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Abstract Let p be a prime number and f ∈ Sl
n(�0(N),ψ) be a Siegel cusp eigenform of

genus n. We consider the standard zeta function D(Np)(f, s, χ), which takes algebraic val-
ues at critical points after normalization. We construct two h-admissible measures μ+ and
μ− for certain h = [4ordp(α0(p))] + 1 explained in the Main Theorem with the following
properties:

(i) For all pairs (s, χ) such that χ ∈ Xtors
p is a non-trivial Dirichlet characters, s ∈ Z

with 1 ≤ s ≤ l − n, s ≡ δ mod 2 and for s = 1 the character χ2 is non-trivial, the
following equality holds

∫
Z

×
p

χx−s
p dμ+ = ip

(
cs(n+1)
χ A+(χ) · E+

p (s, χχ0)
�+∞(s)

〈f0, f0〉 · D(Np)(f, s, χχ0)

)
,

where f0 is a modular form, associated to f and an embedding ip : Q ↪→ Cp is fixed.
(ii) For all pairs (s, χ) such that χ ∈ Xtors

p is a non-trivial Dirichlet character, s ∈ Z with
1 − l + n ≤ s ≤ 0, s ≡ δ + 1 mod 2 the following equality holds

∫
Z

×
p

χxs−1
p dμ− = ip

(
cn(1−s)
χ A+(χ) · E−

p (1 − s, χχ0)
�−∞(s)

〈f0, f0〉
×D(Np)(f, 1 − s, χχ0)

)
.

Here, δ = 0 or 1 according to whether χ(−1) = 1 or χ(−1) = −1 and �∞(s),
A(χ), Ep(s, ψ) are certain elementary factors including Gauss sum, Satake p-parameters,
conductor cχ of Dirichlet character χ etc.

� Anh Tuan Do
doanhtuanktqs@gmail.com

1 Le Quy Don Technical University, 236 Hoang Quoc Viet, Cau Giay, Hanoi, Vietnam

http://crossmark.crossref.org/dialog/?doi=10.1007/s10013-017-0247-x&domain=pdf
mailto:doanhtuanktqs@gmail.com


A. T. Do

Keywords Siegel modular forms · Special values · Critical points · Petersson product ·
Rankin–Selberg method · p-Adic L-functions

Mathematics Subject Classification (2010) 11F67 · 11F46

1 Introduction

The purpose of this note is to give a construction of admissible measures (in the sense of
Amice–Vélu) attached to a standard L-function of a Siegel cusp eigenform. For this purpose,
we use the theory of p-adic integration in spaces of holomorphic Siegel modular forms (in
the sense of Shimura) over O-algebra A where O is the ring of integers in a finite extension
K of Qp. Often we simply assume that A = Cp . We study the action of certain differential
operators on Siegel Eisenstein distributions with values in the spaces of modular forms.
In order to obtain from them numerically valued distributions interpolating critical values
attached to standard L-functions of Siegel modular forms, one applies a suitable linear form
coming from the Petersson scalar product.

In the previous works, some special cases were treated by Böcherer, Schmidt for arbitrary
genus in the ordinary case (Annales Inst. Fourier, 2000, by doubling method), Courtieu,
Panchishkin (LNM 1471, 2004, 1990) for even genus in the general h-admissible cases, by
Ranking-Selberg method in the form of Andrianov.

In the present work, we give a conceptual explanation of these p-adic properties satisfied
the special values of the standard L-function D(Np)(f, s, χ) where f is a Siegel cusp form
of weight l and of arbitrary genus.

2 Non-Archimedean Integration and Admissible Measures

2.1 Non-Archimedean Integration

Let p be a prime number, Cp = Q̂p the Tate field, and S a finite set of primes containing p.
The set on which our non-Archimedean zeta functions are defined is the Cp-adic analytic
Lie group

XS = Homcont(GalS,C×
p ),

where GalS is the Galois group of the maximal abelian extension of Q-unramified outside
S and infinity. Now, we recall the notation of h-admissible measures on GalS and properties
of their Mellin transform. These Mellin transforms are certain p-adic analytic functions on
the Cp-analytic group XS .

GalS = lim←−
M

(Z/MZ)× = Z
×
S ,

where M runs over integers with support in the set of primes S. The canonical Cp-analytic
structure on XS is obtained by shift from the obvious Cp-analytic structure on the subgroup

Homcont

(
Z

×
p ,C×

p

)
. We regard the elements of finite order χ ∈ Xtors

S as Dirichlet character

whose conductor cχ may contain only primes in S, by means of the decomposition

χ : A×
Q
/Q× −→ Z

×
S −→ Q

× −→ C
×.
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The character χ ∈ Xtors
S forms a discrete subgroup Xtors

S . We shall need also the natural
homomorphism

xp : Z×
S −→ Z

×
p −→ C

×
p , xp ∈ XS,

such that all integers k ∈ Z can be regarded as characters of the type xk
p : y 
→ yk . Let us

fix an embedding
ip : Q ↪→ Cp

and we shall identify Q with a subfield of C and of Cp . Recall that a p-adic measure on Z
×
S

may be regarded as a bounded C
×
p -linear form μ on the space C

(
Z

×
S ,Cp

)
of all continuous

Cp-valued functions

C
(
Z

×
S ,Cp

) −→ Cp

ϕ 
−→ μ(ϕ) =
∫
Z

×
S

ϕdμ,

which is uniquely determined by its restriction to the subspace C1
(
Z

×
S ,Cp

)
of locally

constant function.
The Mellin transform Lμ of μ is a bounded analytic function

Lμ : XS −→ Cp

χ 
−→ Lμ(χ) =
∫
Z

×
S

χdμ

on XS , which is uniquely determined by its values Lμ(χ) for the characters χ ∈ Xtors
S .

2.2 h-Admissible Measure

A more delicate notation of an h-admissible measure was introduced by Amice, Vélu, and

Vis̆ik (see [1, 8]). For h ∈ N
∗, we define Ch

(
Z

×
p ,Cp

)
the space of Cp-valued functions

on Z
×
p which are locally polynomials in xp of degree less than or equal to h. In particu-

lar, C1
(
Z

×
p ,Cp

)
is the space of locally constant functions. Let us recall the definition of

admissible measures with scalar and vector values.

Definition 1 An h-admissible measure on Z
×
p is a Cp-linear map:

φ : Ch
(
Z

×
p ,Cp

)
−→ Cp

with the following growth condition: for all t = 0, 1, . . . , h − 1∣∣∣∣
∫

a+(pm)

(xp − ap)tdφ

∣∣∣∣
p

= o(pm(h−t)) for m → ∞,

where ap = xp(a).

We know that each h-admissible measure can be uniquely extended to a linear form
on the Cp-space of all locally analytic functions so that one can associate to its Mellin
transform

Lμ : XS −→ Cp

χ 
−→ Lμ(χ) =
∫
Z

×
S

χdμ,
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which is a Cp-analytic function XS of the type o(log(xp)h). Moreover, the measure μ is
uniquely determined by the special values of the type Lμ(χxr

p) with χ ∈ Xtors
S and r =

0, 1, · · · , h − 1.

3 The Standard L-Functions of Siegel Cusp Eigenform and its Critical
Values

For a Siegel modular form f (z) of genus n and weight l, which is an eigenfunction of the
Hecke algebra and for each prime number p, one can define the Satake p-parameters of f ,
denoted by αi(p) (i = 0, 1, . . . , n). In this introduction, we assume for simplicity that f is
a modular form with respect to the full Siegel modular group �n = Spn(Z). The standard
zeta function of f is defined by means of the Satake p-parameters as the following Euler
product:

D(s, f, χ) =
∏
p

{(
1 − χ(p)

ps

) n∏
i=1

(
1 − χ(p)αi(p)

ps

) (
1 − χ(p)αi(p)−1

ps

)}−1

,

where χ is an arbitrary Dirichlet character. We introduce the following normalized
functions:

D�(s, f, χ) = (2π)−n(s+l−(n+1)/2�((s + δ)/2)

n∏
j=1

(�(s + k − j))D(s, f, χ),

D+(s, f, χ) = �((s + δ)/2)D�(s, f, χ),

D−(s, f, χ) = iδπ1/2−s

�((1 − s + δ)/2)
D�(s, f, χ),

where δ = 0 or 1 according to whether χ(−1) = 1 or χ(−1) = −1 and let

f (z) =
∑
ξ>0

a(ξ)en(ξz) ∈ Sk
n

be the Fourier expansion of the Siegel cusp form f (z) of weight l, the sum is extended over
all positive definite half integral n × n matrices, z ∈ Hn,

Hn = {z ∈ GLn(C) | t z = z, Im(z) > 0}
is the Siegel upper half plane of degree n and en(z) = e2πitr(z).

Theorem 1 (Theorem A, [4])

(a) For all integers s with 1 ≤ s ≤ l − δ − n, s ≡ δ mod 2 and Dirichlet character χ

such that χ2 is non-trivial for s = 1, we have that:

〈f, f 〉−1D+(s, f, χ) ∈ K = Q(f,�f , χ),

where K = Q(f,�f , χ) denotes the field generated by Fourier coefficients of f ,
by the eigenvalues �f (X) of the Hecke operator X on f , and by the values of the
character χ .

(b) For all integer s with 1 − l + δ + n ≤ s ≤ 0, s �≡ δ mod 2, we have that:

〈f, f 〉−1D−(s, f, χ) ∈ K.
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This theorem was proved by Harris in 1981 for even n and by Böcherer–Schmidt for
arbitrary n.

4 Differential Operator

To construct a sequence of modular distributions, we use the action of certain differential
operator on Siegel modular forms which was given by Böcherer in [2]. These differential
operators are built up from the operators (with 1 ≤ i, j ≤ 2n)

∂ij =
{

∂
∂zij

, i = j,

1
2

∂
∂zij

, i �= j

which we put together in the symmetric 2n × 2n matrix

∂ =
(

∂1 ∂2
∂3 ∂4

)
,

where ∂i are block matrices of size n which correspond to the decomposition

Z =
(

z1 z2
z3 z4

)

of H2n into block matrices (with z3 = t z2). We consider the polynomial �(r, q), r +q = n,
in the ∂ij , their coefficients being polynomials in the entries of z2

�(p, q) =
∑

a+b=q

(−1)b
(

n

b

)
z
[a]
2 ∂

[a]
4 


((
1[r]
n 
 z

[b]
2 ∂

[b]
3

) (
Ad[r+b]∂1

)
∂

[r+b]
2

)
.

The special multiplication 
 was introduced by Freitag in [5] and used by Böcherer in
[3, p.1379]. In particular, we have �(n, 0) = det(∂2),�(0, n) = det(z2) det(∂). We define
for any α ∈ C

Dn,α =
∑

r+q=n

(−1)r
(

n

r

)
Cr

(
α − n + 1

2

)
�(r, q),

where

Cq(s) = s

(
s + 1

2

)
· · ·

(
s + q − 1

2

)
=

�q

(
s + q+1

2

)

�q

(
s + q−1

2

)

with �q(s) := π
q(q−1)

2
∏q

i=1 �
(
s − q−1

2

)
, “Gamma function of genus q ≥ 1”. For ν ∈ N,

we put

Dν
n,α = Dn,α+ν−1 ◦ · · · ◦ Dn,α,

◦
Dν

n,α = (
Dν

n,α

) |z2=0.

For T ∈ C
2n,2n
sym , we recall a polynomial Pν

n,α(T ) defined by Böcherer in the entries tij (1 ≤
i ≤ j ≤ 2n) of T by

◦
Dν

n,α(etr(T Z)) = Pν
n,α(T )etr(T1z1+T4z4), T =

(
T1 T2
t T2 T4

)
,

that is, it represents “action of differential operator on exponential function”. The Pν
n,α are

homogeneous polynomials of degree nν. In the ordinary case, Böcherer–Schmidt only need
the main term cν

n,α det(T2)
ν with a certain constant cν

n,α . In the present work, we find all
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terms of this polynomial. For simplicity, we write P(T1, T4, T2) instead of Pν
n,α(T ). We

see that for each (T1, T4, T2) ∈ Symn(R) × Symn(R) × Mn(R) the following property is
satisfied for any A, B ∈ GL(n,R).

P(AT1
tA, BT4

tB, AT2
tB) = det(AB)νP (T1, T4, T2). (1)

Indeed, this polynomial is determined by its values on any non-empty open subset (e.g., the
open set consisting of (T1, T4, T2) such that T1 > 0, T4 > 0, and T2 ∈ GL(n,R)). For these
(T1, T4, T2), we can take the matrices A,B ∈ GL(n,R) such that

AT1
tA = BT4

tB = 1n.

We put
W0 = AT2

tB.

There exist two orthogonal matrices h1, h2 such that

h1W0h2 = D,

where D is the diagonal matrix with diagonal elements di (1 ≤ i ≤ n), di �= 0. So by (1)
we have

P(T1, T4, T2) = det(h1h2AB)−νP (1n, 1n,D).

Therefore, P(T1, T4, T2) is determined by its values at T1 = T4 = 1n, T2 = D. Then, we
prove that P(1n, 1n,D) for ν even and P(1n, 1n, D)/(d1 . . . dn) for ν odd is a polynomial
in elementary symmetric polynomials of d2

1 , . . . , d2
n . We put

det(x1n − W0
tW0) =

n∑
j=0

Pj (W0)x
j .

Then, we can write this polynomial in the following forms. For even ν,

P(T1, T4, T2) = (det T1 det T4)
ν
2

∑
(e0,...,en−1)�=0

c(e0, . . . , en−1)

n−1∏
j=0

Pj (W0)
ej

and for odd ν,

P (T1, T4, T2) = det(T2)(det T1 det T4)
ν−1

2
∑

(e0,...,en−1)�=0

c(e0, . . . , en−1)

n−1∏
j=0

Pj (W0)
ej ,

where Pj (W0) is the elementary symmetric polynomial of d2
i .

We denote by �+
n the subsets of positive definite matrices of size n.

Theorem 2 Using the relations l = k + ν, ν ≥ 0 with l the weight of Siegel modular form

f and T =
(

L2T1 T2
t T2 L2T4

)
∈ �+

2n, T1, T4 ∈ �+
n , L fixed positive number, we have that the

following expression holds:

Pν
n,k(T ) = det(L4T1T4)

ν
2

∑
|M|≤ ν

2

CM(k)QM(L−2D) if ν is even

and if ν is odd

Pν
n,k(T ) = det(T2) det(L4T1T4)

ν−1
2

∑
|M|≤ ν−1

2

CM(k)QM(L−2D),
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where M runs over the set of (e0, . . . , en−1) �= 0 such that |M| = ∑n−1
α=0 eα ≤ [

ν
2

]
, CM(k)

is a polynomial of variable k of degree |M|, and QM(L−2D) is a homogeneous polynomial
of variables L−2d2

i , i = 1, . . . , n of degree |M|.

Proof We consider the matrix T =
(

L2T1 T2
t T2 L2T4

)
with T ∈ �+

2n, T1, T4 ∈ �+
n , L a fixed

positive number. We can take Â = L−1A and B̂ = L−1B ∈ GL(n,R) with matrices A, B

defined as above such that

ÂT1
t Â = 1n,

B̂T4
t B̂ = 1n.

We put
Ŵ0 = ÂT2

t B̂.

Since we assumed that det(T2) �= 0, there exist two orthogonal matrices h1, h2 such that

h1Ŵ0h2 = D̂.

Compare with previous statement we have

Ŵ0 = L−2W0,

D̂ = L−2D.

Then, we have that P(T1, T4, T2) is determined by P(1n, 1n, D̂) where D̂ is a diagonal
matrix with diagonal elements L−2d2

i , i = 1, 2, . . . , n. We put

det(x1n − D̂2) =
n∑

j=0

Pj (D̂)xj .

Then similarly as the above statement, we can write the polynomial in this case in the
following forms:
If ν is even, then

Pν
n,k(T ) = det(L4T1T4)

ν/2
∑

(e0,...,en−1)�=0

c(e0, . . . , en−1)

n−1∏
j=0

Pj (D̂)ej .

If ν is odd, then

Pν
n,k(T ) = det(D̂) det(L4T1T4)

ν/2
∑

(e0,...,en−1)�=0

c(e0, . . . , en−1)

n−1∏
j=0

Pj (D̂)ej ,

where Pj (D̂) is a polynomial in elementary symmetric polynomials of L−2d2
i , i = 1, . . . n.

We denote for each M = (e0, . . . , en−1) �= 0 the polynomial

QM(L−2D) =
n−1∏
j=0

Pj (D̂)ej .

It is easy to see that QM(L−2D) is a homogeneous polynomial of variables L−2d2
i , i =

1, 2, . . . , n of degree |M| with |M| = ∑n−1
α=0 eα ≤ [

ν
2

]
.

Otherwise, we know that the coefficients CM(k) is a polynomial of variable k, k = n+ j

degree |M|. Therefore, we have the expression for this polynomial.



A. T. Do

5 Integral Representation for Standard Zeta Function

First, we recall briefly the definition of Eisenstein series. For a Dirichlet character ψ

mod M , M > 1, a weight k ∈ N with ψ(−1) = (−1)k and a complex parameter s with
Re(s) � 0,we define an Eisenstein series

F̂
k
n(Z, M, ψ, s) and F

k
n(Z, M, ψ, s) = det(Y )s F̂k

n(Z, M, ψ, s)

of degree n (with Z = X + iY ∈ Hn) by

F̂
k
n(Z,M,ψ, s) =

∑
(C,D)

ψ(det(C)) det(CZ + D)−k| det(CZ + D)|−2s .

Here, (C,D) runs over all “non-associated coprime symmetric pairs” with det C coprime to
M . This series converges for k + 2Re(s) > n + 1.

Let q be a prime number, q � N . We denote

� = �n
q(N) =

{
γ =

(
a b

c d

)
∈G+

Q
∩ GL2n(Z[q−1]) |ν(γ )± ∈Z[q−1], c ≡ 0n mod N

}
,

a subgroup in Q
+ containing � = �n

0 (N). The Hecke algebra over Q is denoted by L =
Ln

q(N) = DQ(�,�) and defined as a Q-linear space generated by the double cosets (g) =
(�g�), g ∈ � of the group �.

For each j, 1 ≤ j ≤ n let us denote by Wj an automorphism of the algebra
Q[X±1

0 , X±1
1 , . . . , X±1

n ] defined by the rule:

X0 
→ X0Xj , Xj 
→ X−1
j , Xi 
→ Xi, 1 ≤ i ≤ n, i �= j.

Then, the automorphisms Wj and the permutation group Sn of the variables Xi(1 ≤ i ≤ n)

generate together the Weil group W = Wn and there is the Satake isomorphism:

Sat : L → Q

[
X±1

0 , X±1
1 , . . . , X±1

n

]Wn

.

For any commutative Q-algebra A, the group Wn acts on the set (A×)n+1, therefore any
homomorphism of Q-algebra λ : L → A can be identified with some element

(α0, α1, . . . , αn) ∈ [(A×)n+1],
which is defined up to the action of Wn.

Definition 2 The Satake p-parameters associated to the eigenform f of genus n and weight
l are the elements of the (n + 1)-tuple (α0, α1, . . . , αn) ∈ [(A×)n+1]Wn which is the image
of the map f 
−→ λf (s) under the isomorphism HomC(L,C) ∼= [(A×)n+1], which is
defined up to the action of Wn.

Let f0 be an element of Sl
n(�0(Np), ϕ̄). We assume that f0 is an eigenform for the Hecke

algebras

⊗q�NpL◦
Np,q and ⊗q|Np L◦

Np,q

and also an eigenform of U(L) for all L:

f0|U(L) = α(L)f0.
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Proposition 1 Let χ be a Dirichlet character mod N , N2|M , l = k + ν, ν ≥ 0 and
ϕ = ψχ̄ . There exists a two variables function g(∗, ∗) in C∞Ml

n(�0(M), ϕ) such that for
any h ∈ Sl

n(�0(N
2p), ϕ̄), the following product

〈〈
f0|l

(
0 −1
1 0

)
, g(∗, ∗)|zK

〉w

�0(N2p)

, h

〉z

�0(N2p)

equals

�l,ν(0)(RN)n(2k+ν−n−1)(N2S)
n(n+1)−nl

2 × χ(−1)n(−1)nl

α

(
SL4

R2

)
D

(Np,
p
R0

)
(f0, k − n, χ̄)

〈
f0|l

(
1 0
0 N2p

)
, h

〉
�0(N2p)

with

�l,ν(s) = (−1)
nl
2 21+ n(n+1)

2 −2nsπ
n(n+1)

2

�n(l + s − n
2 )�n

(
l + s − n+1

2

)

�n(k + s)�n

(
k + s − n

2

)

and α(L) is defined by f0|U(L) = α(L)f0.

Proof The existence of function g(z,w) could be seen in [3].

6 Main Theorem

We fix a Siegel modular form f ∈ Sl
n(�0(N), ϕ̄) which is an eigenform of the “good”

Hecke algebra ⊗q�NpL◦
Np,q . Also, we fix a prime p which does not divide N . We consider

f0, an eigenform which is defined as in Section 5. We could see the relation between the
eigenforms f and f0, especially their Satake parameters at p in [3, Proposition 9.1]. We
denote by β1, . . . , βn the Satake p-parameters of f0. We recall here some notations that we
shall use in the statement of our main theorem. For an arbitrary Dirichlet character ψ,we
introduce the modified p-Euler factor

Ep(s, ψ) :=
n∏

j=1

(
1 − ψ(p)β−1

j ps−1
)

(
1 − ψ̄(p)β−1

j p−s
) ,

χ = χ0 · χ1, χ is a Dirichlet character modulo RN.

To formulate our result, let

�+∞(s) := (2i)s · �(s)

(2πi)s
·

n∏
j=1

�C(s + l − j),

�−∞(s) := (2i)s ·
n∏

j=1

�C(1 − s + l − j),
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where �C(s) := 2 · (2π)−s�(s). Furthermore, for any character χ of p-power conductor
cχ , we let

A−(χ) := c
nl− n(n+1)

2
χ α0(cχ )−2 · (χ0([p, cχ ]) · χ(−1)G(χ)),

A+(χ) := (χ0ϕ)o(cχ ) · A−(χ)

χ(−1)G(χ)
,

where [a, b] denotes the least common multiple of the integers a, b and G(χ) is the usual
Gauss sum. Finally, we let

E+
p := (1 − (ϕχχ0)0(p)pt−1) · Ep(s, χχ0),

E−
p := Ep(p, χχ0).

Theorem 3 (Main theorem) For each prime number p, there exist two p-adic admissible
measures μ+, μ− on Z×

p with values in Cp verifying the following properties:

(i) For all pairs (s, χ) such that χ ∈ Xtors
p is a non-trivial Dirichlet character, s ∈ Z

with 1 ≤ s ≤ l − n, s ≡ δ mod 2 and for s = 1 the character χ2 is non-trivial, the
following equality holds:∫

Z
×
p

χx−s
p dμ+ = ip

(
cs(n+1)
χ A+(χ) · E+

p (s, χχ0)
�+∞(s)

〈f0, f0〉 · D(Np)(f, s, χχ0)

)
.

(ii) For all pairs (s, χ) such that χ ∈ Xtors
p is a non-trivial Dirichlet character, s ∈ Z

with 1 − l + n ≤ s ≤ 0, s ≡ δ + 1 mod 2 the following equality holds:

∫
Z

×
p

χxs−1
p dμ− = ip

(
cn(1−s)
χ A+(χ)·E−

p (1−s, χχ0)
�−∞(s)

〈f0, f0〉 · D(Np)(f, 1−s, χχ0)

)
.

(iii) If ordp(α0(p)) = 0 (i.e., f is p-ordinary), then the measures in (i) and (ii) are
bounded.

(iv) In the general case (but assuming that α0(p) �= 0) with x ∈ Homcont(Z
×
p ,C×

p ) the
holomorphic functions

D+(x) =
∫

xdμ+,

D−(x) =
∫

xdμ−

belong to type o(log(xp)h) where h = [4ordp(α0(p))] + 1. Furthermore, they can be
represented as the Mellin transforms of certain h-admissible measures.

(v) If h ≤ k − m − 1, then the functions D± are uniquely determined by the above
conditions (i) and (ii).

7 Fourier Expansion of H-Functions

Fourier expansion of H-functions was investigated carefully by Bocherer–Schmidt in [3,
Section 5]. We consider the Fourier expansion of H-functions and H′ at two values of s,
namely

s0 := 0 and s1 := m + 1

2
− k = 1

2
− t, k = n + t, t ≥ 1.
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We denote by �n the set of all half-integral symmetric matrices of size n and by �∗
n, �+

n

the subsets of matrices of maximal rank and of positive definite matrices respectively. The
Fourier expansion of H(t)

L,χ in the case χ �= 1 at s = 0 is

Ak
2n(2πi)nνR

n(n−1)
2 (N2p)−lnG(χ1)

nχ0(R)nχ1(N)n

×
∑

T1∈�+
n

∑
T4∈�+

n

∑

2T2∈Z(n,n),T =
(

L2T1 T2
t T2 L2T4

)
∈�+

2n

Pν
n,k(T )Gn(2T2, N, χ0)χ̄1(det(2T2))

×
∑

G∈GL(2n,Z)\D(T )

(ϕχ)2(det G) det(2T [G−1])k− 2n+1
2 L(k − n, εT [G−1]ϕχ)

×
∑

b| det(2T [G−1])
b>0

(ϕχ0)(b) · b−k · d(b,T[G−1]),

where the quadratic character εT is defined as follows:

εT (∗) :=
(

(−1)n det(2T )

∗
)

and D(T ) = {G ∈ Mn(Z
∗|T [G−1] ∈ �n}, b| det(2T ). For any b| det(2T ), there exists an

integer d(b, T ) such that

∏
q

Bm
q (q−s , T ) =

∑
b| det(2T )

b>0

ψ(b)b−sd(b, T ),

where Bm
q (q−s , T ) is a polynomial in Z[x] of degree ≤ m− 1 satisfying certain conditions.

At s = s1, we look at the Fourier expansion of H′(t)
L,χ (z, w) with χ �= 1

H′(t)
L,χ (z, w) = L(k + 2s, ϕχ)

◦
Dv

n,k

(
F

k
2n

(
−−, R2N2 p

R0
, ϕ, s

)(χ)
)

|zU(L2)|wU(L2)|zl
(

1 0
0 N2p

)
|wl

(
1 0
0 N2p

)
.

The Fourier expansion of H′(t)
L,χ (z, w) at s = s1 is

Bk
2n(2πi)nνR

n(n−1)
2 (N2p)−lnG(χ1)

nχ0(R)nχ1(N)n

×
∑

T1∈�+
n

∑
T4∈�+

n

∑

2T2∈Z(n,n),T =
(

L2T1 T2
t T2 L2T4

)
∈�+

2n

Pν
n,k(T )Gn(2T2, N, χ0)χ̄1(det(2T2))

×
∑

G∈GL(2n,Z)\D(T )

(ϕχ)2(det G) det(2T [G−1])2t−1L(k − n, εT [G−1]ϕχ)

×
∑

b| det(2T [G−1])
b>0

(ϕχ0)(b) · b−k · d(b,T[G−1]).
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The Fourier expansion of H(t)
L,χ at s = 0 is given by

Ak
2n(2πi)nνR

n(n−1)
2 (N2S)−lnG(χ ′

1)
nχ0(R′)nχ ′

1(N)n

×
∑

T1∈�+
n

∑
T4∈�+

n

∑

2T2∈Z(n,n),T =
(
L2T1 T2

t T2 L2T4

)
∈�+

2n

Pν
n,k(T )Gn(2T2, N, χ0)χ̄ ′

1(det(2T2))

×
∑

G∈GL(2n,Z)\D(T )

(ϕχ ′)2(det G) det(2T [G−1])k− 2n+1
2 L(k − n, εT [G−1]ϕχ ′)

×
∑

b| det(2T [G−1])
b>0

(ϕχ ′)(b) · b−k · d(b,T[G−1]),

where

χ ′ is a Dirichlet character mod R′N and

χ ′ = χ0 · χ ′
1 where χ0 is a Dirichlet character mod N,

χ ′
1 is a primitive Dirichlet character mod R′.

The Fourier expansion of H′(t)
L,χ (z, w) at s = 0 is

Bk
2n(2πi)nνR′ n(n−1)

2 (N2p)−lnG(χ ′
1)

nχ0(R′)nχ ′
1(N)n

×
∑

T1∈�+
n

∑
T4∈�+

n

∑

2T2∈Z(n,n),T =
(
L2T1 T2

t T2 L2T4

)
∈�+

2n

Pν
n,k(T )Gn(2T2, N, χ0)χ̄ ′

1(det(2T2))

×
∑

G∈GL(2n,Z)\D(T )

(ϕχ ′)2(det G) det |G|2t−1L(1 − t, εT [G−1]ϕχ)

×
∑

b| det(2T [G−1])
b>0

(ϕχ ′)(b) · b−k · d(b,T[G−1]).

8 Algebraic Linear Form

For a modular form g(z,w) of genus n and weight l,which is a function of z (or w), we
consider the following C-valued function (see [3, Section 9]):

F(g) =

〈〈
f0|l

(
0 −1
1 0

)
, g|zK

〉w

�0(N
2p)

, f0|l
(

1 0
0 N2S

)〉z

�0(N
2p)

〈f0, f0〉2
�0(N

2p)

,

where (f | K)(z) = f (−z̄).
We want to know the action of the linear form F on H(t)

L,χ (z, w) and H′(t)
L,χ (z, w). First,

we define the p-Euler factor

Ep(s, ψ) =
n∏

j=1

(1 − ψ(p)β−1
j ps−1)

(1 − ψ̄(p)βjp−s)
,
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where ψ is an arbitrary Dirichlet character and β1, . . . , βn are Satake p-parameters of eigen-
form f0 which is a modular form associated to f . For simplicity, we now write χ for χ1.
Then computing F(H(t)

L,χ (z, w)), we have

F(H(t)
L,χ (z, w))

=

〈〈
f0|l

(
0 −1
1 0

)
,H(t)

L,χ (z, w)|zK
〉w

�0(N
2p)

, f0|l
(

1 0
0 N2p

)〉z

�0(N
2p)

〈f0, f0〉2
�0(N

2p)

= 〈f0, f0〉−2
�0(N

2p)
· �l,ν(0)(RN)n(2k+ν−n−1)(N2p)

n(n+1)−nl
2 χ(−1)n(−1)nl

×α0

(
pL4

R2

)
D

(NS,
p
R0

)
(f0, k − n, χ̄)

〈
f0 |l

(
1 0
0 N2p

)
, f0 |l

(
1 0
0 N2p

)〉z

�0(N2p)

= 〈f0, f0〉−1 · �l,ν(0) · (N2p)
n(n+1)

2 − nl
2 χχ0(−1)n(−1)ln

×(Ncχ)n(l+t−1)α0

(
pL4c−2

χ

)
· Ep(t, χ0χ) · χ0

(
p

(p, cχ )

)n

· D(Np)(f, t, χ0χ),

for any character χ , whose conductor cχ is a power of p. Similarly, we have

F(H′(t)
L,χ ) = 〈f0, f0〉−1 · �l,ν(s1)

ps1(k)

ds1(k)
· (N2p)

n(n+1)
2 − nl

2 χχ0(−1)n(−1)ln

×(Ncχ )n(l−t)α0

(
pL4c−2

χ

)
· Ep(1 − t, χ0χ) · χ0

(
p

(p, cχ )

)n

×D(Np)(f, 1 − t, χ0χ).

F(HL,χ ), F(H′
L,χ ) depend only on L by the factor α0(L

4).

9 Distribution in Siegel Modular Forms

Consider the Cp-linear forms D± : Cl−n(Z×
S ) → Cp defined on the local monomials x

j
p

for j = 0, 1, . . . , l − n − 1 by

∫
a+(L)

x
j
pdD+ :=

∫
a+(L)

dD+
j+1,L,

∫
a+(L)

x
j
pdD− :=

∫
a+(L)

dD−
−j,L,

where

D+
j+1,L = F

(
H(j+1)

L,χ

)
,

D−
−j,L = F

(
H′(−j)

L,χ

)
.
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Then, we have
∫

a+(L)

(xp − ap)rdD+ =
r∑

j=0

(
t

j

)
(−a)r−j

∫
a+(L)

dD+
j+1,L

=
r∑

j=0

(
r

j

)
(−a)r−j 1

ϕ(L)

∑
χmod L

χ−1(a)D+
j+1,L(χ)

= γ (L)

r∑
j=0

(
r

j

)
(−a)r−j 1

ϕ(L)

∑
χmod L

χ−1(a)F
(
H(j+1)

L,χ

)
.

Similarly, we have
∫

a+(L)

(xp − ap)rdD− =
r∑

j=0

(
r

j

)
(−a)r−j

∫
a+(L)

dDc−
−j,L

=
r∑

j=0

(
r

j

)
(−a)r−j 1

ϕ(L)

∑
χmod L

χ−1(a)D−
−j,L(χ)

= γ ′(L)

r∑
j=0

(
r

j

)
(−a)r−j 1

ϕ(L)

∑
χmod L

χ−1(a)F
(
H′(−j)

L,χ

)
.

We denote

A+ := γ (L)

r∑
j=0

(
r

j

)
(−a)r−j 1

ϕ(L)

∑
χmod L

χ−1(a)v+(L, j + 1, χ),

A− := γ ′(L)

r∑
j=0

(
r

j

)
(−a)r−j 1

ϕ(L)

∑
χmod L

χ−1(a)v−(L,−j, χ).

Then, we need to prove that A+, A− also verify the growth conditions

A+ = o
(
|L|r−h

p

)
,

A− = o
(
|L|r−h

p

)
.

We state here the main congruences∣∣∣∣∣∣
r∑

j=0

(
r

j

)
(−a)r−j 1

ϕ(L)

∑
χmod L

χ−1(a)v+(L, j + 1, χ)

∣∣∣∣∣∣
p

≤ C · p−νr

and ∣∣∣∣∣∣
r∑

j=0

(
r

j

)
(−a)r−j 1

ϕ(L)

∑
χmod L

χ−1(a)v−(L,−j, χ)

∣∣∣∣∣∣
p

≤ C · p−νr

with r = 0, 1, . . . , l − n − 1, L = pν .

A+ = γ (L)

t∑
j=0

(
r

j

)
(−a)r−j 1

ϕ(L)

∑
χmod L

χ−1(a)v+(L, j + 1, χ),
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where

v+(L, j + 1, χ) = Ak
2n(2πi)nν · R

n(n−1)
2 (N2S)−lnG(χ1)

nχ0(R)nχ1(N
n)

×
∑

T1∈�+
n

∑
T4∈�+

n

∑
2T2∈Z(n,n)

Pν
n,k(T )Gn(2T2, N, χ0)χ̄1(det(2T2))

×
∑

G∈GL(2n,Z)\D(T )

(ϕχ)2(det G) det(2T [G−1])k− 2n+1
2 · L(k − n, εdet(T [G−1])ϕχ)

×
∑

b|det T [G−1]
(ϕχ)(b)b−kd(b, T [G−1]).

10 Proof of the Main Theorem

(i) We denote ω = ε̄T [G−1]. For s ∈ Z, s > 0, we use the Mazur measure and the
functional equation of L-functions associated to Dirichlet characters

ip

(∫
Z

×
p

χxs
pdμ+(ω)

)
= Cωχ̄

G(ωχ̄)
×

∏
q

(
1 − χω̄(q)qs−1

1 − χω̄(q)q−s

)
L+

M0
(s, χ̄ω),

and for s ∈ Z, s ≤ 0,

ip

(∫
Z

×
p

χxs
pdμ−(ω)

)
= L+

M0
(s, χ̄ω),

where

L+
M0

(s, χ̄ω) = LM̄(s, χ̄ω)2iδ
�(s) cos(π(s − δ)/2)

(2π)s
,

L−
M0

(s, χ̄ω) = LM̄(s, χ̄ω)

are normalized Dirichlet L-functions with δ ∈ {0, 1} and χ̄ω(−1) = (−1)δ . The
function G(ωχ̄) denotes the Gauss sum of the Dirichlet character ωχ̄ . The functions
satisfy the functional equation

L−
M0

(1 − s, χ̄ω) =
∏

q∈S\S(χ)

(
1 − χω̄(q)qs−1

1 − χω̄(q)q−s

)
L+

M0
(s, χ̄ω).

Otherwise, we can write the factor
∑

b|det T [G−1](ϕχ)(b)b−kd(b, T [G−1]) as the
finite linear combination with integer coefficients bi ∈ Z:∑

b|det T [G−1]
(ϕχ)(b)b−kd(b, T [G−1]) =

∑
αi∈Z×

p

biχ(αi)α
k
i δαi

=
∑

αi∈Z×
p

bi

∫
Z

×
p

χ(x)xkδαi
,

where δαi
is the Dirac measure at the point αi ∈ Z

×
p . We define the measure μT2 by

∫
Z

×
p

χ(x)xsdμT2 =
∫
Z

×
p

χ(x)xk
∑

αi∈Z×
p

biδαi
.
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We have the following measures obtained by convolution

μ+(T2, ω) = μ+(ω) ∗ μT2 ,

μ−(T2, ω) = μ−(ω) ∗ μT2 .

As in the previous section, we know that to prove μ+ is an h-admissible measure, we

have to prove A± = o
(
|L|r−h

p

)
.

Actually, we have the factor

γ (L) = 〈f0, f0〉 · �−1
l,ν (0) · (N2p)

nl
2 − n(n+1)

2 (−1)−n(−1)−lnNn(1−j−l)α0(pL4)−1.

We easily see that

γ (L) ≡ 0 mod |L|[−4ordp(α0(p))]−1
p .

On the other hand, we use interpolation for the polynomial

CM(j) =
|M|∑
i=0

μi · (j + i + 1)!
(j + 1)! .

Therefore,

B+ =
r∑

j=0

(
r

j

)
(−a)r−j 1

ϕ(L)

∑
χmod L

χ−1(a)

|M|∑
i=0

μi · (j + i + 1)!
(j + 1)!

×Gn(2T2, N, χ0)χ̄1(det(2T2))

∫
Z

×
p

χxj+1dμ+(T2, ω).

Here, we fix T1 and T4 and study only the dependence on T2. Then

B+ =
∫

x≡a mod L

|M|∑
i=0

μi

r∑
j=0

(
r

j

)
(−a)r−j (j + i + 1)!

(j + 1)! xj+1dμ+(T2, ω)

=
∫

x≡a mod L

|M|∑
i=0

μix
−1 · ∂i

∂xi
(xi+1(x − a)r )dμ+(T2, ω).

Then, (x − a)|M| ≡ 0 mod L|M| gives the congruence

B+ ≡ 0 mod Lr−i ≡ 0 mod Lr−|M|.
On the other hand, QM(L−2D) is a homogeneous polynomial of L−2 with degree
|M|. So QM(L−2D) ≡ 0 mod L−2|M|. Thus

A+ ≡ 0 mod L−h · L2nνLr−|M| · L−2|M| ≡ 0 mod Lr−h−3|M|+2nν.

Therefore,
A+ ≡ 0 mod Lr−h.

This congruence says that with h as above, μ+ is an h-admissible measure.
(ii) The proof for the negative case is actually similar to the proof for the positive case

in (i).
(iii) The assertion (iii) (i.e., the ordinary case) which was proved by Panchishkin (see [7])

with even genus and Böcherer–Schmidt with arbitrary genus (see [3]), also follows
easily from the main congruence.

(iv) In the general case h > k−n−1, the integer s runs over {0, 1, . . . , h−1} and one can

extend the values of our functions D±
(
χxs

p

)
by the equality D±

(
χxs

p

)
= 0 (for all
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χ ∈ Xtors
S of a conductor divisible by all the prime divisors of Np) for s > l−n−1−ν

(but keeping the same values for 0 ≤ s ≤ l − n − 1 − ν). The verification of the
h-admissibility goes without change in this situation. Also, one obtains again the h-
admissible measures μ± with h = [4ordp(α0(p))] + 1. The functions D± therefore
coincide with the Mellin transforms of these h-admissible measures. We also can find
the proof of (iv) in [1, 6, 8].

(v) Finally, if h ≤ l − n − 1, then the conditions in (i) and (ii) uniquely determine the
analytic functions D± of type o(log(xh

p)) by their values following a general property
of admissible measures (see [1, 8]). In the case h > l−n−1, there exist many analytic
functions D± verifying the condition in (i) and (ii) which depend on the choice of
analytic continuation (interpolation) for the values D±(χxs

p) if s > l −n−1−ν. But
one shows in Theorem 3 that there exists at least one such continuation (for example,
the one which was described in the proof of (iv)).
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