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We propose the use of two asymmetrical phase masks combined with the subtracted imaging method to enhance
the signal-to-noise ratio in wavefront coding systems. This subtracted imaging technique is similar to the variable
pinhole diameter in confocal microscopy. Two different phase modulations of same phase masks are employed to
promote the magnitude of the optical transfer function (OTF). The ratio factor is used to control the phase
variation between two phase masks. The noise of decoded images is suppressed owing to the higher magnitude
of the OTF than the wavefront coding systems with a phase mask. A tangent phase mask as an example is used to
demonstrate our concept. Simulated results show that the performance promotion controls noise amplification of
decoded images while maintaining a depth-of-field extension. © 2016 Optical Society of America

OCIS codes: (110.1758) Computational imaging; (110.0110) Imaging systems.
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1. INTRODUCTION

Wavefront coding is a powerful technology which can be used
to extend depth of field in the incoherent imaging systems [1].
By placing a phase mask in the pupil plane, we can reduce im-
pact of defocus error and the invariable point spread function
(PSF) or optical transfer function (OTF) can be yielded to
maintain the stale imaging properties over a wide range of de-
focus. The encoded images are deblurred by applying only a
deconvolution kernel to achieve the sharply decoded images.
Because phase modulation is introduced, the deconvolution
kernel is an enlarged PSF or a lower magnitude of the OTF.
As a result, noise amplifications are produced in the decoding
process.

Noise amplification is an intrinsic property in the optical–
digital hybrid imaging systems. The effect of additive white
noise at the detector in the wavefront coding systems has been
analyzed and a noise factor is used to quantify noise amplifi-
cation [2]. The spectral signal-to-noise ratio (SNR) of an
imaging system with an arbitrary pupil function has been used
to show the limit of depth-of-field extension [3]. According to
the linear deconvolution filtering, when the noise amplification
was calculated assuming uncorrelated Gaussian white noise, the
noise gain in the process of the image restoration can be
described by the RMS value of the simplified inverse filter as

NG �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

mn

Xm
i�1

Xn
j�1

����H dl�ui; vj�
H �ui; vj�

����
2

vuut ; (1)

where H is the encoded OTF of wavefront coding imaging sys-
tems; H dl is in-focus OTF of diffraction-limited systems; u and
v are the spatial frequencies; and m and n are size of filter. In
Eq. (1), the noise gain is the inverse ratio to magnitude of the
OTF. For the wavefront coding systems, the invariable OTF
requires an increased phase modulation in the pupil plane but
generates an excessive descent of encoded OTF from diffraction-
limited systems. In other words, a lower magnitude of encoded
OTF will result in noise amplification dramatically.

In order to suppress noise amplification, several papers have
taken into account the minimum acceptable spectral SNR in
the optimized process of phase masks [4,5]. Many asymmetrical
phase masks are proposed to balance the signal intensity and
defocus invariant properties [6–8]. Additionally, the iterative
and nonlinear filtering methods have also been used to smooth
noise of decoded images [9]. However, the encoded images are
still recorded in a lower magnitude of the OTF. In this paper,
we use two asymmetrical phase masks to promote the magni-
tude of an encoded OTF so that the noise amplification is fun-
damentally suppressed in the deconvolution filter. Our inspiration
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derives from virtual adaptable aperture confocal microscopy
which adopts two size-variable pinholes to meet the require-
ment of spatial resolution and photon detecting [10]. Subtrac-
tion of two pinhole images with a suitably weighted coefficient
is used to enhance intensity signals while maintaining resolu-
tion. Here, we use two phase-variable masks combined with the
image subtraction technique to increase the SNR of decoded
images. An intrinsic promotion of the OTF gives direct control
in noise amplification while maintaining the depth-of-field
extension. A tangent phase mask is used to demonstrate our
concept, and the simulated results show the superiority of our
proposed method.

2. THEORY

As two asymmetrical phase masks are used in our design, Fig. 1
gives a possible layout of the imaging system to obtain two in-
termediate images for two phase masks. In Fig. 1, the same two
lenses combined with two different phase masks (PM1 and PM2)
face the same scene, and two encoded images are recorded in two
detectors. These two encoded images have a sight difference in
signal collection since two phase masks introduce variable phase
modulations. Two images are jointly processed to achieve the
high SNR decoded image.

The defocused OTF is equal to the Fourier transform of the
defocused PSF,

H �u; v;ψ� � FFT�PSF�x0; y0;ψ��; (2)

where x0 and y0 are the spatial coordinates in the image plane,
FFT denotes the fast Fourier transform, and ψ is the defocus
parameter whose expression is

ψ � 2π

λ
W 20; (3)

where W 20 is the defocus coefficient associated with the wave
aberrations, and λ is the light wavelength.

The defocused PSF for an incoherent imaging system can be
expressed as

PSF�x0; y0;ψ� � jFFT�P�x; y��j2; (4)

where x and y are the pupil coordinates, and P�x; y� is the pupil
function. For a wavefront coding system in the presence of
defocus, the normalized pupil function can be expressed as
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where f �x; y� is the phase function of the phase mask. Thus,
the intermediate image for wavefront coding systems in the
presence of defocus can be described by

g�x0; y0;ψ� � PSF�x0; y0;ψ� � o�x0; y0� � n�x0; y0�; (6)

where o is the object, � denotes the convolution operation, and
n is the noise. We assume that the intermediate images of two
phase masks are g1 and g2. Our operation of two intermediate
images can be described as

g subtraction�x0; y0;ψ� � g1�x0; y0;ψ� − γg2�x0; y0;ψ�
� �PSF1�x0; y0;ψ� − γPSF2�x0; y0;ψ��
� o�x0; y0� � �1 − γ�n�x0; y0�; (7)

where g subtraction is the subtraction of two intermediate images,
and γ is the ratio factor (γ > 0). Comparing Eq. (6) with
Eq. (7), the PSF of the proposed subtraction method can be
expressed as

PSFSubtraction�x0; y0;ψ� � PSF1�x0; y0;ψ� − γPSF2�x0; y0;ψ�:
(8)

Hence, the defocused OTF of the final subtractive image
can be given by

H Subtraction�u; v;ψ� � H 1�u; v;ψ� − γH 2�u; v;ψ�; (9)

where H 1 and H 2 are the OTFs of two phase masks. This sub-
tractive method will strengthen the magnitude of the high
spatial frequency of the OTF, thereby amplifying the signals
of the encoded images. As a result, noise amplification will
be suppressed and the SNR will be promoted. According to
the subtractive OTF, the final subtractive encoded image in
the spatial frequency domain can be described by

Gsubtraction�u; v;ψ� � H Subtraction�u; v;ψ�O�u; v�
� �1 − γ�N �u; v�; (10)

where O, N , and Gsubtraction are the Fourier transform of object
o, noise n, and gSubtraction, respectively. Based on the defocus
invariant characteristic of the wavefront coding imaging system,
the final subtractive OTF is also less sensitive to defocus.
Therefore, we can use the final subtractive OTF to restore
the final subtractive encoded image so that the SNR is pro-
moted while extending the depth of field. The inverse filter
as simple linear filtering executes a direct display of noise
amplification. Thus, here we adopt the inverse filter in the
deconvolution process. The inverse filter derived from the sub-
tractive encoded OTF can be described by

F�u; v� � H dl�u; v�
H Subtraction�u; v;ψ � 0� : (11)

Hence, the final decoded image can be expressed as

I�x0; y0;ψ� � iFFT−1�Gsubtraction�u; v;ψ�F�u; v��; (12)

where I is the final decoded image from the subtractive en-
coded image and iFFT−1 denotes the inverse Fourier transform.

Fig. 1. Layout for recording the images using two asymmetrical
phase masks. PM1 and PM2 denote two phase masks, respectively.
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Since the subtractive method is used in our design, a high
magnitude of OTF associated with the ratio factor γ can effi-
ciently control noise amplification in the deconvolution filter.
To demonstrate our concept, a tangent phase mask is adopted
to modulate the wavefront and can be expressed as [8]

f �x; y� � ax2 tan�bx� � ay2 tan�by�; (13)

where a and b are the phase mask parameters to control the
magnitude of the phase deviation, with b as unitless and a
in units of radians. Actually, the phase mask parameter a meets
the relation a � 2πξ∕λ, where ξ is the corresponding optical
path difference.

3. SIMULATED ANALYSIS

Before performing an evaluation, phase mask parameters
should be optimized. In the optimization, the phase parameter
is to balance the imaging performance between the similarity
and the recoverability. The similarity represents a similar degree
of the encoded images, and the recoverability indicates if it is
easy to deblur the encoded images. Generally, the merit func-
tions of the phase mask parameters should make the imaging
properties at different defocus positions as similar as possible
under the same constraint condition, which assures the recov-
erability of the encoded images. We establish the merit func-
tion based on the Fisher information (FI) matrix,8>><
>>:
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hR
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where ψmax is the maximum value of the defocus parameter.
Para represents the parameters of the phase masks. LB and UB
are the lower and upper bounds of parameters of the phase
mask, respectively. TH is a threshold to determine the mini-
mum acceptable average magnitude of the defocused modula-
tion transfer function (MTF).

We optimize the phase mask parameters of Eq. (13) when
the minimum acceptable average magnitudes TH are 0.45 and
0.5, respectively. By using the merit function of Eq. (14), the
optimal mask parameters of PM1 are (a � 11.03, b � 1.25)
at TH � 0.5, and the parameters of PM2 are (a � 15.52,

Fig. 2. Phase profiles of optimal masks. (a) PM1 and (b) PM2.

Fig. 3. MTFs of PM1 and PM2 for different defocus values of 0, 6,
12, 18, 24, and 30.

Fig. 4. The in-focus MTFs of PM1, PM2, and the subtraction
method. (a) γ � 0.6, (b) γ � 0.8, and (c) γ � 0.9.
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b � 1.24) at TH � 0.45. With the optimal mask parameters,
the phase profiles of two the phase masks are shown in Fig. 2.

The defocused MTFs of two tangent phase masks are shown
in Fig. 3 when the defocus parameters ψ are set as 0, 6, 12, 18,
24, and 30. Compared with the conventional optical system,
the magnitudes of defocused MTF curves for two phase masks
have a considerable reduction but produce a nearly invariant

distribution at all defocus positions. MTFs of PM2 show less
oscillation but lower magnitude, indicating that greater phase
modulation is introduced than in PM1.

According to Eq. (9), the subtractive encoded OTF can be
obtained by combining two individual OTFs. Figure 4 shows
in-focus MTFs of PM1, PM2, and the subtractive method
when the ratio factor γ is set as 0.6, 0.8, and 0.9. It can be
found from Fig. 4 that the magnitudes of the MTFs have a
considerable promotion, meaning that the noise will be less
amplified in the deconvolution filter. Additionally, with the in-
crease of the values of the ratio factor γ, the magnitudes of the
subtractive MTFs rise but generate more serious oscillations.
We can select a proper ratio factor to balance the magnitude
of the MTF and its oscillation.

A more direct approach to evaluate the imaging performance
of wavefront coding systems is by image simulation. Here, the
test image of Lena is used to prove the subtractive methods, and
Gaussian noise is introduced in the recorded images. The sim-
ulations for the restored images of PM1, PM2, and our sub-
tractive method are shown in Figs. 5–7. The ratio factor γ
is 0.6, 0.8, and 0.9, respectively. The SNRs of the intermediate
images are set as 30, 20, and 10 dB, respectively. The defocus
parameter ψ is set as 0, 15, and 30. It is straightforward to find
that the subtractive method has an efficient suppression in noise
amplification, especially in the lower SNR. In addition, a greater
ratio factor will produce more serious artifacts in the restored
images. We can adjust the ratio factor under the condition of
different SNRs to optimize the wavefront coding systems.

4. CONCLUSION

In this paper, we proposed a method based on the subtraction
of two intermediate images of two asymmetrical phase masks to

Fig. 6. Simulated decoded images when the SNR is 20 dB and the
ratio factor γ is 0.8. Top to bottom: PM1, PM2, and the subtraction
method. Left to right: ψ � 0, ψ � 15, and ψ � 30.

Fig. 5. Simulated decoded images when the SNR is 30 dB and the
ratio factor γ is 0.6. Top to bottom: PM1, PM2, and the subtraction
method. Left to right: ψ � 0, ψ � 15, and ψ � 30.

Fig. 7. Simulated decoded images when the SNR is 10 dB and the
ratio factor γ is 0.9. Top to bottom: PM1, PM2, and the subtraction
method. Left to right: ψ � 0, ψ � 15, and ψ � 30.
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suppress the noise of decoded images. Two intermediate images
of same scene are recorded using the same phase but with dif-
ferent mask parameters. The subtractive operation is adopted
between two intermediate images, and a ratio factor is used to
weight the magnitude of the OTF of the final subtractive en-
coded image. The defocused MTFs of the subtractive method
presented a higher magnitude and the noise amplification was
suppressed in the deconvolution filter. The simulated images
have proved our concept in noise suppression while maintain
the depth of field.
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