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1 Introduction

Let C be a nonempty closed convex subset of a real Hilbert space H, and let f and g be
bifunctions from H x H to R such that f(x,x) = 0 and g(x,x) = 0 for all x € H. The equi-
librium problem associated with g and C is denoted by EP(C, g) : Find x* € C such that

g(x*,y) <0 foreveryyeC. (1)

The solution set of problem (1) is denoted by §2. The equilibrium problem is very impor-
tant because many problems arise in applied areas such as the fixed point problem, the
(generalized) Nash equilibrium problem in game theory, the saddle point problem, the
variational inequality problem, the optimization problem and others.

The basic method for solving the monotone equilibrium problem is the proximal
method (see [14, 16, 19]). In 2008, Tran et al. [25] proposed the extragradient algorithm
for solving the equilibrium problem by using the strongly convex minimization problem to
solve at each iteration. Furthermore, Hieu [9] introduced subgradient extragradient meth-
ods for pseudomonotone equilibrium problem and the other methods (see the details in
1,8, 10, 15, 17, 22, 28]).

In this paper, we consider the equilibrium problem whose constraints are the solution

sets of equilibrium problems (bilevel equilibrium problems) : Find x* € §2 such that

f(x*y) =0 foreveryye 2. (2)
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The solution set of problem (2) is denoted by £2*. The bilevel equilibrium problems were
introduced by Chadli et al. [4] in 2000. This kind of problems is very important and inter-
esting because it is a generalization class of problems such as optimization problems over
equilibrium constraints, variational inequality over equilibrium constraints, hierarchical
minimization problems, and complementarity problems. Furthermore, the particular case
of the bilevel equilibrium can be applied to a real word model such as the variational in-
equality over the fixed point set of a firmly nonexpansive mapping applied to the power
control problem of CDMA networks which were introduced by liduka [11]. For more on
the relation of bilevel equilibrium with particular cases, see [7, 12, 21].

Methods for solving bilevel equilibrium problems have been studied extensively by many
authors. In 2010, Moudafi [20] introduced a simple proximal method and proved the weak
convergence to a solution of problem (2). In 2014, Quy [23] introduced the algorithm by
combining the proximal method with the Halpern method for solving bilevel monotone
equilibrium and fixed point problem. For more details and most recent works on the meth-
ods for solving bilevel equilibrium problems, we refer the reader to [2, 5, 24]. The authors
considered the method for monotone and pseudoparamonotone equilibrium problem. If
a bifunction is more generally monotone, we cannot use the above methods for solving
bilevel equilibrium problem, for example, the pseudomonotone property.

Inspired by the above work, in this paper, we propose a method for finding the solution
for bilevel equilibrium problems where f is strongly monotone and g is pseudomonotone
and Lipschitz-type continuous. Firstly, we obtain the convergent sequence by combining
an extragradient subgradient method with the Halpern method. Second, we obtain the
convergent sequence without Lipschitz-type continuity on bifunction g by combining an

Armijo line search with the extragradient subgradient method.
2 Preliminaries
Let C be a nonempty closed convex subset of a real Hilbert space H. Denote that x, — x

and x,, — x are the weak convergence and the strong convergence of a sequence {x,} to x,

respectively. For every x € H, there exists a unique element Pcx defined by
Pcx =inf{|lx -yl : y € C}.

It is also known that P¢ is a nonexpansive mapping from H onto C, i.e., | Pc(x) — Pc(y)|| <
llx—y|l Vx,y € H. For every x € H and y € C, we have

2= ylI> > llx = Pex]|* + |y = Pex|)*  and  (x - Pcx, Pcx — y) > 0.

A bifunction ¢ : H x H — R is called:

(i) B-strongly monotone on C if

Vxy) + v (x) < -Bllx—yI* Va,yeC;

(if) monotone on C if

vy +v(,x) <0 VxyeC;
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(iii) pseudomonotone on C if
V(xy) >0=vy(yx) <0, VxyeC.

It is easy to check that the monotone bifunction implies the pseudomonotone bifunction.
On the other hand, if the bifunction is pseudomonotone, then we cannot guarantee that
the bifunction is monotone, for example, let ¢(x, y) = Zly—:;‘ forallx, y € R. It follows that ¢ is
pseudomonotone on R* \ {0} but ¢ is not monotone on R* \ {0}. Let ¥ (x, -) be convex for
every x € H. For each fixed x € H, the subdifferential of ¥ (x,.) at x, denoted by d, ¥/ (x,x),

is defined by

D (%,x) = {we H:y(x,y) - ¥(x,x) > (w,y —x) Vy € H}

={weH:¥xy) > (wy-x) VyeH] 3)

studied in [13]. In this paper, we consider the bifunctions f and g under the following

conditions.

Condition A
(Al) f(x,-)is convex, weakly lower semicontinuous and subdifferentiable on H for
every fixedx € H.
(A2) f(-,y) is weakly upper semicontinuous on H for every fixed y € H.
(A3) fis B-strongly monotone on H.
(A4) For each x,y € H, there exists L > 0 such that

lw=vll <Lllx=yll, VYwedf(xx),vedf(yy).
(A5) The function x > 9,f (%, x) is bounded on the bounded subsets of H.

Condition B
(B1) g(x,-) is convex, weakly lower semicontinuous, and subdifferentiable on H for
every fixed x € H.
(B2) g(-,y) is weakly upper semicontinuous on H for every fixed y € H.
(B3) g is pseudomonotone on C with respect to £2, i.e.,

g(xx") <0, VxeCua'eg.

(B4) g is Lipschitz-type continuous, i.e., there are two positive constants L, L, such
that g(x,y) + g(,2) > g%, 2) — L1 ||lx — y||* = La|ly — z||%, V&, 9,z € H.

(B5) g is jointly weakly continuous on H x H in the sense that, if ¥,y € H and
{xn}, {yn} € H converge weakly to x and y, respectively, then g(x,, y,) = g(x,y) as
n— +00.

Example 2.1 Let f,g: R x R — R be defined by f(x,y) = 59> — 7 + 2xy and g(x,y) =
2y% — 7x% + 5xy. It follows that f and g satisfy Condition A and Condition B, respectively.

Lemma 2.2 ([3, Propositions 3.1, 3.2]) Ifthe bifunction g satisfies Assumptions (B1), (B2),
and (B3), then the solution set S2 is closed and convex.
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Remark 2.3 Letthe bifunction f satisfy Assumption A and the bifunction g satisfy B. If £2 #
@, then the bilevel equilibrium problem (2) has a unique solution, see the details in [23].

Lemma 2.4 ([6]) Let C be a nonempty closed convex subset of a real Hilbert space H and
¢ : C — R be a convex, lower semicontinuous, and subdifferentiable function on C. Then
x* is a solution to the convex optimization problem min{¢(x) : x € C} if and only if 0 €
3P (x*) + Nc(x*), where ¢ (-) denotes the subdifferential of ¢ and N¢(x*) is the normal cone
of C at x™.

Lemma 2.5 ([27]) Let {a,} be a sequence of nonnegative real numbers, {a,} be a sequence
in (0,1), and {&,} be a sequence in R satisfying the condition

App1 = (1 - O(n)('ln + O5;/15;/1 Vn>0,
where ZZZO a, =00 and limsup,,_, . &, <0. Then lim,_, a, = 0.

Lemma 2.6 ([18]) Let {a,} be a sequence of real numbers that does not decrease at infinity,
in the sense that there exists a subsequence {an} of {a,,} such that

Ay < Ay, forallj>0.

Also consider the sequence of integers {t(n)},>n, defined, for all n > ny, by
t(n) = max{k < n|aj < a1}

Then {t(n)}y>n, is a nondecreasing sequence verifying
Jim 70 = o

and, for all n > ny, the following two estimates hold.:

At (n) = Az (n)+1 and anp = Ar(n)+1-

Lemma 2.7 Suppose that f is B-strongly monotone on H and satisfies (A4). Let 0 < a < 1,
0<n<l-a,and0<pu< i—g.Foreach x,y € H,w € 0yf (x,x), and v € d,f (y,7), we have

1@ =mx—apw-[1-ny-auv]| <A -n-at)lx-yl,
wheret =1-/1- (28 — ul?) € (0,1].
Proof Letx,y € H,w € 95f (x,x), and v € 3,/ (y, ). Thus

| (= —apw—[(1=n)y —apv]|
<@ -n@&x-y) -auw-v)|
=|1-n-a)x-y) +a[x-y) —uw-v)]|

<A-n-)llx-yl +a|@-y) —puw-v). (4)
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Since f : H x H — R is B-strongly monotone, w € d,f (x,x), and v € 9,f(y, y), we have
—Bllx=ylI* = f(x,9) +f(,%) = ~(x =y, w - ). 5)
From (5) and (A4), we have

2
[ =9) = uw =) = llx—yI> = 20l — 3, w =) + >l w —v|?
< Il =1 = 2uBllx — y1I* + L2 ||x ~ y|)*
= (1-2up + p?L?) |x - y]1*.

This implies that
| =y) = nw=v)| < V1-2uB+u2L?|x -yl (6)
By using (4) and (6), we can conclude that

| @ = nmx—apw—[(1-n)y-auv]|
<@ -n-a)llx =yl + (av/1=2up + 1>L?)|lx -y

=1 -n-at)lx-yl
where t =1-./1-u(28 - ulL?) €(0,1]. a

3 The extragradient subgradient Halpern methods

In this section, we propose the algorithm for finding the solution of a bilevel equilibrium
problem under the strong monotonicity of f and the pseudomonotonicity and Lipschitz-
type continuous conditions on g.

Algorithm 1
Initialization: Choose xg € H,0 < i < j—ﬁ, the sequences {«,} C (0,1),{n,}, and {A,} are
such that
lim,, o0 &, = 0, Y Oy = 00,
0<n,<1l-a, VYn=>0, lim,oon,=n<1,

O<A§AH§X<min(i,$).

Set n =0 and go to Step 1.
Step 1. Compute

) 1
Vu = argmln{Ang(xn,y) + = ||y—xn||2},
yeC 2
. 1 2
z, = argming AV, ¥) + < ly —xll” -
yeC 2
Step 2. Compute w,, € 95f(z,,z,) and

Xn+l = NnXp + (1 - nn)zn — Uy AWy

Set n=n+1 and go back to Step 1.
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Theorem 3.1 Let bifunctions f and g satisfy Condition A and Condition B, respectively.
Assume that 2 # ). Then the sequence {x,} generated by Algorithm 1 converges strongly to
the unique solution of the bilevel equilibrium problem (2).

Proof Under assumptions of two bifunctions f and g, we get the unique solution of the
bilevel equilibrium problem (2), denoted by x*.
Step 1: Show that
* 2 £3 2
||Zn - ” = ”xn -X ” = (1 =2x,L1) %, _yn”Z = (1 =21,L2) |y — Zn”2~ (7)

The definition of y, and Lemma 2.4 imply that

0€d, {kng(xmy) + %Ily —%l® } ) + Nc(n)-
There are w € dyg(x,,7,) and w € N¢(y,,) such that

AnW + Yy — %, + W =0. (8)
Since w € N¢(y,), we have

(w,y—y,) <0 forallyeC. 9)

By using (8) and (9), we obtain A, (w,y — y,,) > (%, — ¥4,y — ¥,) for all y € C. Since z, € C,
we have

An(WyZn = Yn) Z (Xn = Vs Zn = Yn)- (10)
It follows from w € dg(x,,, y,,) that

8%ny) =g yu) = (w,y —yn) forally e H. (11)
By using (10) and (11), we get

A€ z) — X )} = (X = Vs 20 — V). (12)

Similarly, the definition of z,, implies that

00 hg9) + 517317 @)+ Nete.
There are u € d,¢(yy, z,) and u# € N¢(z,,) such that

AU +2Z,—x, +1u=0. (13)
Since i € N¢(z,), we have

(n,y—2z,) <0 forallyeC. (14)
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By using (13) and (14), we obtain A, (&, y — z,) > (x, — 2,y — z,) for all y € C. Since x* € C,

we have

)»,,(u,x* - z,,) > <x,, —Zp X = z,,). (15)
It follows from u € d,8(yy, z,) that

&UmY) —gWnrzn) = (U, y —z,) forally e H. (16)
By using (15) and (16), we get

Ml %) = 8Os 2n) } = (0 — 20 6™ = 21). (17)

Since x* € §2, we have g(x*,y,,) > 0. If follows from the pseudomonotonicity of g on C with
respect to £2 that g(y,,x*) < 0. This implies that

(%n = Z0s 20 — &%) = Ang@ Vs Zn)- (18)
Since g is Lipschitz-type continuous, there exist two positive constants L;, L, such that

80w 2n) = g, 20) = 8, ) = L1 % = Yull® = Lallyn — 2> (19)
By using (18) and (19), we get

(%n = Zns 20 — %) = X {@(Xns 20) = Xns ¥) } = AnL1 0 = Yull> = AnLallym — 2l
From (12) and the above inequality, we obtain

2006 = 2Zns 20 = &) = 200 = Vs Zn = Yn) = MnLt %0 = Yull> = AL 170 — 2|l (20)

We know that

2 = zn 20 = %) = [0 = 2% |* = ll2s = 2 1% = || 20 — ||

’

2{x —YnsZn _yn) = |lx, _yn||2 + |z, _yn||2 — lxn _Zn”Z'
From (20), we can conclude that
2 2
2w =2 ||" < [ =] = (1 = 2L ) l1%0 = yulI* = (1 = 20 L) 1y — 2all*.

Step 2: The sequences {x,}, {w,}, {y»}, and {z,} are bounded.

Since 0 < A, < a, where a = min(i, i), we have
(1-21,L1)>0 and (1-2A,Ly)>0.
It follows from (7) and the above inequalities that

|zn = x*|| < ||#s —&*| forallmeN. (21)

Page 7 of 21
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By Lemma 2.7 and (21), we obtain

|1 =2 || = 9020+ (1= 0)2s = Qapwsy = & + 0x™ = 0™ + ctapiv — v
= | (1 = nw)zn — upwn — (1 = 02" + otupav + 1w, —2%) — v
< 1= 1)z — atpawy = [(1 = 02" = cupav] || + 1|20 = 2| + anellvl|
< (1= — )| 2w = &*|| + 0200 — 5" | + ctupa|Iv
< (L= 0 = o) |20 = || + 7| 20 — %] + el vl

= (1= ) ||ln =" || + ctapellvll

= (l—a,,t)“xn—x* || +anr(m|:”), (22)

where w,, € 9,f(z,,2z,) and v € 9,f (x*,x*). This implies that

M||V||}

*

[ome1 — 2| §max{||x,,—x .

By induction, we obtain

*

wlvll
) T .

Thus the sequence {x,} is bounded. By using (21), we have {z,}, and using Condition (A5),

P max{”xo .

we can conclude that {w,} is also bounded.

Step 3: Show that the sequence {x,} converges strongly to x™.

Since x € 2%, we have f(x*,y) > 0 for all y € £2. Thus x* is a minimum of the convex
function f(x*,-) over £2. By Lemma 2.4, we obtain 0 € 9,f(x*,x*) + N (x*). Then there
exists v € dyf (x*,x*) such that

(v,z—x*)zO forall z € 2. (23)
Note that
e —yl1? < llxl|* = 2(y,x —y) forallx,yeH. (24)

From Lemma (2.7) and (24), we obtain

|1 =2 = | an + (1= )20 — @i, — 2
= | (X = n)zn = ctupw — [(1 = 0)x™ = ctupav]
10— %) — iy
< (@ = nw)zw — appwy = [(1 = na)x™ — appav]
B L p——
< {] @ - m)zn - anpw, - [(1 = n)x" - auuv]

0l (0 = ) |} = 201V, 201 = 2%)

Page 8 of 21
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< [(1 - ot,,r)“z,, —x* || + 1 Hxn —x* H]2 - 2ay,u<v,xn+1 —x*)
< (1= =) |2 =6+ 1 = 2 |* = 2000 2(0, 201 — °)
< (U= = 0 T) 60 = 2% [|* + |0 = 27| * = 2002 (v, 21— 5°)
=(1 —ant)”xn —x* ||2 + Zan;L(v,x* —xml).

It follows that

mer =2 * < (0 = 007 [0 = 2" ||* + 200t {0, 6" = 001). (25)

Let us consider two cases.
Case 1: There exists ng such that {||x,, —x*||} is decreasing for n > ny. Therefore the limit
of sequence {||x, — x*||} exists. By using (21) and (25), we obtain

S P Pl

2
gl - P )
1
#1m (ln = = o =), (26)

Since lim,,_, o ,, = < 1,1im,,_, o o, = 0 and the limit of {||x,, — x*||} exists, we have
lim(”x —x*Hz—Hz —x*Hz)=0. (27)
n—0o0 " "
From 0 < A, < a and inequality (7), we get
2 2
(1 - 2a)|lx, _yn||2 < (1 =2x,L1) %, _yn||2 = ”xn —-x" ” - ”Zn —-x" ” .
By using (27), we obtain lim,,_, » ||x,, — ¥ || = 0. Next, we show that

limsup(v, x* — %,1) < O. (28)

n— 00

Take a subsequence {x,, } of {x,} such that

lim sup(v, P xml) =lim sup(v, x* - x,,k>.

n—00 k—o00

Since {x,, } is bounded, we may assume that {x,, } converges weakly to some x € H. There-
fore

lim sup(v, x* - xn+1) =lim sup(v, x* = xnk) = (v, x* = a'c) (29)
n—00 k— 00

Since lim, . [|¥4 — ¥l = 0 and x,, — X, we have y,, — x. Since C is closed and convex,
it is also weakly closed and thus x € C. Next, we show that x € £2. From the definition of
{y,} and Lemma 2.4, we obtain

1
0€ Bz{kng(xn,y) t3 (B —ynllz}(yn) +Nc ().

Page 9 of 21
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There exist w € N¢(y,) and w € dpg(x,, y,,) such that

AW+ Y, —x, + w=0. (30)
Since w € N¢(y,), we have (w,y —y,) <0 for all y € C. From (30), we obtain

An(Wsy =Y} Z (Kn =Yy —yn) forally e C. (31)
Since w € 9,¢(x,,, y,), we have

8%ny) = g%n yu) = (W,y = yn) forally e H. (32)
Combining (31) and (32), we get

A€ y) = gns yn)} = (%n = Yy —ya) forallyeC. (33)

Taking n = n; and k — oo in (33), the assumption of A, and (B5), we obtain g(x,y) > 0 for
all y € C. This implies that x € §2. By inequality (23), we obtain (v,x — x*) > 0. It follows
from (29) that

lim sup(v, x* = xml) <0 (34)

n—00

We can write inequality (25) in the following form:
||xn+1 - x* “2 S (1 - an":)”xn _x* ||2 - an":ém

where &, = 24 (v, x* — x,,,1). It follows from (34) that lim SUP,_, oo &n < 0. By Lemma 2.5, we

T
can conclude that lim,_, o ||%, — %*||% = 0. Hence x,, — x* as n — o0.
Case 2: There exists a subsequence {%n;} of {x,} such that % — 21| < [[%n41 — x| for
all j € N. By Lemma 2.6, there exists a nondecreasing sequence {t(n)} of N such that
lim,,, o T(n) = 00, and for each sufficiently large n € N, we have

e =" < |eonin —27] and [l =27 < [ein =7 (35)
Combining (22) and (35), we have

Jeen = 2% < e =7

< (1= Men) = Cein O Ze - | + Ny || %2y = 2| + otzopelIvIl- (36)

From (21) and (36), we get

Ott(n)l’

”Zr(n) o ” + Ar(m) L

Ivil. (37)
1- Nt (n) 1- Nt (n)

0= et =" = flzen =] = -

Since limy,_, o oty = 0,lim,,, oo 1, = N < 1, {2,,} isbounded, and (37), we have lim,,_, o, (% (z) —
x*| = llzzgny — x*]1) = 0. It follows from the boundedness of {x,} and {z,} that

lim (”xr(,,) —x* Hz - ”zf(,,) —x* ”2) =0. (38)

n—00



Yuying et al. Journal of Inequalities and Applications (2018) 2018:327

By using the assumption of {A,}, we get the following two inequalities:
1-2x;l1>1-2aL;>0 and 1-2X;4)Ly>1-2al,>0.
From (7), we obtain

|22 — * ||2 < |#een —&* ||2 — (L= 2e (L) 1%ty — Yo I
- (1 - 2)\r(n)L2)||yr(n) - Zr(n)||2
< e = a||* = (1 = 2aL1) ey = Yo |12

— (1= 2aL) 1y () — Ze(w I

This implies that

0<(1- 2('lLl)“xt(n) —YVt(n) ”2 +(1- 201[12)”)’r(n) - ZT(H)HZ

2 2
< eon =27 = 2o —#°[ "
It follows from (38) and the above inequality that
lim ”xr(n) _yr(n)” =0 and lim ”_yr(n) _Zr(n)” =0. (39)
n— 00 Hn— 00
Note that ”x‘[(}’l) - Zr(n)” = ”xr(n) _yr(n)” + ”yr(n) - Zz(n)”' From (39): we have

lim {|%z(n) = Ze ()| = 0. (40)

n—00

By using the definition of x,,,; and Lemma 2.7, we obtain

%62 0iy1 = Xemll = || Meen®ein + (1= o)zt — Ceimliteon = %o |

= ”(1 = e () Ze(n) = Ol (m) M (n)
— [ = D)%) = e W] = ey Wei |

< (X = 1ew)zen — et
— [ = 0260 %e () = emWeon ]| + ein Wzl

< (1= 0en) = () ON2Zem) = Ko | + iy | Wen l

< Nzen) = Xem | + ey [Wen lls

where t;(;) € 0of (Zr(n)» Ze(n)) and Wy () € dof (X¥1(), Xz (m))- Since lim,_. o, = 0, the bounded-

ness of {w(,} and (40), we have lim,_, o [|#;(s)+1 — %z(n) | = 0. As proved in the first case,

we can conclude that

lim sup(v, x* - xf(nm) =lim sup(v, x* = x,(,,)) <0. (41)
n—00 k—o00

Page 11 of 21
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Combining (25) and (35), we obtain

||x1:(r1)+1 -x* ||2 =< (1 - ar(n)f) “xr(n) -x* ||2 + 2()[1—(;4),(/L(V,x* _xr(n)+1)

= (1 - Olr(n)f) ||xr(n)+1 -x* ”2 + 2“‘[(}1),“*(1’:95* - xr(n)+1)~
By using (35) again, we have
|2 |2 21 *
”xn - X ” = er(n)+1 - X || = T(er _xr(n)+l>' (42)

From (41), we can conclude that limsup, _, . [lx, — x*||* < 0. Hence x, — x* as n — oo.
This completes the proof. d

4 The extragradient subgradient methods with line searches
In this section, we introduce the algorithm for finding the solution of a bilevel equilibrium

problem without the Lipschitz condition for the bifunction g.

Algorithm 2
Initialization: Choose xg € C, 0 < it < i—‘;‘, p €(0,2), y €(0,1), the sequences {A,}, {&,},
and {a,} C (0,1) such that

. (o] oo 2
lim,_, oo @, = 0, D o Un = 00, Y o &y < 00,

M €[MLA]C(0,00), & €[£,E]C(0,2).

Set n =0, and go to Step 2.
Step 1. Compute

. 1
Vn = argmm{kng(xmy) +=lly —xnllz}-
yeC 2

If y, = x,,, then set u, = x,, and go to Step 4. Otherwise, go to Step 2.
Step 2. (Armijo line search rule) Find m as the smallest positive integer number satisfying

Znm = (1 - ym)xn + mem

g(zn,m:xn) _g(Zn,m’yn) 2 ﬁ ”xn _yn”Z'

Setz, =z, and y,, = ™.

Step 3. Choose t, € 9,g(z,,,%,) and compute u, = Pc(x, — £,0,t,) where o, = g(ﬁ”’ﬁ‘;‘)

Step 4. Compute w,, € 95f (u,,, u,,) and

Xnsl = PC(un - anMWn)'

Set n =n+ 1, and go back to Step 1.

Lemma 4.1 ([26]) Suppose thaty, # x, for some n € N. Then the line search corresponding
to x, and y, (Step 2) is well defined, g(z,,x,) > 0, and 0 & 3,8(z,, %)
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Lemma 4.2 ([26]) Letg:® x ® — 0o be a bifunction satisfying conditions (B1) on C and
(B5) on ©, where © is an open convex set containing C. Let X,y € O and {x,},{y,} be two
sequences in © converging weakly to x,y € ©, respectively. Then, for any € > 0, there exist
n >0 and n, € N such that

_ &
82g(xn:yn) - 82g(x7y) + ;B

for all n > n,, where B denotes the closed unit ball in H.

Lemma 4.3 ([8]) Let the bifunction g satisfy assumption (B1) on C x C, (B5) on & x ©.
Suppose that {x,} is a bounded sequence in C, p > 0 and {y,} is a sequence such that

. o
Yn = argmln{g(xmy) + —||J/—xn||2}'
yeC 2
Then {y,} is also bounded.

Theorem 4.4 Let the bifunction f satisfy Condition A and g satisfy Conditions (B1)—(B3)
and (B5). Assume that 2 # (. Then the sequences {x,} generated by Algorithm 2 converge
strongly to the unique solution of the bilevel equilibrium problem (2).

Proof Let x* be the unique solution of the bilevel equilibrium problem (2). Then we have
x* € §2 and there exists v € 9, (x*, x*) such that

(v,z—x*)ZO forallz € £2. (43)
Step 1: Show that
et =2 |* < n =2 |* = (2~ £2) (ol tal). (44)

By the definition of u,, we have
”un —-x" ”2 = ”PC(xn —&40utn) _PC(x*) ”2

E ”xn - énontn _x* Hz

= [ =2 |* = 28000t %0 — &%) + (Eaullall) . (45)

Since t, € d,¢(z4,%,) and g(z,, -) is convex on C, we have g(z,, x*) — g(z,, %) > (£, 8" — x,).
It follows that

(tns 200 — &%) = g (2, 2%0) — g (20, %7). (46)

Since g is pseudomonotone on C with respect to 2, we have g(z,,x*) < 0. It follows from
(46) and the definition of o, that

(tns 200 = &) = g(20, %) = 021> (47)
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Combining (45) with (47), we obtain

Jtn =% |* < [0 = |* = 28,0 (0 1 al1?) + (En0alitall)
= [0 =2 * = 28, (0 ltall)” + £, (oulltall)

= o0 = x| = £42 - £ (nlitll) .

Step 2: The sequences {x,}, {y,}, {#,}, and {w,} are bounded.
Since &, € [§, £] € (0,2) and (44), we have

ot = 7| < o0 =27 (48)
By the definition of x,,,1, we get

v ] = [Pt apsn) - Pl
< |un - anpw, — x|
< || (o0 = %) = €twtt(w = v) = auav |
= | (s = 2*) = ctups(wy = v) | + ctuallvIl. (49)

From Lemma 2.7, (48), and (49), we can conclude that

|1 =2 = (1= otut) || st =2 | + €upe vl

< (l—oc,,r)”x,,—x* || +a,,r(“||:”>. (50)

This implies that

*

mlvll
) T .

P max{”xn x

By induction, we obtain

*

wlvll
) T .

P max{”xo .

Thus the sequence {x,} is bounded. Hence we can conclude from (48) and Lemma 4.3
that {y,} and {u,} are bounded, respectively. From condition (A4), we have {w,} is also
bounded.

Step 3: We show that if there is a subsequence {x,, } of {x,} converging weakly to ¥ and
limg_, oo (0 [|£n, 1) = O, then we have x € £2.

Firstly, we will show that {z,, } is bounded. Since {z,} is bounded, there is a subsequence
{24} of {z,,} converging weakly to z By using Lemma 4.2, for any ¢ > 0, there exist > 0
and kg such that

_ &
82g(znk,xnk) C 82g(z,x) + ;B

Page 14 of 21



Yuying et al. Journal of Inequalities and Applications (2018) 2018:327 Page 15 of 21

for all k > ko. Since {t,,} € 02g(2u;,%s,), we have {£,,} is bounded. Next, we show that
16, = ¥, Il = 0. Without loss of generality, we can assume that x,, #y,, for all k € N. By
Lemma 4.1, we obtain g(z,,,%,,) > 0 and £, # 0. Since limi_, o (0, |1, 1) = 0 and {¢,, } is
bounded, we have

klirgog(znernk) = klilglo(ank £ ) 16 1l = . (51)
It follows from the convexity of g(z,,, ) that

Y& Zngs V) + (1 = ¥ )8 (Zy s %) = (205 20, ) = 0.
This implies that

Vi [8Gngr %) = 8 V)| < &2 ¥y (52)

By the Armijo line search, we get ﬁ % — Yull* < (2 %) — &(&ng ¥, )> and (52) implies
that

PV
21

1% = Y 1* < Vin [€ @ %) — & Zngr Y )] < &(Zgr Himy)- (53)
ni

Combining (51) with (53), we obtain
klglolo Vo %0 = yull> = 0. (54)

Then we consider two cases.
Case 1. limsup;_, ., ¥, > 0. There exist y > 0 and a subsequence of {y,, } denoted again
by {¥4,} such that y,, >y for all k. So we get from (54) that

klifgo ”xnk —J’nk ” =0. (55)

Since x,, — X and (55), we have y,, — X. On the other hand, by the definition of y,, , we
have

M {€Gny) = 8Gng oY)} = Ko = Yoy —ym)  forally e C. (56)

Therefore

)”nk {g(xnk!y) _g(xnk'ynk)} = _”xnk _.yl’lk” ||J/_J’nk|| for ally eC.

Letting kK — oo in the above inequality, using (55) and the jointly weak continuity of g, we
have g(x,y) — g(x,x) > 0 for all y € C. So, g(¥,y) > 0 for all y € C. Hence x € £2.

Case 2. limsup,_, ., ¥, = 0. From the boundedness of {y,}, there exists {y,, } € {y.} such
that y,, — y. Let {m;} be the sequence of the smallest non-negative integers such that
Zgy = (L= y" )xp, + y"*y,, and

1%
g(znk’xnk) _g(znkyynk) = —”xnk _yﬂk ”2
2
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Since y"* — 0, we have m; > 0. It follows from the Armijo line search that, for my — 1, we

have z,, = (1 -y )xy + "'y, and

= = 14
g(an,xnk) —g(an,ynk) < 2—||xnk _ynk”Z' (57)
Ay

On the other hand, by the definition of y,,, we have

A€ y) = gGens yn)} = (%n = Yy — ) forally e C. (58)
Letting # = n; and y = x,,, in (58), we get

R 8o Vi) = 16 = Yo 1% (59)

Combining (57) with (59), we obtain

. . o
g(znk’xnk) _g(znk:ynk) < _Eg(xnkryrlk)' (60)

Since x,, — X,y,, — ¥, and y,, — 0, we have z,, — x. From (60) and g is jointly weakly
continuous on H x H, we get —g(x,y) < —%g(a’c, ). Since p € (0,2), we have g(x,y) > 0.
Taking k — oo in (59), we obtain limy_. ||%,, — ¥4, || = 0. By Case 1, it is immediate that
xe .

Step 4: Show that the sequence {x,} converges strongly to x*. By using the definition of
%,.+1 and (44), we obtain

st = | = | Pt — et — Pe(x”)) |
< ||thn = ctwpiw —x*|*
= [t — 2| = 20t w1 — %) + (et wall)®
< =" - 02 = £ (oultall)”
= 2ty (Wt — )+ (@t wl)?
< [ =2 |* = (oulltall)® = 20 pa(wy 1, — %) (61)

+ (ctupllwall)’.

Setting a,, = ||x,, — x*||%. It follows from the boundedness of {w,} and {u,} that

(Wt —x*)| <My and  |lw,|* < M. (62)
Combining (61), (62) with the definition of a,, we get

it =+ (0alltall) < 20,uM, + Q212 M. (63)
Let us consider two cases.

Case 1: There exists ng such that {a,} is decreasing for #n > ngy. Therefore the limit of {a,,}
exists, denoted by a. It follows that lim,,_, oo (@,+1 — a,) = 0. From (63) and the definition of

Page 16 of 21
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oy, we have
lim (o [1t.]1) = 0. (64)
n— 00

By the definitions of x,,,; and u,, we obtain

”Mn _anZ = HPC(xn _O'ntn) _PC(xn)“
< l%n = Onty — xull

Onlltnll- (65)

It follows that lim,,_, . ||, — %,,]|> = 0, which implies that
lim | u, —x* ”2 =a. (66)
n—0o0

Since {u,} € C is bounded, there exists a subsequence {u,, } of {u,} that converges weakly
to some u € C and satisfies the equality

linn_l)gf(un —x*, V) = klirr;o(unk —x", v).

Since u,, — u € C and (43), we have

linrggf(un —x", V) = kli)rgo(u,,k —x", v) = <L_t —x", V> > 0. (67)

Since wy, € dyf (4, uy), v € dof (x*,x*) and f is B-strongly monotone on C, we have
(Wi ® = ttn) < f (0,2%) < =Bty =" |” ~f (5, 0,)
S S )

This implies that (w,,, u, —x*) > B|lu, — x* || + (u,, — x*,v). Combining (66), (67) with the
above inequality, we get

lim inf(w,,, Uy — x*) > Ba. (68)

n—00

Assume that a > 0. Choose ¢ = %ﬁa. There exists ng such that
N 1
(u,,—x ,w,,) >Ba-¢= iﬁa for all n > ny.

It follows from (61) and the above inequality that a,,; —a, < —a,uBa* +a2M,. Summing
this inequality from n to n, we obtain

n n
nat — Any < —pBa” Yy e+ uMy » o). (69)
k=ng k=ng

Since Y2, ax = oo and Y7 a7 < 0o, we can conclude from (69) that liminf, . . a, =
—00, which is a contradiction. So, = 0, and we can conclude that lim,,_, o ||%,, — x*||%> = 0.
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Case 2: There exists a subsequence {an} of {a,} such that Ay < Apji1 for all j € N. Let
{r(n)} be a nondecreasing sequence defined in Lemma 2.6. Thus

Az (n) =< Ar(n)+1 and a, < Ar(n)+1- (70)
From (63) and the definition of «,;, we have
lim Ur(n)”tr(n)” =0. (71)
n— 00
By the definition of u.(,), we obtain
l2t2n) = emll* = | Pc@en = Oeonten) = Polxeim) |

= ”xr(n) - Or(n)tr(n) — Xz(n) ”

= O¢(n) ”tr(n) ” (72)

This implies that lim,,—, oo [247(s) — %1 () 1> = 0. Since {xz(n} is bounded, there exists a subse-
quence {X;(s), } € {¥:(s} such that x.(,, = ¥ € C and thus u(,, — x € C. From (71) and
Step 3 of this proof, we get x € £2. Next, we will show that u,(,),, — x*. It follows from (61)
that

2
2ar(n)kM(Wr(n)k: ur(n)k - x*> < ar(n)k - ﬂr(n)k+1 - (O—r(n)l< ”’fl'(n)/< ”)
2
+ (at(n)k/JL”Wr(n)k”) < (ar(n)kM)ZMZ'
This implies that

< ar(n)kMMZ )

(Wr(n)k’ ur(n)k - x*> = 9 (73)

Since f is B-strongly monotone on C and wy(y) € 05f (U (n), » Uz (n), )» We have
2
(x* — Uz (n)y> Wr(n)k> Sf(ur(n)er*) <-pB ”ur(n)k —x* ” _f(x*r ur(n)k)~

It follows from (73) and the above inequality that

1
| ttem —°[* < §[<Wf<n>kjur<n>k =) = f (", te )]

1[ arpy, uM N
=< E [% _f(x 7ur(n)k)]‘ (74)

Taking k — o0, by using #;(,), — ¥ and & (), — 0, we get

lim sup|| sy, — 2 |* < —f (5%, %) <O
k— o0

Therefore limy_, o [|#(m), — x*||* = 0. Then, it is easy to see that lim,_, o [[#4(s) — x*||* = 0.
By the definition of x,,,1, we have

||xr(n)+1 -x* ” = “ Ur(n) — Qg (n) MWz (n) -x* ”

= H Ur(n) — x* “ + ar(n)/fL”Wr(n) Il (75)
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Since {w-(y} is bounded, and from the definition of (), we have lim,_, o [|%7 (1 —%*]|? =
0. This means that lim,_, o0 @7(s+1 = 0. It follows from (50) that lim,,_, o a, = 0. Hence

1im,,_, &0 ||, —x*||> = 0. This completes the proof. O

5 Numerical examples
Let H=R"and C={x e R": -5 <&; <5,Vi € {1,2,...,n}}. Let the bifunction g : R* x
R"” — R be defined by

gx,y) = (Px+Qy,y—x) forallx,yeR”,

where P and Q are randomly symmetric positive semidefinite matrices such that P — Q is
positive semidefinite. Then g is pseudomonotone on R”. Indeed, let g(x,y) > 0 for every

x,y € R", we have

gx) <gxy) +g(,x) = (Px+ Qy,y —x) + (Py + Qx,x — ¥)
=—((P-Qx-y),x-y) <0.

Next, we obtain that g is Lipschitz-type continuous with L; = L, = %HP — Q)||. Indeed, for
each x,7,z e R”,

8x,y) +g(,2) —g(x,2) = (Px+ Qyy —x) + (Py + Qz,z - y) — (Px + Qz,2 — X)

= (P-Qx-y).7-2)
., IP-al
- 2

IP- Q|
z———;—wx—ﬂﬁ—

= yllly -z

IP-Ql

2
— Iy -zl
7 ly -zl

where ||P — Q|| is the spectral norm of the matrix ||P — Q||, that is, the square root of the

largest eigenvalue of the positive semidefinite matrix (P — Q)T (P — Q). It is easy to check
that £2 # . Furthermore, we define the bifunction f : R” x R” — R as

fx,y)=(Ax+ By,y —x) forallx,y e R",
with A and B being positive definite matrices defined by
B=NTN+nl, and A=B+M'M+ul,

where M, N are randomly # X n matrices and I, is the identity matrix. Then we have f is

n-strongly monotone on R”. Indeed, let x,y € R”, we get

f,y) +f(r,x) = (Ax + By,y —x) + (Ay + Bx,x — )
~((A-B)(x-),x-y)
—<MTM +nl,(x - y),x —y)

_<MTM(x_y)’x_y>_(nln(x_y)’x_y>
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Table 1 The results computed on Algorithm 1

n N.P. Average iteration Average times
5 10 72 0.7219
10 10 255 2.3859
50 10 1224 126235
100 10 1541 37.8766
500 10 1910 465510

= —|Mx - - nllx - I

2
< -nllx-y|".

Moreover, d5f (x,x) = {(A + B)x} and || (A + B)x— (A + B)y|| < ||A+B|||lx—y| forallx,y € R".
Thus the mapping x — 9,g(x,x) is bounded and ||A + B||-Lipschitz continuous on every
bounded subset of H. In this example, we consider the quadratic optimization

1
min{ —xT Hx +fo}, (76)
xeC | 2

where H is a matrix, f and x are vectors. From the subproblem of solving y; and z; in
Algorithm 1, we can consider problem (76).

We have tested for this example where n = 5,10, 50, 100, and 500. Starting point xj is a
randomly initial point. Take the parameters

1 k+1 1 2

) =T = -
k+4 =3k + 4) EoP-q k=la+BP

O =

We have implemented Algorithm 1 for this problem in Matlab R2015 running on a Desk-
top with Intel(R) Core(TM) i5-7200u CPU 2.50 GHz, and 4 GB RAM, and we used the
stopping criteria ||xx,1 — || < & with & = 0.001 is a tolerance to cease the algorithm. De-
note that

+ N.P: the number of the tested problems.

« Average iteration: the average number of iterations.

« Average times: the average CPU-computation times (in s).
The computation results are reported in the following tables.

From the numerical result Table 1, we see that the sequence generated by our algorithms

is convergent and effective for solving the solution of bilevel equilibrium problems.

6 Conclusions

We have proposed two iterative algorithms for finding the solution of a bilevel equilib-
rium problem in a real Hilbert space. The sequence generated by our algorithms con-
verges strongly to the solution. Furthermore, we reported the numerical result to support

our algorithm.
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