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Abstract Let p be a prime number and f € Sfl (To(N), ¥) be a Siegel cusp eigenform of
genus n. We consider the standard zeta function DVP)(f, s, x), which takes algebraic val-
ues at critical points after normalization. We construct two #-admissible measures u* and
wn~ for certain & = [4ord, (ag(p))] + 1 explained in the Main Theorem with the following
properties:

tors
p

with1 <s <[ —n,s =8 mod 2 and for s = 1 the character x?2 is non-trivial, the
following equality holds

(i) For all pairs (s, x) such that x € X' is a non-trivial Dirichlet characters, s € Z

A+ (S) N _
xx,dpt =i (C“””AW) CEg s x5 - DY (frs xx0) )
/Z; ? N ? (fo. fo)
where fj is a modular form, associated to f and an embedding i, : Q= C p is fixed.
(ii) For all pairs (s, x) such that x € X g’“ is a non-trivial Dirichlet character, s € Z with
1—14n<s5<0,s=8§+1 mod 2 the following equality holds

_ _ . _ _ A (s)

1 — n(l—s) o+ 0y oo

xxy o dpT =i (c AT E;(T—s,xx7)

/Z; P N P (fo. fo)
xDWNP(f,1 — s, XXO)).

Here, 5§ = 0 or 1 according to whether x(—1) = 1 or x(—1) = —1 and A(s),

A(x), Ep(s, ¥) are certain elementary factors including Gauss sum, Satake p-parameters,
conductor ¢, of Dirichlet character x etc.
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1 Introduction

The purpose of this note is to give a construction of admissible measures (in the sense of
Amice—Vélu) attached to a standard L-function of a Siegel cusp eigenform. For this purpose,
we use the theory of p-adic integration in spaces of holomorphic Siegel modular forms (in
the sense of Shimura) over O-algebra A where O is the ring of integers in a finite extension
K of Q,. Often we simply assume that A = C,. We study the action of certain differential
operators on Siegel Eisenstein distributions with values in the spaces of modular forms.
In order to obtain from them numerically valued distributions interpolating critical values
attached to standard L-functions of Siegel modular forms, one applies a suitable linear form
coming from the Petersson scalar product.

In the previous works, some special cases were treated by Bocherer, Schmidt for arbitrary
genus in the ordinary case (Annales Inst. Fourier, 2000, by doubling method), Courtieu,
Panchishkin (LNM 1471, 2004, 1990) for even genus in the general s-admissible cases, by
Ranking-Selberg method in the form of Andrianov.

In the present work, we give a conceptual explanation of these p-adic properties satisfied
the special values of the standard L-function DNP)(f, s, x) where f is a Siegel cusp form
of weight / and of arbitrary genus.

2 Non-Archimedean Integration and Admissible Measures

2.1 Non-Archimedean Integration

Let p be a prime number, C,, = Q p the Tate field, and § a finite set of primes containing p.
The set on which our non-Archimedean zeta functions are defined is the C,-adic analytic
Lie group

Xs = Hom¢one (Galg, C;),
where Galg is the Galois group of the maximal abelian extension of Q-unramified outside
S and infinity. Now, we recall the notation of #-admissible measures on Galg and properties

of their Mellin transform. These Mellin transforms are certain p-adic analytic functions on
the C,-analytic group Xs.

Gals = lim(Z/MZ)* = 73,
M

where M runs over integers with support in the set of primes S. The canonical C,-analytic
structure on X g is obtained by shift from the obvious C,-analytic structure on the subgroup

Homgopt (Z;, C ; ) We regard the elements of finite order x € X tsors as Dirichlet character
whose conductor ¢, may contain only primes in S, by means of the decomposition

X:A@/QX — Zg —Q° — C*.
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p-Adic Admissible Measures Attached to Siegel Modular Forms

The character x € X" forms a discrete subgroup X'"™. We shall need also the natural
homomorphism
. X X X
Xp g —>Zp —>(Cp, xp € X,

such that all integers k € Z can be regarded as characters of the type xf, ©y > y*. Let us
fix an embedding

ip:Q—C,
and we shall identify Q with a subfield of C and of C,. Recall that a p-adic measure on Zg
may be regarded as a bounded C;;-linear form . on the space C (Z;, C ,,) of all continuous
Cp-valued functions

C(z5.Cp) — C,
¢ — u(fp)=/x<pdu,
N

which is uniquely determined by its restriction to the subspace C! (Z;, C ,,) of locally
constant function.
The Mellin transform L, of u is a bounded analytic function

L,:Xs — C,
X Lu(x)=fxxdu

N

on X, which is uniquely determined by its values L, (x) for the characters x € X",
2.2 h-Admissible Measure

A more delicate notation of an ~-admissible measure was introduced by Amice, Vélu, and
Visik (see [1, 8). For i € N*, we define C" (Z;;, C,) the space of C,-valued functions
on Z, which are locally polynomials in x;, of degree less than or equal to 4. In particu-

lar, C! (Z;, C p> is the space of locally constant functions. Let us recall the definition of
admissible measures with scalar and vector values.

Definition 1 An h-admissible measure on Z is a C,-linear map:
o:C" (2}, ) —C,
with the following growth condition: for allt = 0, 1 ,h—1

/ (xp - ap)td(l5
a+(p™)

=o(p" ") form — oo,
p

where a, = xp(a).

We know that each h-admissible measure can be uniquely extended to a linear form
on the C,-space of all locally analytic functions so that one can associate to its Mellin
transform

L,:Xs — C,

X —> Ly (x) =f xdu,
ZX

N
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which is a C-analytic function Xg of the type o(log(x ,,)h). Moreover, the measure p is
uniquely determined by the special values of the type L, (xx),) with x € X WS and r =
0,1,---,h—1.

3 The Standard L-Functions of Siegel Cusp Eigenform and its Critical
Values

For a Siegel modular form f(z) of genus n and weight /, which is an eigenfunction of the
Hecke algebra and for each prime number p, one can define the Satake p-parameters of f,
denoted by «; (p) (i =0, 1, ..., n). In this introduction, we assume for simplicity that f is
a modular form with respect to the full Siegel modular group I'" = Sp,,(Z). The standard
zeta function of f is defined by means of the Satake p-parameters as the following Euler
product:

. ; =1\ 17!
zmmmzﬂKuﬂgvno_M%@»O_m%fn)]’
i=1

p

where x is an arbitrary Dirichlet character. We introduce the following normalized
functions:

D*(s, f,x) = Qm)"OH=CFDRD (s +8)/2) [ [ (TG + k= ) DGs, £, ),
Jj=1

D¥(s, f,x) = T (s +8)/2D*Gs, £, 1),
- S 1/2—s .
D (G, fix) = mp (s, £ %),
where § = 0 or 1 according to whether x(—1) = 1 or x(—1) = —1 and let
f@) =) aE)ent2) €S,

£>0

be the Fourier expansion of the Siegel cusp form f(z) of weight /, the sum is extended over
all positive definite half integral n x n matrices, z € H,,

H, ={z € GL,(C) | 'z =z,Im(z) > 0}

is the Siegel upper half plane of degree n and e, (z) = e27"®),

Theorem 1 (Theorem A, [4])

(a) For all integers s with 1 < s <1 —36 —n, s = 8§ mod 2 and Dirichlet character x
such that x? is non-trivial for s = 1, we have that:

(f, £)7'D s, £, x) € K =Q(f, Ay, X),

where K = Q(f, Ay, x) denotes the field generated by Fourier coefficients of f,
by the eigenvalues A y(X) of the Hecke operator X on f, and by the values of the
character x.

(b) Forallinteger s withl —14+85+n <s <0,s #§ mod 2, we have that:

(f, £)'D (s, f, x) € K.
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p-Adic Admissible Measures Attached to Siegel Modular Forms

This theorem was proved by Harris in 1981 for even n and by Bocherer—Schmidt for
arbitrary n.

4 Differential Operator

To construct a sequence of modular distributions, we use the action of certain differential
operator on Siegel modular forms which was given by Bocherer in [2]. These differential
operators are built up from the operators (with 1 < i, j < 2n)

I
9 = ] 9z’ =
iy — 1 9 . .

f&zij’l#J

which we put together in the symmetric 2n x 2n matrix

where 9; are block matrices of size n which correspond to the decomposition

(a2
3= (23 z4>

of H, into block matrices (with z3 = "z). We consider the polynomial A(r, ¢), r+¢q = n,
in the 0;;, their coefficients being polynomials in the entries of z,

" -
s = 3 () (1 n ) ) ).
a+b=q

The special multiplication M was introduced by Freitag in [5] and used by Bocherer in
[3, p.1379]. In particular, we have A(n, 0) = det(d2), A(0, n) = det(zz) det(d). We define

forany @ € C
r n 1
Dua= ), (=D (r) Cr (a—n+5> A q),

r+q=n
where

Iy <s+%)

C(s)—s(s+l)---<s+q_l>—
o) ) )

qq=1
2

with Ty (s) == 7
we put

]_[?:1 r (s — ‘12;1>, “Gamma function of genus ¢ > 1”. Forv € N,

v
Qn,a = gn,a+u—1 O--+0 Qn,a,

o
QZ,(X = (QZ,O() |12:0-

ForT e (ngfmz ", we recall a polynomial B« (T) defined by Bocherer in the entries #; (1 <
i <j<2n)ofT by

°y  w(TZ) y t(Ti 21+ Taza) n

Dn,a(e )= mn,a(T)e ’ r= tT2 T4 ’

that is, it represents “‘action of differential operator on exponential function”. The I3, , are
homogeneous polynomials of degree nv. In the ordinary case, Bocherer—Schmidt only need

the main term ¢, , det(72)"” with a certain constant c, ,. In the present work, we find all
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terms of this polynomial. For simplicity, we write P (T}, Ty, T2) instead of %13, ,(T). We
see that for each (71, Ty, T2) € Sym, (R) x Sym, (R) x M, (R) the following property is
satisfied for any A, B € GL(n, R).

P(AT'A, BT, 'B, AT> 'B) = det(AB)" P(T1, T4, T»). (1)

Indeed, this polynomial is determined by its values on any non-empty open subset (e.g., the
open set consisting of (77, T4, T3) such that 71 > 0, 74 > 0, and 7> € GL(n, R)). For these
(T, T4, T2), we can take the matrices A, B € GL(n, R) such that

AT '"A=BT4'B =1,.

We put
Wy = AT» 'B.
There exist two orthogonal matrices %1, ko such that
h1Woho = D,

where D is the diagonal matrix with diagonal elements d; (1 <i < n), d; # 0. So by (1)
we have

P(T\, Ty, T») = det(h1h2 AB) ™" P(1y, 14, D).

Therefore, P(T1, T4, T7) is determined by its values at 71 = Ty = 1,, T, = D. Then, we
prove that P(1,, 1,, D) for v even and P(1,, 1,, D)/(d; ...d,) for v odd is a polynomial
in elementary symmetric polynomials of d?, . . ., d,%. We put

n
det(x1, — Wo 'Wo) = Y Pj(Wo)x”.
j=0

Then, we can write this polynomial in the following forms. For even v,

n—1
P(T\. Ty, Tp) = (et Ty detT)2 Y cleo.....en1) [ | Pi(Wo)”
(€0, -ren—1)7#0 Jj=0
and for odd v,
n—1
P(Ty, Ty, To) = det(Ty)(det Ty det Ty) T Yo cleo. . en) [ ] Py(WO)Y,
(€0;-ren—1)7#0 Jj=0

where Pj(W)) is the elementary symmetric polynomial of diz.
We denote by A the subsets of positive definite matrices of size n.

Theorem 2 Using the relations | = k + v, v > 0 with | the weight of Siegel modular form

L’y T, n . iy
fand T = ( ‘T L2T4> € A5, T, Ty € Ajf, L fixed positive number, we have that the
following expression holds:

Po o (1) = det(L*T1T9)? Y Cy(k)Qu(L72D)  if v is even

IM|<3

and if v is odd

P (1) = det(Ty) det(L* T T)'T Y Cu(k)Qu(L72D),

v—1
IM|<5=
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p-Adic Admissible Measures Attached to Siegel Modular Forms

where M runs over the set of (eq, ..., e,_1) 7% 0 such that |M| = ZZ;%) ey < [%], Cy (k)

is a polynomial of variable k of degree |M|, and Q y;(L™2D) is a homogeneous polynomial
of variables L_zdlz, i=1,...,nofdegree |M|.

with T € A, T1, T4 € A, L afixed

2
Proof We consider the matrix 7 = (L I T )

' LTy
positive number. We can take A=L'"AandB=L"'B e GL(n, R) with matrices A, B
defined as above such that

~

ool NN

= 1n,
=1,.

oo P
bl

We put
Wo=AT>'B.
Since we assumed that det(73) # 0, there exist two orthogonal matrices %1, h; such that
h1Woha = D.
Compare with previous statement we have
Wo = LW,
D =L7?D.
Then, we have that P(Ty, Ty, T5) is determined by P(1,, 1,, ﬁ) where D is a diagonal
matrix with diagonal elements L_zdl.z, i=1,2,...,n. Weput

n
det(xl, — D*) =Y Pj(D)x’.
Jj=0
Then similarly as the above statement, we can write the polynomial in this case in the

following forms:
If v is even, then

n—1
P (1) = det(L*TITY> Y~ cleo,...,en1) [ Pj(D).
(e01-nsen1)#0 j=0

If v is odd, then
n—1
Py 4 (T) = det(D)det(L* TV T)"* Y~ cleo,....en) [ | Pi(D)Y,
(€0, en—1)7#0 j=0

where P; (ﬁ) is a polynomial in elementary symmetric polynomials of L_zdiz, i=1,...n
We denote for each M = (e, ..., ey—1) 7# 0 the polynomial

n—1
Ou(L™*D) = [ [ Pi(D)*.
j=0
It is easy to see that Oy (L™2D) is a homogeneous polynomial of variables L‘zdiz, i =
1,2,...,n of degree |[M| with |M| = ZZ;%) eq < [%]

Otherwise, we know that the coefficients Cys (k) is a polynomial of variable k, k = n+ j
degree |M|. Therefore, we have the expression for this polynomial. O

@ Springer



A.T. Do

5 Integral Representation for Standard Zeta Function

First, we recall briefly the definition of Eisenstein series. For a Dirichlet character ¥
mod M, M > 1, a weight k € N with (1) = (=DF and a complex parameter s with
Re(s) > 0,we define an Eisenstein series

F(Z, M, ., s) and FX(Z, M, ¥, s) =det(Y)'FX(Z, M, v, s)
of degree n (with Z = X +iY € H,)) by
FSZ M.y, 5)= ) ¥(det(C)) det(CZ + D) | det(CZ + D)|7*.
(€.D)

Here, (C, D) runs over all “non-associated coprime symmetric pairs” with det C coprime to
M. This series converges for k + 2Re(s) > n + 1.
Let ¢ be a prime number, g t N. We denote

A=A)N) = {y:(? z> €G{NGLy(Zlg ' DIv(y)*€Zlg™'l,c =0, mod N} ,

a subgroup in Q* containing I' = ' (N). The Hecke algebra over Q is denoted by £ =
£; (N) = Dq(I", A) and defined as a Q-linear space generated by the double cosets (g) =
(I'gl"), g € A of the group A.

For each j,1 < j < n let us denote by W; an automorphism of the algebra
QIXF', X3, ..., X! defined by the rule:

Xo > XoXj, X, Xj_], Xi—> X, 1<i<n,i#j.
Then, the automorphisms W; and the permutation group S, of the variables X; (1 <i < n)
generate together the Weil group W = W,, and there is the Satake isomorphism:
+1 pl 41"
Sat:£—>Q[XO XU X ] .

For any commutative Q-algebra A, the group W, acts on the set (AX)"*!, therefore any
homomorphism of Q-algebra A : £ — A can be identified with some element

(@0, a1, ..., ay) € [(A)"T],

which is defined up to the action of W,,.
Definition 2 The Satake p-parameters associated to the eigenform f of genus n and weight
[ are the elements of the (n + 1)-tuple («o, o1, ..., ®,) € [(A)" 1 which is the image

of the map f —— Ar(s) under the isomorphism Homc (£, C) = [(AX)" 1], which is
defined up to the action of W,,.

Let fy be an element of Sfl (TCo(Np), ¢). We assume that fj is an eigenform for the Hecke
algebras

o o
®(I’(NP£N17,q and ®q|NP‘CNp,q

and also an eigenform of U (L) for all L:

SolU(L) = a(L) fo.
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Proposition 1 Let x be a Dirichlet character mod N, N*|M, | = k + v, v > 0 and
¢ = V¥ x. There exists a two variables function g(x, x) in COOM,ll (To(M), @) such that for
any h € S,ll (Co(N2p)., @), the following product

Z

0 -1 2A\Y '
a7 ) eorg)
U )

n(n+1)—nl
2

equals

Q1 (0)(RN)"Hr=n=D(N2g) x x (=" (="

o D RO —n, Jh
(R2> (fo.k—n,j0{foli | N2p o

e Do+ = (145 - =2)
Chk+ )T, (k+s—15)

with

n(n+1) —ns

Q.(s) = (~1)F 21+
and a(L) is defined by fo|U (L) = a(L) fo.

Proof The existence of function g(z, w) could be seen in [3]. O

6 Main Theorem

We fix a Siegel modular form f € Sl (T'o(N), @) which is an eigenform of the “good”
Hecke algebra ®q1’Np£ Np.a: . Also, we fix a prime p which does not divide N. We consider
fo, an eigenform which is defined as in Section 5. We could see the relation between the
eigenforms f and fy, especially their Satake parameters at p in [3, Proposition 9.1]. We
denote by B4y, ..., B, the Satake p-parameters of f. We recall here some notations that we
shall use in the statement of our main theorem. For an arbitrary Dirichlet character ¥r,we
introduce the modified p-Euler factor

o (1= )
Eps.v) = [[
i (1= 97 )
X = X -X1, x isaDirichlet character modulo RN.

To formulate our result, let

Lo @)TE) .
A(s) o= = ,EWHZ i
An(s) = @) - [[Te =s+1-j).

Jj=1
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where ['c(s) := 2 - (27)7*I'(s). Furthermore, for any character x of p-power conductor
cy, we let

_ n(n+1)
A" (x) = cxl 2 ag(cy) 2 (Xp. ey ) - X (=DG(x)).
— A™(x)
AT = (x%), —_—
00 = (XPPlolcy) DGO

where [a, b] denotes the least common multiple of the integers a, b and G(x) is the usual
Gauss sum. Finally, we let

Ef = (1= (@xx0p)p' ™" Epls, xx°),
E, = Ey(p, xx°).

Theorem 3 (Main theorem) For each prime number p, there exist two p-adic admissible
measures wt, u= on L, with values in C, verifying the following properties:

(i) For all pairs (s, x) such that x € X;;’rs is a non-trivial Dirichlet character, s € 7

withl <s <l —n,s =68 mod 2 and for s = 1 the character Xz is non-trivial, the
following equality holds:

AL (s)
(fo, fo)

(i) For all pairs (s, x) such that x € Xg’rs is a non-trivial Dirichlet character, s € 7
withl —1+n<s<0,s=65§4+1 mod 2 the following equality holds:

/Z xxptdnt =i (c;‘é”*”A*(x) CES G xx) DD (f, 5, xx°)> :
P

1, . _ _ A () -0

1 _ n(l=s) A+ 0 0 (Np) 0

xx5ldu™ =i (c ATOOE, (A=s, xx )7~ D" (f, 1=s, xx )).

/Z; d NG d (fo, fo) /

(iii) If ordp(ao(p)) = 0 (i.e, f is p-ordinary), then the measures in (i) and (ii) are
bounded.

(iv) In the general case (but assuming that oo(p) # 0) with x € Homeon (Z, (C;) the
holomorphic functions

D (x) = /xd/ﬁ,

D™ (x) = /xdp,_

belong to type o(log(x,,)h) where h = [4ord, (ao(p))] + L. Furthermore, they can be
represented as the Mellin transforms of certain h-admissible measures.

V) Ifh < k —m — 1, then the functions D* are uniquely determined by the above
conditions (i) and (ii).

7 Fourier Expansion of #-Functions

Fourier expansion of -functions was investigated carefully by Bocherer-Schmidt in [3,
Section 5]. We consider the Fourier expansion of H-functions and H’ at two values of s,

namely

m+1 1
so:=0 and 51:=T—k=§—t, k=n-+tt>1.
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We denote by A, the set of all half-integral symmetric matrices of size n and by A, A"
the subsets of matrices of maximal rank and of positive definite matrices respectively. The

Fourier expansion of ’H(Lt)x inthecase x # lats =0is

nn—1)

AL Qriy™R™ T (N?p) "G ()" x°(R)" x1(N)"

x Yy > P (1)Gu T2, N, x°)%1(det(2T2))
TieA) TueA;f 2
1€ S 2Tyezm T— L, T 52 €Al
T LTy )
— _ 2+l
x > (0x)*(det G) detT[G ™' D* "2 Lk — n, epig-10%)

GeGL2n, Z)\I(T)
x> (ex"H®b) - b7F - db. TG,

bl det@T[G—1])
b>0

where the quadratic character e7 is defined as follows:

er (%) = <(—1)" det(2T)>

*

and D(T) = {G € M,,(Z*|T[G‘1] € A,}, b|det(2T). For any b| det(2T), there exists an
integer d(b, T') such that

[1Br@=. 1= > vmbde. 1),
q

bl det(2T)
b>0

where Bj'(¢ ™", T) is a polynomial in Z[x] of degree < m — 1 satisfying certain conditions.

At s = s1, we look at the Fourier expansion of H/(Lt?x (z, w) with y # 1
o o p 0O
MY ow) = Llk+2s. 00000, | F5, (——, R2N2R—O,go,s)

1 0 1 0
Z 2y w AT w
The Fourier expansion of H/g,)x (z, w) ats = 57 is

nn—1)

BX Qriy"R™ T (N*p) "G (x)"x°(R)" x1(N)"

x Yy > B (T)Gn2Ta, N, x°) 1 (det(2T2))
TieA TyeA;f LTy, T
2T eZmm) T= 2 €A,
T, L*Ty
x > (@x)*(det G) det@TIG ' D¥ 'Lk — n, egy6-19%)

GeGL2n, Z)\D(T)
x Y (exO®) - b7F - d b, TG,

bl det2T[G— 1))
b>0
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The Fourier expansion of Hg,)x ats = 0 is given by

AL, @riy R¥T (N28) G () X (R x] (N
x Y > By k(TG (2T2, N, x°) X1 (det(2T2))
TIEA:{TAEA;2T2€Z(”v”),T:<LZZTl gz) .
T, LTy
x Y (ex)(detG)det@TIGT I Lk — n. eqigonex))

GeGLQ2n, Z)\D(T)

x Y (pxHb) bR d b, TG,

bl det@T[G—1])
b>0
where

x’ is a Dirichlet character mod R’N and
x' = x°- x| where x is a Dirichlet character mod N,
X1 is a primitive Dirichlet character mod R’.

()
L

The Fourier expansion of H’ L@ w)ats =0is

nn—1)

B ri)y" R T (N*p) "G ()" x* (R x; (N)"

x Yy > PBL L (T)Gu (T2, N, x°)X{ (det(2T2))
TieA) TheA) 2
L S ez T L1 gz eAl
Ty, L2Ty)
x > (@x)2(det G) det |G ' L(1 — 1, egyg-119X)

GeGL(2n,Z)\D(T)

x> (exHb) - bFd b, TG

bl det@T[G—1])
b>0

8 Algebraic Linear Form

For a modular form g(z, w) of genus n and weight /,which is a function of z (or w), we
consider the following C-valued function (see [3, Section 9]):

0—1 v 1 0
, 8I°R ,
<<fo|z<1 0) gl >r0(1v2p) f0|1<0 st)>

<f0! f0>12-0(N2

4

To(N2p)

Fg) =

p)
where (f | 8)(2) = f(—2).

We want to know the action of the linear form F on 'H(LOX (z, w) and H’ (Lt)x (z, w). First,
we define the p-Euler factor

(= y(p)BT
Ep(s.9) =] — ,
P& ¥) (= (PBip—)

j=1
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where V¥ is an arbitrary Dirichlet character and 81, . . ., f, are Satake p-parameters of eigen-
form f which is a modular form associated to f. For simplicity, we now write x for xi.

Then computing F (H(Lt?x (z, w)), we have

FHY (2. w))
Z

v 1 0
f0|1< ) H (2, w>|2ﬁ> ,folz( 5 )>
<< Lo To(N2p) 0 Np To(N2p)

(f[)’ fO)%O(NZP)

= (fo. fo) w2y - Qo ORN)"HH=1=D(N2p ) (=) (=)

pL (NS, L 0 0 z
xozo( e )D ) (fo, k —n, X)<fo Iz <0 N2)p ) Soli (O N2p >>r0(1v2p)

= (o fo) ™ Qu0(0) - (N2p) T x O (— 1) (—1y!m

— — Y p
X(ch)n(H—z Dag (PL4CX2) - Ep(, X% - x° (ﬁ
s Cx

n R
) DN (£, x0%),

for any character x, whose conductor ¢, is a power of p. Similarly, we have

s k nn+1) _nl n n

.F(H/(Lt,)x) = (fo. fo) ' Qz,u(ﬂ)z lEk)) -(N%p) e 2l)()(o(_l) -1
S1

n(l— - %0 P n

X(ch) ( t)(xo (pL4cX2> . Ep(] — t, XOX) : XO <(p7 CX)>

x DD (£, 1 —1, x0).

FHe, s .F(H/L’X) depend only on L by the factor a(L*).

9 Distribution in Siegel Modular Forms

Consider the C,-linear forms DE . ¢l (Z;) — C,, defined on the local monomials xj{;
forj=0,1,...,] —n—1by

/ xéd'DJr = / dD}:—l L>
a+(L) a+(L) ’

/ xidD- ::/ D7,
a+(L) a+(L) ,

where
+ G+
Dt = F(HYE).

DI =7F (H/(L_,i))
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A.T. Do

Then, we have

.
t o
(x, —a,) dDt = < .)(—a)’ -// dDt
/a+<L> P 12_: J ara@y T

=0
r r r— -1
=>(")a > x @D, 00
= <J> <p(L) el L
=y(@) Z ( > (—a) ~ —— Z x Ya)F (’H(L];l)) )
j=0 ( )XmodL

Similarly, we have

/ (xp —ap)dD™
a+(L)

r

r i .
(J) (™ /a+(L) P
—0

=Z<:~)<—a>’ D 2 K@D 00
j=0

~.

xmod L
! —~(r N -1 (=)
_V(L)Z()(f)( a) (L) X;LX @F (7).
J= X Mo
We denote
AT = Lr r.)—’f— (L4,
y( )E}(} ( ‘/’(L)X%;LX (@v (L, j+1, %),
— / a r 1
AT = L . — L,
Y'( )%(1)( a) ‘P(L)Xn%f @v= (L, =], x).

Then, we need to prove that A, A~ also verify the growth conditions
AT =o (L),

0 (|L|;—h).

A

We state here the main congruences

r

Z( )(— )y — () Yo ox Mot @, j+ 10| =Cop

— L
j=0 xmod »

and

Z(?)(—ay oD X X @V €T
j=0

d L
Xmo »

withr =0,1,...,1—n—1,L = p".

—y(L)Z( )( —a)y ™ — () Do ox M@t L+ 1,0,

xmod L
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where
n—1) —In n n n
oL, j 41, x) = AS, @)™ - R™ T (N2S) "G ()" x°(R)" x1 (N™)
x YT Y P (DGR, N, X)) (det(2Ty))

TieA Tue Al 2T, €Z0nm)

_ _ 2n+l
x > (p)*(det G) det@T[G ™) =2 - L(k — n, €qeirig-119%)
GeGL(2n,Z)\D(T)

x Y (@x)®b B, TIGT).

bldet T[G™1]

10 Proof of the Main Theorem

(i) We denote w = gT[G—I]. For s € Z, s > 0, we use the Mazur measure and the
functional equation of L-functions associated to Dirichlet characters

s—1

L i) Cor (1 xe@e T
lp(/zx“”d“ (w))_mw@xn = xatgg ) P X

P q

and fors € Z,s <0,

ip (/ZX xx;du_(w)> = LJACIO(S, Xw),

»

where

90 ['(s) cos(m(s — 8)/2)
(271—)&

’

Lip (. %@) = Ly (s. fo)
Ly (. @) = Ly (s. 3o)

are normalized Dirichlet L-functions with § € {0, 1} and yw(—1) = (—=1)%. The
function G (wy) denotes the Gauss sum of the Dirichlet character wy . The functions
satisfy the functional equation

Ly =s,x0) =[]

qeS\S(x)

1 — xa(q)g* ™!
I — xwlq)g™*

) Lj‘;o(s, K o).

Otherwise, we can write the factor Zb\detT[G’l]((px)(b)b_kd(b’ T[G™']) as the
finite linear combination with integer coefficients b; € Z:

Do @M B, TIGT) = Y bix(@)afsy,

b|det T[G~!] €L,

D b / X ()x 8.,
ZX

Ot,'EZ; ,

where §, is the Dirac measure at the point o; € Z;. We define the measure wr, by

/ X()x*dur, = / X)xE Y bids,.
X Z[);

Z
L4 o GZ;
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A.T. Do

We have the following measures obtained by convolution
pt (T, w) = put(w) * ur,,
w (I, w) = p~ () * ur,.
As in the previous section, we know that to prove ™ is an h-admissible measure, we
have to prove AT = o (|L|’p’h).
Actually, we have the factor
_ nl
y(L) = (fo. fo) - 21 (0) - (N*p)?
We easily see that

lnNn(l—j—l)aO(pL4)—l

y(L)=0 mod |L| —4ord, (cg(p))]—

On the other hand, we use interpolation for the polynomial

A GHit D!
CM(J):Z(;M'W~
Therefore,
+ r—j —1 il G+t D!
¢ ;;( o ‘P@)XmZo;‘LX @2 =G

X G, (2T, N, x°) %1 (det(2T»)) / xx T dut (D, w).
z;

Here, we fix T} and T4 and study only the dependence on 7>. Then
|M| r

_GHi+HD
BY =f i (r.)(—av S At (T, )
x=a modL; ]2 J G+ D!
M| 5i
=/ Do = @)t (T, ).
x=a mod L, X

Then, (x —a)M =0 mod LM! gives the congruence
Bt =0 mod L' "=0 mod L' ™M
On the other hand, Q4 (L~2D) is a homogeneous polynomial of L~2 with degree
[M|.So Oy (L™2D) =0 mod L~2MI Thus
+=0 mod L—h .LZnVLr—lM\ 'L—Z\Ml =0 mod Lr—h—3|M|+2nv.
Therefore,
t=0 mod L'

This congruence says that with & as above, ™ is an h-admissible measure.
(i) The proof for the negative case is actually similar to the proof for the positive case
in (i).

(iii) The assertion (iii) (i.e., the ordinary case) which was proved by Panchishkin (see [7])
with even genus and Bocherer—Schmidt with arbitrary genus (see [3]), also follows
easily from the main congruence.

(iv) Inthe general case h > k—n — 1, the integer s runs over {0, 1, ..., h— 1} and one can

extend the values of our functions D* (Xx;,) by the equality D+ (xx‘;,) = 0 (for all
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x € X" of a conductor divisible by all the prime divisors of Np) fors > [—n—1—v
(but keeping the same values for 0 < s <[ —n — 1 — v). The verification of the
h-admissibility goes without change in this situation. Also, one obtains again the h-
admissible measures u* with h = [4ord, (co(p))] + 1. The functions D= therefore
coincide with the Mellin transforms of these /-admissible measures. We also can find
the proof of (iv) in [1, 6, 8].

(v) Finally, if h <[ — n — 1, then the conditions in (i) and (ii) uniquely determine the

analytic functions D7 of type o(log(xﬁ)) by their values following a general property
of admissible measures (see [1, 8]). In the case 7 > [ —n — 1, there exist many analytic
functions D* verifying the condition in (i) and (ii) which depend on the choice of
analytic continuation (interpolation) for the values DE( X x‘;) ifs >l—n—1—v.But
one shows in Theorem 3 that there exists at least one such continuation (for example,
the one which was described in the proof of (iv)).

Acknowledgments The author would like to thank his adviser, Professor Alexei Panchishkin, for all assis-
tance during the 3 years of research at the Institute Fourier. This paper is based on the author’s PhD thesis in
the University Grenoble-1, 2014. The author would like to thank the anonymous referees of this manuscript
whose remarks and corrections improved significantly the exposition.

References

. Amice, Y., VElu, J.: Distributions p-adiques associées aux Séries de Hecke. Astérisque 24-25, 119-131

(1975)

. Bocherer, S.: Uber die Funktionalgleichung automorpher L-Funktionen zur Siegelschen modulgrupe. J.

Reine Angew. Math. 362, 146-168 (1985)

. Bocherer, S., Schmidt, C.-G.: p-adic measures attached to Siegel modular forms. Ann. Inst. Fourier 50,

1375-1443 (2000)

. Courtieu, M., Panchishkin, A.: Non-Archimedean L-Functions and Arithmetical Siegel Modular Forms.

Lecture Notes in Mathematics, vol. 1471. Springer-Verlag, Berlin (2000)

. Freitag, E.: Siegelsche Modulfunktionen. Springer-Verlag, Berlin (1983)
. Ha, H.K.: p-adic interpolation and Mellin-Mazur transform. Acta Math. Vietnam. 5, 77-99 (1981)
. Panchishkin, A.A.: Non-Archimedean L-Functions of Siegel and Hilbert Modular Forms. Lecture Notes

in Mathematics, vol. 1471. Springer-Verlag, Berlin—Heidelberg (1991)

. Visik, M.M.: Non-Archimedean measures connected with Dirichlet series. Mat. Sb. 99, 248-260 (1976)

@ Springer



	p-Adic Admissible Measures Attached to Siegel Modular Forms
	Abstract
	Introduction
	Non-Archimedean Integration and Admissible Measures
	 Non-Archimedean Integration
	h-Admissible Measure

	The Standard L-Functions of Siegel Cusp Eigenform and its Critical Values
	Differential Operator
	Integral Representation for Standard Zeta Function
	Main Theorem
	Fourier Expansion of H-Functions
	Algebraic Linear Form
	Distribution in Siegel Modular Forms
	Proof of the Main Theorem
	Acknowledgments
	References


