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Interaction Between Dirac Solitons and
Jackiw–Rebbi States in Binary Waveguide Arrays

Truong X. Tran, Dũng C. Duong, and Fabio Biancalana

Abstract—We systematically study different scenarios of colli-
sion between Dirac solitons and Jackiw–Rebbi (JR) states, which
have been found recently in a system consisting of two interfaced
binary waveguide arrays with opposite propagation mismatches.
This collision has the resonance features for the reflected and trans-
mitted signals. The trapping effect of Dirac solitons between two
JR-states is analyzed.

Index Terms—Binary waveguide arrays, Dirac solitons, Jackiw-
Rebbi states, nonlinear fiber optics, nonlinear optical devices, op-
tical switches.

I. INTRODUCTION

WAVEGUIDE arrays (WAs) have been explored to inves-
tigate many fundamental photonic phenomena such as

discrete diffraction [1], [2], discrete solitons (DSs) [1], [3]–[5],
diffractive resonant radiation [6], and supercontinuuum genera-
tion in both frequency and wavenumber domains [7], [8]. Wave-
guide arrays have also attracted a great amount of interest in sim-
ulating fundamental effects in nonrelativistic quantum mechan-
ics such as photonic Bloch oscillations [1], [9], [10], and Zener
tunneling [11]. On the other hand, binary waveguide arrays
(BWAs) - a special class of WAs - present a unique photonic sys-
tem to investigate relativistic quantum mechanics phenomena
arising from the Dirac equation, e.g., Zitterbewegung [12], Klein
paradox [13], and Dirac solitons in the nonlinear regime [14].

The discrete gap solitons in BWAs in the classical context
have been investigated earlier [15]–[18]. But only recently,
the discrete solitons in BWAs have been shown to be optical
analogs of Dirac solitons (DSs) in a nonlinear relativistic one-
dimensional Dirac equation [14]. The DS stability, its dynamics
and DSs interaction have been investigated in [19]. The for-
mation and dynamics of two-dimensional DSs in square binary
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waveguide lattices have been investigated in [20]. The higher-
order Dirac solitons in BWAs have been studied in [21]. Note
that nonlinear Dirac equations have been studied since a long
time, e.g., by Heisenberg [22].

Quite recently, it has been shown in [23] that at the interface
of two BWAs one can create the optical analog of a special
state, known in the quantum field theory as a Jackiw-Rebbi (JR)
solution [24]. The JR state led to the prediction of the charge
fractionalisation phenomenon which plays a central role in the
fractional quantum Hall effect [25]. One of amazing features
of the JR state is the topological nature of its zero-energy so-
lution which can be considered as a precursor to topological
insulators [26]. Topological photonics has a great potential in
the development of robust optical circuits [27].

In applications, WAs can be exploited for designing signal-
processing circuits, in particular optical switches. It has been
shown in [28] that one can change the propagation direction
of the discrete soliton and reach the desirable output channel
in WAs by controlling the input phase difference between ex-
cited waveguides. Other schemes of controllable and steerable
soliton-based optical switching in WAs have been discussed in
[29] by using the unstable soliton modes, or with the help of
a linear guided wave (or defect mode) that can be generated
in an inhomogeneous array. Another method to route a discrete
soliton on predefined tracks in 2D WAs through interaction with
a strongly confined and intense discrete soliton (also referred to
as a blocker) has been proposed in [30]. As demonstrated in
[30], the blockers can block and route discrete solitons in 2D
networks, therefore, AND, NOT and time gating logic functions
can be achieved. Two discrete solitons under normal incidence,
but with an input phase difference, can also shift each other dur-
ing propagation via their interaction [31]. One can steer discrete
solitons in WAs by the longitudinal modulation of the nonlin-
earity in WAs [32]. A blocker itself can be shifted, although with
more difficulties due to the Peierls - Nabarro potential in WAs,
by several waveguides through interaction with a low-intensity,
wide, tilted beam [33], [34]. Recently, it has been shown that
one can route a discrete soliton by using a much weaker control
beam in nonlinear WAs [35].

In this work we study different scenarios of the collision be-
tween JR states and DSs in a system consisting of several BWAs
with alternating signs of the Dirac mass. So far, these kind of
collision and interaction, to the best of our knowledge, have not
been investigated. They are interesting from both fundamental
and applied perspectives. We show that the collision has the res-
onance features for the transmitted and reflected signals, thus
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the switching effect can be achieved. We show that DSs can be
trapped between two JR states.

The paper is organized as follows. In Sections II and III, we
investigate the collision of a DS with a JR state of the 1st and 2nd
types, respectively. The interaction and trapping of DSs between
two JR states are studied in Section IV. Finally, in Section V we
summarize our results and finish with concluding remarks.

II. COLLISION OF A DIRAC SOLITON WITH A JR
STATE OF THE 1ST TYPE

Light propagation in a BWA with Kerr nonlinearity can be
described, in the continuous-wave regime, by the following di-
mensionless coupled-mode equations (CMEs) [14]:

i
dan(z)

dz
+ κ[an+1(z) + an−1(z)] − (−1)nσan

+ γ |an|2an(z) = 0, (1)

where an is the electric field amplitude in the nth waveguide, z is
the longitudinal spatial coordinate, 2σ and κ are the propagation
mismatch and the coupling coefficient between two adjacent
waveguides of the array, respectively, and γ is the nonlinear
coefficient of waveguides which is positive for self-focusing,
but negative for self-defocusing media. The system analyzed
in this work consists of two interfaced BWAs with opposite
propagation mismatches. For waveguides with n < 0 we have
σ = σ1, whereas for n ≥ 0 we have σ = σ2. The illustrative
sketch of this system is depicted in Fig. 1(a).

After setting �1(n) = (−1)na2n and �2(n) = i(−1)na2n−1,
and following the standard approach [12] by supposing that all
beams are large enough we can introduce the continuous trans-
verse coordinate ξ ↔ n and the two-component spinor �(ξ, z)
= (�1, �2)T which satisfies the 1D nonlinear Dirac equation
[14]:

i∂z� = −iκσ̂x∂ξ� + σ σ̂z� − γ G, (2)

where the nonlinear terms G ≡ (|�1|2�1, |�2|2�2)T ; σ̂x and
σ̂z are the usual Pauli matrices. In quantum field theory the
parameter σ in the Dirac equation is often called the mass of the
Dirac field (or Dirac mass), and this mass parameter can be both
positive and negative (see, for instance, [36] for more details).

Now we briefly re-introduce the solutions for JR states oc-
curring at the interface between two BWAs which have been
analytically found just recently [23].

If σ1 < 0 and σ2 > 0 we get the following exact localized
solution of (2) in the linear case [23]:

�(ξ ) =
√

|σ1σ2|
κ(|σ1| + |σ2|)

(
1
i

)
e−|σ (ξ )ξ |/κ . (3)

As already mentioned in [23], the continuous solution (3) is
the exact one to (2), but it is an approximate solution to the
discrete (1). Obviously, this approximation will become better
if the beam width gets larger so that the continuous limit ξ ↔ n
is valid. For JR states, this condition can be met if |σ (ξ )|/κ| is
not too large. As shown in [23, Fig. 1] the continuous solution
(3) is used as JR states input condition for numerically solving
the discrete (1) with |σ (ξ )|/κ = 1 and we have obtained a

Fig. 1. (Color online) Collision between a DS and a JR state of the 1st type.
(a) Illustrative sketch of two BWAs with opposite propagation mismatches
located adjacent to each other. (b, c, d, e) Scenarios of collision between a DS
and a JR state of the 1st type for various values of factor f = 0.5, 1.0, 1.1, and
1.2, respectively. (f) The transmittance T and the reflectance R as a function
of the factor f . (g) The ratio of the transmittance T to the reflectance R as a
function of the factor f . Parameters: σ1 = −0.6; σ2 = 0.6; κ = 1; γ = 1; the
width parameter for the DS n0 = 5; total number of waveguides N = 1441.

perfectly localized beam whose shape and profile are excellently
preserved during propagation in the linear regime (where the
continuous solution (3) is found). This is an obvious evidence
that the continuous solution (3) is an excellent approximate
solution to the discrete (1) in the linear regime when |σ (ξ )|/κ ≤
1. In this work, we will use |σ | = 0.6 and κ = 1, so, obviously,
the condition |σ (ξ )|/κ ≤ 1 is held true.

If |σ1| = |σ2| = σ0 one can easily get following exact local-
ized solutions for the discrete (1) without nonlinearity (γ = 0)
for the following two cases [23]:

If −σ1 = σ2 = σ0 > 0, one gets the following JR state of the
1st type:

an = bnei[κ−
√

σ 2
0 +κ2]z, (4)

where bn is real and independent of the variable z, b2n−1 =
b2n , if n ≥ 0 one has the following relationship: b2n/b2n+1 =
α ≡ −[σ0/κ +

√
1 + σ 2

0 /κ2], whereas for n < 0 one has:
b2n+1/b2n = α. Note that the central region for generating a
JR state of the 1st type has two neighboring waveguides with
(−1)nσ which must be positive.
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However, if σ1 = −σ2 = σ0 > 0, one has the following JR
state of the 2nd type:

an = bnei[κ+
√

σ 2
0 +κ2]z, (5)

where bn is again real and independent of the variable z, b2n−1 =
b2n , if n ≥ 0 one has: b2n/b2n+1 = −α, whereas for n < 0 one
has: b2n+1/b2n = −α. Note that the central region for generating
a JR state of the 2nd type has two neighboring waveguides with
(−1)nσ which must be negative.

Even though the solutions in the form of (3)–(5) are obtained
from the linear problem, these solutions can be successfully
used to construct the initial conditions for getting the robust
nonlinear localized JR states whose established profiles after a
certain propagation distance are just slightly different from the
input conditions [23].

Regarding the Dirac soliton solution in BWAs, we have ob-
tained it in the form of [14, eq. (6)]. Because this Dirac soliton
solution has been well investigated in [14], [19]–[21], therefore,
we will not include it here. Although this Dirac soliton solution
is also derived in the continuous limit when ξ ↔ n, nonetheless,
as demonstrated in [14], it is an excellent approximate solution
to the nonlinear discrete (1) when the width parameter n0 of the
Dirac soliton is large enough so that n0|σ | > κ . In this work,
we will use |σ | = 0.6, κ = 1, and n0 = 5, so, obviously, the
condition n0|σ | > κ is also held true.

Now it is time for us to proceed further with numerical sim-
ulations. It is worth emphasizing that all numerical simulations
in this work are performed by directly solving the discrete (1).
At the beginning, we investigate the collision of a Dirac soli-
ton with a JR state of the 1st type. In order to do that one
needs to create a DS which propagates obliquely. This is eas-
ily done by launching two initially out-of-phase DSs which are
transversely motionless at the very beginning [19] as shown in
Fig. 1(b)–(e). Due to the interaction between these two out-of-
phase DSs after some short propagation distance one will get
two DSs which propagate obliquely in opposite directions. The
downward propagating DS will collide with a JR state of the
1st type located at the central region of the waveguide array.
In Fig. 1 we fix the parameters for the DS, but change the JR
state in the form of (3) by multiplying it by a factor f . Note
that in the nonlinear case, this initial condition is not the exact
solution for the nonlinear JR state, however, as pointed out in
[23], if f is small enough, after some propagation distance the
nonlinear JR state will be established with profile just slightly
different from the input one. The parameters for generating the
DSs and JR state in Fig. 1 are as follows: the initial distance
between two DSs is 20 waveguides; the Dirac mass for the upper
BWA (n < 0) is σ1 = −0.6; whereas for the lower BWA σ2 =
0.6; the coupling coefficient between two adjacent waveguides
κ = 1; the nonlinear coefficient γ = 1 for all waveguides; the
width parameter for DSs n0 = 5 (for DS solutions, see [14, eq.
(6)] for more details); and the total number of waveguides N =
1441. In Fig. 1(b) with f = 0.5, after the collision another lo-
calized DS is formed as the reflected beam, and only very weak
transmitted signal is hardly observed. When f = 1 as shown in
Fig. 1(c) the transmitted signal becomes stronger as compared

to Fig. 1(b). The reflected signal in Fig. 1(c) consists of two
parts: one is a localized strong DS, another is a weak scattered
beam which broadens quickly during propagation. If the factor
f is increased further to a value of 1.1 as in Fig. 1(d) the trans-
mitted signal becomes even stronger and one can observe that a
localized DS is formed in the transmitted signal together with a
weak scattered beam. Meanwhile, the reflected signal becomes
weaker as compared to Fig. 1(c) and also consists of a localized
DS together with a weak scattered beam. In Fig. 1(e) when f
= 1.2 the reflected signal is very weak and just consists of a
weak scattered beam (without any DS). On the contrary, the
transmitted signal is very strong in Fig. 1(e) and consists of a
strong localized DS together with a scattered beam.

Now we analyze the power of the reflected and transmitted
beams at the propagation distance z = 600. At this distance one
can sum up all |an|2 with n < −40 and get the power for the
reflected beam, then take the ratio of this reflected power to the
power of the incident DS to get the reflectance R. Analogously,
one can get the transmittance T for all waveguides with n > 40.
The central region of the waveguide array with −40 < n < 40
is the region for the JR state which is well separated from the
reflected and transmitted beams at the propagation distance z =
600. In Fig. 1(f) we plot the transmittance T and the reflectance
R, and in Fig. 1(g) we plot the ratio of the transmittance T to
the reflectance R as a function of the factor f . As seen from
Fig. 1(f) and (g) when f < 0.7 the reflectance is high (R � 1)
and the transmittance is very low (T � 0) (see also Fig. 1(b)).
However, when f is increased further up to unity the reflectance
R gradually decreases, whereas the transmittance T gradually
increases (see also Fig. 1(c)). In particular, when f is increased
from 1.0 to 1.2 we get the resonance when R sharply decreases
and T sharply increases. This feature is also clearly illustrated
in Fig. 1(e) where only a very weak scattered beam is observed
for the reflected signal, but very strong beam is generated for
the transmitted signal. It is peculiar to see in Fig. 1(f) that the
reflectance R and transmittance T can be larger than unity. This
is due to the fact that both reflected and transmitted signals can
take the energy of the JR state. In Fig. 1(f) and (g) one can
see several resonance peaks around f = 1.2, 1.44, and 1.83. If
we continue to increase f , we will get other resonance peaks.
However, when f is too large ( f > 2), the linear (with γ = 0)
localized solution of the JR state in the form of (3) multiplied
by the factor f will be a bad approximation for the nonlinear
(1) (with γ �= 0). That is the reason why we just focus on small
values of f in Fig. 1.

III. COLLISION OF A DIRAC SOLITON WITH A JR
STATE OF THE 2ND TYPE

Now we investigate the collision of a Dirac soliton with JR
states of the 2nd type. All parameters of the waveguide array
used in this Section are the same as in Section II with the
exception that now we change the sign of both σ1 and σ2. This
is necessary to create right conditions for generating JR states
of the 2nd type: the central region for generating a JR state
of the 2nd type has two neighboring waveguides with (−1)nσ

which must be negative. Like in Section II, the central region
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Fig. 2. (Color online) Collision between a DS and a JR state of the 2nd type.
(a, b, c, d, e) Scenarios of collision between a DS and a JR state of the 2nd
type for various values of factor f = 0.5, 1.4, 1.5, 1.6, and 1.7, respectively. (f)
The green curve represents the relative power ratio of the reflected DS to the
incident DS as a function of the factor f , whereas the red curve represents the
relative power ratio of the output JR state to the input JR state. Parameters: σ1
= 0.6; σ2 = −0.6; κ = 1; γ = 1; the width parameter for the DS n0 = 5.

of the JR state in this Section is two waveguides with n = −1
and 0. Now we need to use the linear localized solution in the
form of (5) to construct the initial condition for the nonlinear
JR state of the 2nd type. The initial amplitude of the JR state
of the 2nd type at the central region is as follows: a−1 = a0 =
f
√|σ1σ2|/(κ(|σ1| + |σ2|)) with f being varied. Once the peak

amplitude of the JR state is fixed, one can easily construct all
of its profile as indicated in Section II. In Fig. 2(a)–(e) we
investigate different scenarios of the collision of a Dirac soliton
with JR states of the 2nd type for different values of f = 0.5,
1.4, 1.5, 1.6, and 1.7. Unlike cases shown in Fig. 1, one can
easily see from Fig. 2(a)–(e) that the transmitted signal is very
week. Regarding the reflected signal in Fig. 2(a) when f =
0.5 one obtains only a very strong reflected DS, whereas in
Fig. 2(b) when f = 1.4 one gets some weak scattered beam
and a reflected DS which is weaker than the reflected DS in
Fig. 2(a). Another big difference between Figs. 1 and 2 is that
the slope of the reflected DS in Fig. 1 remains almost the same,
whereas it changes in Fig. 2. First, when f is small the slope
of the reflected DS decreases if f gets increased as shown in
Fig. 2(a) and (b). If we increase f further as in Fig. 2(c) the
slope of the reflected DS decreases to a degree that the reflected
DS becomes parallel to the JR state, as a result, the reflected DS
is merged into the JR state. If we continue to increase the value
of f as shown in Fig. 2(d) and (e) the slope of the reflected
DS will increase, as a result, the reflected DS will be separated

Fig. 3. (Color online) (a, b, c, d) Interaction of two Dirac solitons with two JR
states of the 1st type for various values of the factor f = 0.5, 1.0, 1,1, and 1.2.
The distance between two JR states is equal to 200 waveguides. The first BWA
has waveguide positions n ≤ −100 with the Dirac mass σ1 = 0.6; the second
BWA has waveguide positions −99 ≤ n ≤ 99 with the Dirac mass σ2 = −0.6;
whereas the third BWA has waveguide positions n ≥ 100 with the Dirac mass
σ3 = 0.6. Other parameters are the same as in Fig. 1.

from the JR state, and one can observe the reflected DS again.
The green curve in Fig. 2(f) represents the relative output power
of the reflected DS, i.e., the ratio of the output power of the
reflected DS (taken at the propagation distance z = 900) to the
input power of the incident DS (taken at z = 0). The red curve
in Fig. 2(f) represents the relative output power of the JR state,
i.e., the ratio of the output power of the JR state (taken at the
propagation distance z = 900) to the input power of the JR
state taken at the propagation distance z = 140. Note that we
do not take the input power of the JR state at z = 0, because
as seen in Fig. 2(b)–(e) (when f is large) at the very beginning
of propagation some portion of the JR state energy is radiated
away, and the stable profile of the JR state is established at the
propagation distance z � 100 before the collision at the distance
z � 200. As seen in Fig. 2(f) one gets a very sharp resonance
around f = 1.5.

IV. INTERACTION OF DIRAC SOLITONS WITH TWO JR STATES

The features occurring during collision of a DS with a JR
state analyzed in Sections II and III can be used to manipulate
DSs such as switching or steering. In this Section we investigate
the possibility of trapping the DSs inside two “walls” created
by two JR states. In this case, the systems shown in Figs. 3 and
4 consist of three binary waveguide arrays with two interfaces
for generating JR states. These two interfaces are located at
waveguides with position n = (−100, −99) and (99, 100), thus,
the distance between two JR states is 200 waveguides. The first
BWA has waveguide positions n ≤ −100 with the Dirac mass
σ1; the second BWA has waveguide positions −99 ≤ n ≤ 99
with the Dirac mass σ2; whereas the third BWA has waveguide
positions n ≥ 100 with the Dirac mass σ3.

In Fig. 3(a)–(d) two JR states of the 1st type are used to
construct the trap with various values of f = 0.5, 1.0, 1.1, and
1.2, respectively. In order to be able to generate JR states of the
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Fig. 4. (Color online) (a, b) Interaction of two Dirac solitons with two JR
states of the 2nd type for two values of the factor f = 0.5 and 1.5. The
distance between two JR states is equal to 200 waveguides. The first BWA
has waveguide positions n ≤ −100 with the Dirac mass σ1 = −0.6; the second
BWA has waveguide positions −99 ≤ n ≤ 99 with the Dirac mass σ2 = 0.6;
whereas the third BWA has waveguide positions n ≥ 100 with the Dirac mass
σ3 = −0.6. Other parameters are the same as in Fig. 2.

1st type in Fig. 3 we chose σ1 = −σ2 = σ3 = 0.6. In Fig. 3(a)
(when the factor f = 0.5) the two DSs are well trapped be-
tween two JR states. After each collision DSs are well reflected
backwards to the region between two JR states. This result is
in agreement with the scenario shown in Fig. 1(b). When f is
increased to 1.0 and 1.1 as shown in Fig. 3(b) and (c) the trans-
mitted signal becomes more and more pronounced, as a result,
some portion of the DSs energy escapes from the trap (see also
Fig. 1(c) and (d)). In particular, in Fig. 3(d) when f = 1.2 we
again observe the resonance in which almost all energy of two
DSs escapes the trap, and as a result, only a negligible portion
of DSs energy gets trapped inside the walls created by two JR
states. This behavior shown in Fig. 3(d) is in agreement with
the scenarios shown in Fig. 1(e)–(g). Thus, one can use two JR
states of the 1st type to manipulate the trapping and escaping
effects of Dirac solitons.

In Fig. 4(a) and (b) two JR states of the 2nd type are used
to construct the trap with factor f = 0.5, and 1.5, respectively.
In order to be able to generate JR states of the 2nd type in
Fig. 4 we chose σ1 = −σ2 = σ3 = −0.6. In Fig. 4(a) (when the
factor f = 0.5) the two DSs are well trapped between two JR
states. After each collision DSs are well reflected backwards
to the region between two JR states (see also Fig. 2(a)). When
f is increased to 1.5, as shown in Fig. 4(b), the structure of
DSs is quickly destroyed after collision, i.e., most of energy
of DSs is combined together with JR states by distributing it
to the waveguides close to inner sides of the walls (see also
Fig. 2(c)). Thus, one also can use two JR states of the 2nd type
to manipulate the trapping effects of Dirac solitons.

For estimation we use typical parameters in BWAs in [12]
where the coupling coefficient in physical units κ = 140 m−1.
Because the propagation mismatch σ can be easily experimen-
tally varied in the range from 0.5κ to 2.1κ in [12], so in our
work we can use the propagation mismatch in physical units σ

= 0.6κ = 84 m−1. The typical nonlinear coefficient in physical
units γ = 6.5 m−1W−1 can be taken from [37]. In this case, the
power scale will be P0 = κ/γ = 21.5 W and the length scale
in the propagation direction will be z0 = 1/κ = 7.1 mm. As
mentioned above, the total number of waveguides N = 1441 is
used in simulations, but this number can be much decreased, for
instance, by putting two Dirac solitons much closer to the JR
states at the input.

V. SUMMARY

In conclusion, we demonstrate numerically that the collision
between Dirac solitons and Jackiw-Rebbi states of the 1st type
in a system consisting of several binary waveguide arrays with
alternating signs of the Dirac mass can generate reflected and
transmitted Dirac solitons. When the input power of the JR state
of the 1st type is weak most of the energy of the Dirac soliton
is reflected, whereas for certain ranges of the input power of the
JR state most of the energy of the Dirac soliton is transmitted
through the JR state. However, if a Dirac soliton collide with a
JR state of the 2nd type, then only reflected Dirac solitons can
be generated, and almost nothing is transmitted through the JR
state. For certain ranges of the input power of the JR state of the
2nd type the reflected Dirac soliton propagates parallel to the
JR state, such that the separated reflected Dirac soliton does not
exist in this case. All of these features have resonance characters
and can be used to manipulate Dirac solitons, such as steering
or trapping them inside two JR states. Our results suggest that a
system consisting of several BWAs with alternating signs of the
Dirac mass can be used as a classical simulator to investigate
the interaction between relativistic Dirac solitons and Jackiw-
Rebbi states. This kind of interaction can be useful for optical
switching and trapping effects.
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