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Abstract. This paper presents the results of the comparison of the use effi-
ciency between two numerical algorithms which are the Adjust of Generalized
Vector (AGV) and the Closed-Loop Inverse kinematics (CLIK) method when
solving the inverse kinematics problem (IK) for the redundant serial-link robots.
AGV method is developed based on the Taylor expansion method but adjusted
to improve the accuracy of the IK solution. CLIK is a numerical method that is
built as a closed-loop kinematics control system with the position error of the
end-effector point in the workspace. The industrial SCARA robots with 4
degrees of freedom (DOF) including rotational and translational joints and
PA10-7C industrial robots with 7-DOF are used to illustrate the effectiveness of
the algorithms. The comparison results are expressed through the obtained joint
variables values, the position error of the end-effector point in the workspace,
and the deviation values of joint variables between the two methods. The results
of this study allow evaluating the effectiveness of these methods for solving the
IK and serve as the basis for choosing a suitable method for each specific robot
configuration. However, this article has not considered the effectiveness of the
methods mentioned above for other types of robots.

Keywords: Inverse kinematics � Effective algorithm � Redundant robots �
Closed-loop feedback

1 Introduction

The characteristics of the redundant robot create the distinctive of the IK. It means that
will exist countless options for the configuration of the robot in response to a task in the
workspace, or in other words, the system of inverse kinematics equations has countless
solutions. This is the advantage of this type of robot because we can choose an optimal
result among a multitude of results on the basis of applying quality criteria such as
avoidance of limited joints, joint velocity, avoid obstacles, the configuration degra-
dation and is quite useful for minimizing energy consumption [1–6]. However, due to
the multitude of solutions to choose from, choosing a viable option that fits the robot’s
physical configuration is a huge challenge. Research on effective solutions to solve the
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IK problem for redundant robots is the top concern because it is the foundation to
analyze the dynamics problem and design the control system.

There are many numerical algorithms which are developed to solve the IK such as
Jacobian Transpose [7], Pseudoinverse [8], DLS [9], Quasi-Newton and Conjugate
gradient [10, 11], Closed-loop inverse kinematics (CLIK) [12–15]. The Quick IK
algorithm [7] to improve the performance solving IK from Jacobian Transpose method
due to a great deal of loops. The IK was solved by using CLIK method with the
velocity and acceleration constraints [13, 14]. CLIK method is used in [15] for welding
robot 6-DOFs combining with a positioner to track a complex 3D curve. The parallel
genetic algorithm is used to solve the IK of Puma 500 robot in [16]. The elimination
technique is presented in [17] to reduce the complexity of the inverse kinematics
formulation based on analytical method. The new solution method is introduced in [18]
to avoid joint limitation, avoid singularities and avoid obstacles for redundant robots.
The AGV method has been presented and developed in [19, 20, 21]. This numerical
method has been applied quite effectively in solving the IK for the redundant robots
with 4DOF and 5DOF [19], 6 DOF [20, 21] with small position error in the joint-space
and the workspace. It is noted that all of the joints in these studies are rotational joints.

This paper focuses on comparing the efficiency of solving the IK for the redundant
serial-link robots between the AGV and CLIK algorithm because of their outstanding
compared to the other numerical methods. The highlight of this study is shown through
the simulation results of the IK for SCARA robot with 4DOF combining a translational
joint and robot PA10-7C with 7DOF [22]. The kinematics equations of these robots are
established based on the homogeneous matrix transformation D-H method. The IK
solving algorithms are performed on MATLAB/SIMULINK software with kinematics
parameters of robots in reality.

2 Materials and Methods

2.1 Kinematics Modeling

Based on the D-H method, a local D-H matrix Hi for the link i was established as
follows [23, 24]. For a robot consisting of n serial of links, the position of the end-
effector point on link n relative to the fixed coordinate system is determined as

Dn ¼ H1H2::Hn ð1Þ

Define the vector x which includes the first three elements of 4th column of Dn matrix
describes position of the end-effector point (E point) relative to the fixed coordinate
system. In essence, the vector x represents the relationship between the end-effector
point position and the joint variable values. Therefore, the forward kinematics equa-
tions are determined as x ¼ f ðqÞ and the end-effecter point velocity is inferred as
_x ¼ JðqÞ _q. The Jacobian matrix is JðqÞ with size 3� n. The inverse kinematics
equations are determined as qðtÞ ¼ f�1ðxðtÞÞ. Once the values of q have been deter-
mined from Eq. (4), the joints velocity are calculated as _q ¼ Jþ ðqÞ _x with Jþ ðqÞ is the
pseudo-inverse matrix of JðqÞ and defined as [23, 24]. The joints acceleration is
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inferred as €q ¼ Jþ ðqÞð€x� _J _qÞ. After calculating the value of vector q, the value of
vectors _q; �q can be determined.

2.2 The Algorithms for the IK Solving

2.2.1 Algorithm for Adjusted of Generalized Vector
Assume that the robot works in the period from t ¼ 0 to t ¼ tf . Divide the time interval
0� tf
� �

into N equal segments. The value of each segment is Dt ¼ tf
�
N. The next time

step can be calculated as tkþ 1 ¼ tk þDt; k ¼ 0� ðN � 1Þ. Operate Taylor’s expansion
of qðtkþ 1Þ near the value of qðtkÞ, the values of generalized joints position vector are
given as [19, 20].

qðtkþ 1Þ ¼ qðtk þDtÞ ¼ qðtkÞþ _qðtkÞDtþ 1
2
€qðtkÞðDtÞ2 þ . . . ð2Þ

The result given (2) is quite rough at t ¼ tkþ 1. Determine a better approximation
according to the formula qðtkþ 1Þ ¼ ~qðtkþ 1ÞþDqðtkþ 1Þ by calculating the value of
Dðtkþ 1Þ ¼ Jþ ð~qðtkþ 1ÞÞ xðtkþ 1Þ � f ð~qðtkþ 1ÞÞ½ �, ~qðtkþ 1Þ ¼ ~qðtkþ 1ÞþDqðtkþ 1Þ.
Operate the loop until Dðtkþ 1Þk k� e with e is the allowable error vector then take
qðtkþ 1Þ ¼ ~qðtkþ 1Þ. So, the value of generalized position joints vector q has been
found. Specific contents of this algorithm were clearly described in [19, 20].

2.2.2 CLIK Algorithm
The general IK solution can be described as [7].

_q ¼ Jþ ðqÞ _xþðI� Jþ ðqÞJðqÞÞ _q0 ð3Þ

where, I is the unit matrix with size n� n and q0 is the initial value. The closed-loop
algorithm is used based on the path error e ¼ xd � x in workspace between the desired
and actual path (xd and x). The generalized CLIK algorithm can be expressed by [7].

_q ¼ Jþ ðqÞð _xd þKpðxd � xÞÞ ð4Þ

The IK solution of redundant robot based on closed-loop algorithm is given as [7, 15].

_q ¼ Jþ ðqÞð _xd þKpðxd � xÞÞþ ðI� Jþ ðqÞJðqÞÞ _q0 ð5Þ

Where, Kp is a symmetric positive definite matrix. This algorithm was clearly
described in [7, 15].

2.3 Numerical Simulation Results and Discussion

Consider the kinematics model of SCARA robot with 4-DOF as shown in Fig. 1 and
PA10-7C robot with 7-DOF as shown in Fig. 2.
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Fig. 1. Kinematics model of SCARA
robot q ¼ q1 q2 q3 q4½ �T , q1; q2; q4
in radian unit and q3 in meter unit.

Table 1. D-H parameters SCARA

Links D-H
parameters
hi di ai ai

1 q1 d1 a1 0
2 q2 0 a2 p

3 0 q3 0 0
4 q4 d4 0 0

qmax ¼ 2:5 2:5 0:4 6:2½ �T ,
_qmax ¼ 6:5 6:5 0:3 31:4½ �T ,
d1 ¼ 0:42; a1 ¼ 0:22; a2 ¼ 0:4ðmÞ,
a2 ¼ 0:4; d4 ¼ 0:09ðmÞ

Fig. 2. Kinematics model of PA10-7C robot
q ¼ q1 q2 q3 q4 q5 q6 q7½ �T

Table 2. D-H parameters PA10-7C

Links D-H parameters
hi di ai ai

1 q1 d0 þ d1 0 �p=2
2 q2 d2 0 p=2
3 q3 d3 0 �p=2
4 q4 d4 0 p=2
5 q5 d5 0 �p=2
6 q6 0 0 p=2
7 q7 d7 0 0

Where, d0 ¼ 0:21; d1 ¼ 0:1; d2 ¼ 0:21; d3 ¼
0:13ðmÞ, d4 ¼ 0:28; d5 ¼ 0:21; d7 ¼ 0:07ðmÞ
_qmax ¼ 1 1 2 2 6:3 6:3 6:3½ �T
ðrad=sÞ
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The fixed coordinate system is ðOXYZÞ0 and ðOXYZÞi, (i ¼ 1� 4 with SCARA
and i ¼ 1� 7 with PA10-7C) are the local coordinate systems attached link i. Table 1
and Table 2 describe the kinematic parameters according to the D-H rule [23, 24] of
two robots, respectively. Accordingly, the transformation Hi homogeneous matrices are
determined. A given trajectory in the workspace for SCARA robot is described as

xE ¼ 0:3þ 0:08 cosð0:2tÞðmÞ; yE ¼ 0:3þ 0:08 sinð0:2tÞðmÞ; zE ¼ 0:1 cosð0:2tÞðmÞ

A given trajectory in the workspace for PA10-7C robot is presented as

xE ¼ 0:2þ 0:4 cosð0:2tÞðmÞ; yE ¼ 0:2þ 0:4 cosð0:2tÞðmÞ; zE ¼ 0:65ðmÞ

The given position error value in AGV method is e ¼ 10�3ðmÞ. The values of
coefficient in CLIK method for the SCARA robot and the PA10-PC robot are kp ¼ 50
and kp ¼ 100. The numerical simulation results of the SCARA are shown in Fig. 3, 4,
5, 6, 7, 8, 9, 10, 11 and Fig. 12 and of the PA10-7C robot are described in Fig. 13, 14,
15, 16, 17, 18, 19 and Fig. 25 after applying the AGV and CLIK algorithm to solve the
IK problem. Figure 12 and Fig. 25 show the models of both robots in 3D by using the
values of joint variables that are obtained from the inverse kinematics problem. These
models confirm the reliability of the algorithms.

With SCARA robot, the position of joint 1, joint 2 and translational joint 3 are
presented in Fig. 3, Fig. 4 and Fig. 5, respectively. The deviation values between AGV
and CLIK is shown in Fig. 6. The maximum deviation value is 10�2ðmÞ in joint 2.
However, when using the joint variable values to find the position of the end-effector
point in the workspace through the forward kinematics problem (Fig. 7, Fig. 8, and
Fig. 9), there appears to be quite a difference large in the position error of the end-
effector point (AGV with Fig. 10, CLIK with Fig. 11). This difference lies in the nature
of the algorithms. With the CLIK method, the position error values continuously
changed according to the closed-loop trajectory control system. On the contrary, the
position error is calculated specifically in each time step in the AGV method.
According to the AGV algorithm, the step i is performed until the position error value
smaller than the preset error value, then step iþ 1 can be performed.

Fig. 3. Joint 1 Fig. 6. DeviationFig. 4. Joint 2 Fig. 5. Joint 3
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For the PA10-7C robot, the values of the joints are depicted in Fig. 13, 14, 15, 16,
17 and Fig. 18. The large differences between the two robots are the translational joint
of the SCARA robot and the number of DOF. The number of kinematic equations is
also different. This explains the difference in the results of the IK between the AGV and
CLIK methods.

Fig. 7. E point in OX Fig. 8. E point in OY Fig. 9. E point in OZ

Fig. 10. Error position of
E point with AGV

Fig. 11. Error position of
E point with CLIK

Fig. 12. SCARA model in
MATLAB

Fig. 13. Joint 1 position Fig. 14. Joint 2 position Fig. 15. Joint 3 position

Fig. 16. Joint 4 position Fig. 17. Joint 5 position Fig. 18. Joint 6 position
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The deviation value of the joint variables is shown in Fig. 24. The end-effector
point position is shown in Fig. 19, Fig. 20, and Fig. 21. The position errors of the end-
effector point of the two methods are described in Fig. 22 and Fig. 23. The position
error of the CLIK method is higher than that of the AGV method. The cause has been
considered similar to the case of the SCARA robot.

In general, both techniques have the same level of complexity when calculating
Jacobian matrices. However, the CLIK algorithm needs to find a suitable Kp coefficient
to ensure the minimum position error. To find this coefficient, it can be to use the
automatic adjustment module of MATLAB/SIMULINK software. This technique is
easier in designing a position controller. However, given the trajectory in the work-
space is a curve, this method is difficult to apply, it is necessary to use a support
optimization algorithm to ensure the position error is within the allowable limit.
The AGV method takes more computation time than the CLIK method because this
algorithm performs for each specific time step. Based on the above evaluation, it can be
said that the AGV method is more effective in solving the IK for the redundant serial-
link robots than the CLIK method with the given path of the end-effector point in the
workspace is a curve.

3 Conclusion

Through building the kinematics equations of the redundant serial-link robots including
the SCARA robot with 4DOF combining a translational joint and the PA10-7C robot
with 7DOF, two methods AGV and CLIK are applied to solve the inverse kinematics
problem of these redundant robots. The efficiency of these methods was compared

Fig. 19. E point
in OX

Fig. 20. E point in
OY

Fig. 21. E point in
OZ

Fig. 22. Error posi-
tion with AGV

Fig. 23. Error position of E
point with CLIK

Fig. 24. Joints deviation
(AGV and CLIK)

Fig. 25. PA10-7C model in
MATLAB
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through numerical simulation results, including the position and deviation of the joint
variables, the position, and position error of the end-effector point in the workspace.
The results of this study show that both methods have successfully applied to solve the
IK of redundant serial-link robots. However, the AGV method is more efficient than the
CLIK method for this robot type because the simulation results show that the AGV
method gives smaller position errors, higher reliability through each calculation step,
and does not depend on finding the coefficient Kp suitable in the CLIK method. This
study has not covered IK for other types of robots such as parallel robots, mobile
robots.
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