple set split variational inequality problem
MSSVIP. In this case, we have the following corollary which not only solves
MSSVIP without using any product space but also deals with the pseudo-monotone
cases.

Corollary 3.2 Suppose that F;, G are mappings satisfying assumptions A on C;
and Qj, respectively, foralli =1,2,..,N, j=1,2,..,M,and A : H; — Hy bea
bounded linear operator with its adjoint A*. Take ecC= ﬂlNlei; {,0,’;}, {r,f} C
lp, o), for some p, p suchthat0 < p < p < min{z—il, 2_£2}" {a,’;}, {ﬁ,{} Cla, a] C
O 11 foralli = 1,2,.,N, j = 1,2, M, and YN ol = Y g = 1,

1
O<pu<—s.
IA)2
{u/;}, j=1,2, ..., M defined by

Consider the sequences (xky, {yf‘}, {zf.‘}, i=12,...,Nand {vf},

k k i k
y; = Pc;(x _kai(x ) 12 N

{Zf‘=Pc,~(xk—p,iFi(y{‘)), P

h N

Zk—Zi_la,iz,,

ok = AZF,

{ ];:PQJ(U _"kG(Uk)) i1 M
k _ 2, ..M.
J_PQ/(” _rkG (v ),

it = Zj:l ,3
Xkl = po(zF + ,uA*(ﬁk — %)),
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IfQ = {x* e ML Sol(Ci. F) : Ax* € NI, S0l(Q;.G))} # @, then the
sequences {x*}, {yll‘}, {Zf-‘}, i =1,2,..., N converge weakly to an element x* € Q,
and {vlj‘-}, {ulj‘.}, j=1,2,..., M converge weakly to Ax* € ﬂl;/lzlSol(Qj, Gj).

In some cases, we wish to get the strong convergence algorithms to solve our
problems. To do so, we combine Algorithm 1 with hybrid method [9, 41] to propose
the following parallel hybrid extragradient algorithm for MSSEP.

Algorithm 2 (Parallel Hybrid Extragradient Algorithm for MSSEP)

Initialization. Pick x° = x8 € C = ﬂlN: 1 Ci, choose constants
O<p<p< min{i, i}, O<a §'61 < .1;f0reachi =1,2,..., N,
J=1,2,..., M, choose parameters {0, }, {r,f} C lp, pl;

fopd, (B} Cla, @l, 30l o = Y00 Bl =11 € (0, p)s Bo=C.
Iteration k (k=0, 1, 2, ...). Having x* do the following steps:

Step 1. Solve N strongly convex programs in parallel

yll‘:argmin{f,'(xk,y)-i-ﬁﬂy K2 yec)

k . k 1k kn2 . i 1,2,...,N.
z; = argmin{f; (y;', y) + z—pilly — x|y e G},
Step 2. Set z¥ = Z;AI:] a,izf?, and compute ok = AzZk.
Step 3. Solve M the following strongly convex programs in parallel
Ve = argmin{gj(f)k, v) + #Ilv — K2 ve 0}

k
J
k i=1,2 M
) R j 2, ., M.
“]; = argmm{gj(vlj, v) + ﬁ”v — K2 ve 0jl},

Step 4. Compute i* = YV i1 ,3

Step 5. Take t* = Pc(ZF + pLA*(u — K)).

Step 6. Define B = {x € By : llx — ¥ < [lx — 2 < [lx — 2"},
compute x¥+1 = Pp,,(x8), and go to Iteration k with k is replaced by
k+1.

Remark 3.2 By setting H! = {x € Hj : ||x — t*|| < |lx — ZF||}, we have

={xeH: (& —rfx) < %(szu2 — 1141},
hence Hk1 isa halfspace. Similarly,
= {xeH:|x -z < IIX—x I}
= {reH ("= < <||x 12— 12413,
is also a halfspace. Since By = Bx N Hk1 N H,?, if H; is the Euclidean space R”
and By is a polyhedron, then by induction we get that By are polyhedra for all k.
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Therefore, the computation of x**! in Algorithm 2 is equivalent to find the projec-

tion of x& onto the polyhedron By which can be computed efficiently using, for
example, strongly convex quadratic programming methods.

The following theorem give us the strong convergence of Algorithm 2.

Theorem 3.2 Let bifunctions f;, g; satisfy assumptions A on C; and Q j, respec-
tively, foralli = 1,2,..,.N, j = 1,2,..., M. Let A : H| — H be a bounded
linear operator with its adjoint A*. If Q@ = {x* € ﬂfvzl Sol(C;, f;) @ Ax* €
ﬂjylzl Sol(Qj, g;)} # U, then the sequences {xky, {yl{‘}, {Zf},i =1,2,...,N con-
verge strongly to an element x* € Q and {vlj‘-}, {ul;},j = 1,2, ..., M converge

strongly to Ax* € ﬂ?’lzl Sol(Qj, g;j)-

Proof Firstly, we observe that By, is a nonempty closed convex set for all k € N*. In
fact, let p € Q, it follows from (3.4), (3.2), (3.1) that
125 = pI> < 112" = pII* = (1 =l AP " = AZ* P+ [ lla* = Ap|I*— 1| AZ = Ap1?]
< 12 = pIP = —pll AP a* — AZ*)?

M M

—u[ Y Bl A=2r LOIAZ =517+ Bl (1—=2r] L) [vS —uf|?]
j=1 j=1
<|xk = plII* — (1 — pl Al |lia* — AZF 2

N
= > (1 =2pp L) lIx* = yf I = (1 = 2p{ L) Iy — 2f11%]
i=1
M . . .
— ) [Bla=2rLDIAZ = b1 = (1 = 2r] Lo |} — uf11P].
j=1
(3.9

By the algorithm {p{}, {r/} C [p. 4] C (0. min{z}—, 7)), {a}}. (8]} C e @] C

O, 1,0 < u < W, and (3.9), we have

X — pll < 1125 — pll < Ix* = pll, Vk. (3.10)

Because p € By and (3.10), we get by induction that p € By for all k € N, i.e.,
Q C By, so By # ¥ for all k.
For each k € N, define

Dy ={x e Hy: |lx — || < lx — 2% < Ix —x* I} = B! N H,

then By4+1 = By N Dy. Since By and Dy are closed and convex for all k, By, is closed
for all k.
By Step 6 x**1 € By C By and x¥ = Pp (x9), s0

xF — x8| < [l — X8|, for all k.
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In addition, x**! = Pp, (x8) and p € By, it implies that

k+1
I = X8 < lp — xE].

Thus,
k k+1
1% — %8| < Ix* T — X8| < [|p — X2, Vk.

Therefore, ] lim ||x* — x8&]| exists, consequently {x*} is bounded.
—+00

Hence, {¢*} and {Z¥} are also bounded.
For all k > n, we have that x*¥ € By C B,, x" = Pp, (x#). Combining this fact
with Lemma 2.1, we get

k

X — x")12 < JlxF — X&)% — " — xS (3.11)

k _ x8||? exists, (3.11) implies that

Since lim ||x
k—+00
khrn ||x —x"|| =0.

So {xk} is a Cauchy sequence, i.e.,

klirrgoxk = x*. (3.12)
We need showing that x* € 2. From the definitions of By and x**!, we have
R e B e Pl
Thus,
[ B e (N |
e B [ PA
= 2f]x* — x* 1,
Combining with (3.12), we get
Jim. 5 — XK = 0. (3.13)

From (3.9), one has

ab[(1=2pL L) [Ix* = yE 12— (1 =20 Lo) |y — 25 1%]

Ma- e

+u Y [BLA=2r] L)IAZ =512 = (1 =2 Lo) 8 =k 2] < 1 = pI2 = 111 = p)1?

1

J

< ek =x* (I = pll+ 15 = pll).
(3.14)

Because {pf}, {r{} C [p, A1 C (0, min{z-, s=D); {ef), (B} C [e, @l € (0, 1],
un e (0, m); (3.12), and (3.13) we deduce from (3.14) that

lim |xk — yK|| = Iy¥ =X =0, foralli = 1,2, ..., N, (3.15)
k——+00
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and

lim ||Az —v; || = ||v uk|| =0, forall j =1,2,.., M. (3.16)
k—>+00 J
From (3.15), (3.16) and lim x* = x*, we have
k——+00

lim y¥=x* lim X =x* lim Z*=x* Vvi=1,2,..N (3.17)

k— 400 k—+00 k——+o00

and

lim AZF = Ax*, lim ¥ = Ax*, lim uf=Ax*, Vj=1,2,.. M
k——+00 k—+o0 4 k=400 4
(3.18)

Beside that, foreachi = 1,2,..., Nand j = 1, 2, ..., M, Lemma 3.1 implies that

PiLfi (R, y) — fGR, yO1 = oF =Xk vk —y), vy € ¢y, and

r{lgj (A, v) — g;(AZ5, vh)] = (f — AZ o —v), Yo € Q.
We have
(f =2, F =y = —lyf = xMlllyfF = yll and

(h — AZ5 0 — o) = ok — AZH I — v,
therefore we get from the last inequalities that

1
iR y) = ik v + ;uyf — xF|[lly¥ =yl = 0, and
k

_ _ 1 _
g (AT, v) — g (AZ", v)) + — v} — AZ|| IV} — vl| = 0.
r
k
Letting k — +00, in combination with (3.17), (3.18) and the continuity of f;, g;,
yield
fix*, ) — fix*, x>0, VyeC;,Vi=1,2,..., N, and

gj(Ax*, v) — gj(Ax*, Ax*) >0, Yve Q;,Vj=1,2,... M

which means that x* € ﬁlN 1Sol(C;, f;), and Ax* € ﬂ ~1501(Q;, &), or x* € Q.
The proof is completed. O

The following corollary is immediate from Algorithm 2 and Theorem 3.2 when
N=M=1.

Corollary 3.3 Let f, g be bifunctions satisfying assumptions A on C and Q, respec-

tively. Let A : Hy — My be a bounded linear operator with its adjoint A*.
Choose x° = x8 € C, By = C; {p}, {re} C lp, pl, for some p, p such that
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O<p=<p< min{i, ﬁ}; 0<u< . Consider the sequences {x*}, {y*},

{(z8Y, and {v*}, {u*} defined by

IA]>

. 1
y* = argmin {pkf(xk,y) +oly=xfPiye C]9
= argminlpkf(y",y) + 51y —xMP iy e C},

1
vk = arg min irkg(Azk, v) + §||v — Azkll2 TV E Q},

) 1
uk = arg min {rkg(vk,y) + —|lv— Azk||2 NS Q},

= et + pa* k- Ay
Bit1 = {x € Be t | — 1| < Ilx — 21| < lx — x*[1},
= Py, (x9).

Suppose that Q = {x* € Sol(C, f) : Ax* € Sol(Q, g)} # O, then the sequences
(xKY, {(y*} and {z*} converge strongly to an element x* € Q and {v*}, {u*} converge
strongly to Ax* € Sol(Q, g).

Applying Algorithm 2 and Theorem 2 to MSSVIP, we get the following strong
convergence algorithm for solving multiple set split pseudo-monotone variational
inequality problems without using any product space.

Corollary 3.4 Suppose that F;, G; are mappings satisfying assumptions A and
A : Hy — Hp be a bounded linear operator with its adjoint A*. Take =xteC=

ﬂlNlei; ‘{p,’;}, {r,g} C [p, pl, for some p, p suchthat0 < p < p < min{z—il, i};

e} (B} C la, @ C (0,1], foralli = 1,2,..,N, j = 1,2,..., M, and
N

Y= 8 =1 <K< AR

(4, i=1,2,..., N and {v’;}, (U}, j = 1.2, ... M defined by

By = C. Consider the sequences {x*},

{yl Pe; (x _p';F(xk)) i=12 .. N

¥ = Pc, (x — pLF; (5,
- N k
Zk - Zz—l OlkZl ’
= AZK,

§ = Po, (" ~ 1[G, (#) =12 .M
’;—PQ (0" —rkG(vk)) B
lzk Z] lﬁ
= Pc(Zr +MA*(»2"—6"))
xk“ = Pp,,, (x%), where Bi 1 = {x € By : |lx — t*|| < |lx — 2| < [lx — x*|}}

If Q = {x* ﬂ _1S0l(C;i, F;) + Ax™ € ﬂ —150l(Q;,Gj)} # O, then the
sequences {xk}, {y{‘}, {Zf}, i =1,2,..., N converge strongly to an element x* € Q,
and {vlj‘-}, {u];.}, j=1,2,..., M converge strongly to Ax* € ﬂﬁil Sol(Q;, Gj).
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4 A numerical example

In this section, we consider the (MSSEP) when H; = R”, and H, = R™, the linear
operator A : R" — R™ is given by m x n matrix A = (ai5)mxn € R™*". The
bifunctions f;,i =1,2,..., N, g;,j =1,2,..., M, are given as follows

fix,y) = (Pix+Q'y+b) (y —x),Vx,yeR",i=1,2, ..., N,
giw,v) = Ulu+Viv+tw) w—v),Yu,veR", j=1,2,.., M,

where P! = (p;x)nxn’ Qi = (qlis)nxm and U/ = (uljs)mxm7 Vi= (UZg)mxm
are symmetric positive semidefinite matrices such that P/ — Q' and U/ — V/ are
also positive semidefinite matrices, Ve R", w/ € R" foralli = 1,2,..., N,
and j = 1,2, ..., M. The bifunctions f; and g; have the form of the one arising
from a Nash-Cournot oligopolistic electricity market equilibrium model [14, 36].
In this case, these f; are convex in the second variable, Lipschitz-type continu-
ous with constants L} = L? = 1||P' — Q'||, and the positive semidefinition of
P! — Q' implies that f! are monotone, for all i = 1,2,..., N (see, [42]). Simi-
larly, we have that g; are convex in the second variable, Lipschitz-type continuous
with constants l_,}. = l_,f = 2|U/ — V|, and those g/ are monotone, for all
j=1,2,...,M.By choosing L = max{L},Z}. ci=1,2,.,N,j=12,.. M)
and L, = max{Liz,l_,? i =1,2,..,N,j = 1,2, ..., M}, the bifunctions f; and
g; are Lipschitz-type continuous with constants L and Lj, foralli = 1,2,..., N,
j=1,2,..., M (see, Remark 2.1).

In order to ensure that the intersection of the solution set 2 of (MSSEP) is
nonempty, we further assume that b = 0, w/ = 0 and the constraint sets C; of
EP(C;, fi) and the constraint sets Q ; of EP(Q}, g;) contain the original of R" and
R™, respectively, foralli = 1,2,...,N,j=1,2,..., M.

We tested the proposed algorithms for this example in which C; = C,Vi =
l,..,N, C is the box C = [[_,[-5,5], with n = 5,10,20,50; N =
10, 20, 50, 100, and Q; = Q,Vj = 1,..., M, Q is the box Q = ]_[’}’:1[—20, 20],
withm = 5,10, 20; M =5, 20, 40. The matrix A = (az5)mxn is randomly generated
in the interval [—2, 2]. Similarly, P/, and P’ — Q' are matrices of the form DT D with
D = (djg)nxn being randomly generated in the interval [—5, 5]; U/, and U/ — VJ
are matrices of the form WT W with W = (wis)mxm being randomly generated in the
interval [—5, 5]. Starting point is chosen as a guess solution x¢ = (1, 1, ..., DT e R”
and the parameters: u© = 2H]TH2; ,oli = r,f =p = 4]—L, with L = max{Li, L;},

wf = L Bl = 4, Vk, ¥i=1,2, ., N,andVj = 1,2,.., M.
At Iteration k, in Step 1 of Algorithms 1 and 2, to get yf‘ we need to solve the
following optimization programs

sk 1 _ k2.
arg min{ f; (x ,y)+$||y X7y e}
or the following convex quadratic problems

1 _. ,
argmin{EyTPly +ply:yecC), (4.19)
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where P1 =20 + %In and p' = Pix* — Qix* — Lyk,

Problem (4.19) can be solved effectively, for instance, by using the Matlab
Optimization Toolbox.

Similarly, zf solves the following quadratic program

I
argmm{zyTQ’y +g'y:yecCy,

where Q' = P! and ¢’ = P"yl(‘ - Qiyf‘ - %xk.

By the same way, vlj‘., u]; in Step 3 of Algorithms 1 and 2 can be computed by
using the Matlab Optimization Toolbox.

It has been showed that Algorithm 2 is strongly convergent. Theoretically, it is use-
ful in infinite dimensional Hilbert spaces, although it is not easy to construct the sets
By in general. However, in this example, we can compute those sets By as follows.

Let I,, be the unit matrix of order n and Ay = < I']’ ) be the 2n x n matrix;
—1In

by = (5,5, ...,5)7T € R?. Then, it is clear that

n

By=C=]]I-5.51={x e R" : Apx < by}.

i=1
Now, having By, we describe how to construct the set B in the [teration 0. Indeed,
set

1 . 0 =0
Hy ={xeR":x =17 < lx = 2711}

i 1, _
—(xeR": (20— x) < §(||z°||2 —1°12)),

Hj ={x eR":[lx = 2°| < [lx — x|}
} 1 _
= (x e R (0 =20 x) < S (0017 — 1P
Let By be the matrix of the size 2 x n and b be the vector defined as
- @ - r°)T> - ( S0 = 12°12) )
B — _ s b = 2 _ .
0 <(x0 =207 ) 70T (1012 = 12001%)

Then, we have HO1 N Hg ={xeR": Box < l;o}. By setting

e ()= (2)
By definition of By, we have
By =ByNHl NH; ={x eR": Ax < by}.
Similarly, at Iteration k, we have already had the set
By ={x e R": Ayx < by},

we can compute By as follows:

@ Springer



Numer Algor

Since Br+1 = B N Hk1 N sz, where
H! = {x eR": |x — 5 < v = 25|}
) 1, .
={xeR": (" -t x) < E(Ilz"llz — 15 1%)},
HY = {x e R": |x — 2F)| < [lx — xF|)
_ 1 _
={xeR": (xF —7F x) < E(nx"n2 —1ZK11%)).
Let By be the matrix of the size 2 x n and by be the vector such that
. (i —t")7> - < SOIZEN = 11#%91%) )
By = _ b= 2 _ .
k ((xk =z ) P L (k2 = 124 01%)

Then, we have Hk1 N sz ={xeR": l_?kx < l;k}.

By setting
Ak b
A1 = (Bk> s bry1 = (i)

Biy1 = B N Hkl N sz ={xeR": Apy1x < bri}.
1

Thus,

Therefore, at Iteration k, to compute x**1 we need to find projection of x& on to
Bi+1, 1.e., we have to solve the following quadratic optimization problem:

1
argmin{EyTy —xtTy.ye Bit1}- (4.20)

Problem (4.20) can be solved effectively by using the Matlab Optimization Toolbox.

We implement Algorithm 1 and Algorithm 2 for this problem in Matlab R2013
running on a Desktop with Intel(R) Core(TM) 2Duo CPU E8400 3 GHz, and 3 GB
Ram. To terminate the Algorithms, we use the stopping criteria which is defined
as follows: or the number of iteration is greater than 1000: /T ER > 1000, or the

Table 1 Results computed with Algorithm 1

N.P S(n/N; m/M) TOL.  CPU(s) ITER.  S(/N; m/M) CPU(s) ITER.
5 (5/10; 5/5) 1073 4.3406 16 (5/10; 10/20) 5.6500 13
1073 6.5219 27 10.9469 29
5 (5/10; 20/40) 1073 9.2875 13 (1020 5/5) 6.3031 18
103 14.9688 23 9.0719 30
5 (10/20; 10/20) 1073 9.5844 16 (10/20; 20/40) 13.9313 17
1073 13.3312 27 21.6313 27
5 (20/50; 5/5) 1073 13.6594 20 (20/50; 10/20) 18.0656 19
1073 18.7906 32 21.3750 31
5 (20/50; 20/40) 1073 24.6625 17 (50/100; 5/5) 1033469 21
1073 29.8688 29 132.3188 32
5 (50/100; 10/20) 1073 111.5719 20 (50/100; 20/40)  116.7188 20
103 1459375 32 167.9781 32
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Table 2 Results computed with Algorithm 2

N.P S(/N; m/M) TOL.  CPU(s) ITER.  S(/N; m/M) CPU(s) ITER.
5 (5/10; 5/5) 1073 11.9063 78 (5/10; 10/20) 27.3469 95
103 17.9188 120 53.4688 173
5 (5/10; 20/40) 1073 51.7719 106 (10205 5/5) 69.6688 272
1073 84.4469 182 141.8500 523
5 (10/20; 10/20) 1073 84.9250 208 (10/20; 20/40) 137.3719 242
103 160.8844 417 266.0250 460
2 (20/50; 5/5) 1073 497.2433 1000 (20/50; 10/20) 602.8650 1000
1073 502.4063 1000 626.7500 1000
1 (20/50; 20/40) 1073 790.3064 1000 (50/100; 5/5) 2487.4930 1000
103 810.1094 1000 2583.6 1000
1 (50/100; 10/20) 1073 3598.4 1000 (50/100; 20/40)  4011.2 1000
1073 3668.2 1000 4270.5 1000

tolerance: TOL = ||x**! — x¥|| < € with a tolerance € = 1073 and € = 107>. The
computation results on Algorithm 1 and Algorithm 2 are reported in Tables 1 and 2
respectively, where

N.P: the number of the tested problems;

S(n/N; m/M): the size of the tested problems;

CPU(s): the average CPU-computation times (in second);
ITER: the average number of iterations.

From the computed results reported in Tables 1 and 2, we can see that the compu-
tational time and the number of iterations computed by Algorithm 1 is less than those
by Algorithm 2, especially when the size of the tested problem is large.

5 Conclusions

We have introduced a multiple set split equilibrium problem (MSSEP) in real Hilbert
spaces and proposed two new parallel extragradient algorithms for solving it without
using any product space. The weak and strong convergence of iteration sequences
generated by the algorithms to a solution of MSSEP are obtained under main assump-
tion that the bifunctions are Lipschitz-type continuous and pseudo-monotone with
respect to their solution sets. A numerical example in which the equilibrium bifunc-
tions have a form of the one arising from Nash Cournot equilibrium model is also
provided to illustrate the convergence of proposed algorithms.
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