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Abstract—In this paper, we present a new upper bound for
the bit error probability (BEP) of the so-called Space Time Block
Coded Spatial Modulation (STBC-SM) system introduced by E.
Basar et al. in [1] over a quasi-static Rayleigh fading channel.
Based on the Verdu’s theorem [2], the concept of the spatial
constellation (SC) codewords and maximum likelihood (ML)
decoder in [3], the upper bound is obtained by eliminating a
number of redundant pairwise error probabilities (PEPs). Our
approach leads to a new upper bound, which is tighter than the
union bound. Consequently, it allows us to evaluate the bit-error
performance of STBC-SM systems more exactly, particularly
when the signal-to-noise power ratio (SNR) is sufficiently high.

Index Terms—STBC-SM, PEP, ML detection, bit error rate,
new upper bound, union bound, codeword matrix, quasi-static
Rayleigh fading.

I. INTRODUCTION

To improve the performance and spectral efficiency of
Multiple-Input Multiple-Output (MIMO) systems, various
techniques have been researched and developed. Among them,
the STBC-SM proposed in [1] has been known as a typical
approach of exploiting the strong points of both the Alamouti’s
space-time block code (STBC) [4] and the spatial modulation
(SM) [5]. Now, we will gradually summarize the origin of the
STBC-SM and their significant qualifications in comparison
with the other MIMO systems.

In [4], a simple, yet efficient, transmit diversity scheme was
introduced by Alamouti. This scheme is then considered to
be the first space-time block code featuring the so-called or-
thogonality property. Later, the useful orthogonality structure
was generalized by Tarokh er al. [6] for larger numbers of
transmit antennas, resulting in a class of orthogonal STBCs
(OSTBCs). OSTBCs are attractive for two reasons: 1) they
achieve full diversity; and 2) they enable single-stream max-
imum likelihood (ML) decoders to be implemented at the
receiver. As a consequence, they have been applied in the
advanced wireless communication systems such as the third
generation (3G) and fourth generation (4G ). Recently, Mesleh
et al. proposed the Spatial Modulation (SM) technique [5]. In
SM, the bit sequence is carried not only by the modulated
symbol (i.e., QAM or PSK constellation symbol) but also by
the indices of the activated antennas. In addition, since there
is one transmit antenna being activated at a time, the inter-
channel interference (ICI) and inter-antenna synchronization
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problems associated with the conventional MIMO techniques
are completely avoided.

After the invention of OSTBC and SM techniques, it is
natural to think of combining the two techniques in such a way
that their advantages are fully utilized. One of such scheme
was first proposed by Basar et al. in [1] and is widely known
as Space Time Code Block Spatial Modulation (STBC-SM).
In a STBC-SM system, information bits are conveyed by both
the Alamouti codeword and the indices of transmit antennas.
This leads to a spectral efficiency of (3logyc + log, M) bits
per channel use (bpcu), where M is the constellation size and

nr

2 P
system attains tﬁe second order transmit diversity. However,
the design of STBC-SM codewords is not simple, especially
when the number of transmit antennas is large. In [7], Le et
al. introduced the High-rate Space-Time Block Coded Spatial
Modulation, which uses the concept of spatial constellation
(SC) codeword matrices. This scheme offer an increase in
spectral efficiency as compared to the Basar’s scheme for the
same number of transmit antennas. However, the design of SC
codewords still requires the use of computer search. Therefore,
finding a new method of SC codeword design without relying
on computer is of necessity. In [3], Le e al. proposed SM-
OSTBC systems with Non-Vanishing Determinants (NVD). As
shown in [3], the construction of SC codewords is systematic
without using a computer search and applicable to the cases
that either all or a subset of n transmit antennas are activated,
provided that np is even and greater than or equal 4. The
SM-OSTBC also achieves the same diversity order as the
STBC-SM while providing higher spectral efficiency, which is
nr —2+log, M bpcu. Moreover, because of the orthogonality
of the Alamouti STBC codeword matrix, the single-stream
low-complexity ML decoder is achieved. According to [3],
the SM-OSTBC subsumes the STBC-SM as the special case.

In all the aforementioned papers, the BER performances of
systems were evaluated via the utilization of both the Monte-
Carlo simulation and the theoretical union bound. However,
in numerous cases, the union bound may be very loose and
not close to the simulation curves, especially in sufficient low
signal-to-noise power ratio (SNR) regions and/or with a large
number of the SM-STBC codewords. This can lead to an

c= with p is a positive integer [1]. Besides, the
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inaccurate evaluation of the BER performance of systems in
case of using the union bound. Hence, it is necessary to study
and construct a new upper bound for the BER of the SM-
OSTBC and STBC-SM schemes. In [2], S. Verdu proposed a
new upper bound for the simple BPSK system in the presence
of additive white Gaussian noise based on the method of
error sequence decomposition. This idea was then exploited
by Ngo et al. to build an expurgated union bound (i.e., new
upper bound) for the space-time code systems via excluding
the superfluous code-matrices [8]. It is worth noting that the
original idea in [8] was based on the generation of the Verdu’s
theorem, which was presented by Biglieri et al. in [9].

In this paper, based on the Verdu’s theorem in [2] we
construct again a new upper bound for the bit error probability
of the STBC-SM system over the quasi-static Rayleigh fading
MIMO channel. Firstly, we present a novel theorem that
allows us to exclude unnecessary pairwise error probabilities
(PEPs) from the union bound. We also provide an equation to
precisely compute the number of excluded PEPs. Then, based
on this theorem, the new upper bound is given in a closed-
form expression. The numerical results in comparison with
simulation results are provided to show how the new bound
is tighter than the union bound.

The rest of the paper is organized as follows. Section II
presents system model. In section III, the maximum likelihood
detection and the union bound of STBC-SM system are
introduced. The new upper bound and its closed form are
presented in section IV. Section V provides numerical and
simulation results to make a comparison between the new
bound and the union bound. Finally, section VI concludes the
paper.

Notation: Throughout this paper, bold capital letters are
used for matrices, (.)7 and (.)* are the Hermitian transpose
and complex conjugation, respectively. For a complex number
z, ®{z} and I{z} denote the real part of z and the image
part of z, respectively. ||.|| and ¢r(.) stand for the Frobenius
norm and the trace of a matrix, respectively. F[.] represents
the expectation or the average value and the probability of an
event is denoted by P(.).

II. SYSTEM MODEL

Consider an STBC-SM system with np transmit antennas
and np receive antennas over a quasi-static Rayleigh fading
MIMO channel, the received np x 2 signal matrix Y can be
expressed as [1]:

Y = J/HC + N (1)

where C, H and N respectively denote ny x 2 STBC-SM
transmission matrix, n g X np channel matrix and n g X 2 noise
matrix. The entries of H and N are assumed to be independent
and identically distributed (i.i.d.) complex Gaussian random
variables with zero mean and unit variance. We assume that
H is unchanged within a codeword of two symbol intervals
and independently varied from one codeword to another. C
is normalized such that the ensemble average of the trace of
CHC is equal to 2, ie., E[tr(C*C)] = 2. v is the average
SNR at each receive antenna.

Using the concept of SC codewords [7], [3], each trans-
mission matrix C in (1) can be represented by the product
of S and X, i.e., C = SX. Where the 2 x 2 matrix X is
the Alamouti STBC codeword created from two M-QAM or
M-PSK constellation symbols z; and x5 selected from the
modulation constellation U, with M = 2™ signal points. The
nr X 2 matrix S is a SC codeword that belongs to the set of
total ¢ SC codeword Si, S, ..., S., ¢ = 2'. Then, the np x 2
received signal matrix Y in (1) can be rewritten as:

Y = ,/7HSX + N. )
III. ML DETECTION AND UNION BOUND

A. Maximum Likelihood Detection

In this subsection, we formulate the ML detector for the
STBC-SM systems under the assumption that perfect channel
state information is available at the receiver. Let Ux,Ug
be the search spaces of the Alamouti codewords X and the
SC codewords S, respectively. The ML detector exhaustively
searches over all codewords C and chooses C = SX that
satisfies [3]:

IY — 7HSX". 3)

min

$.X) =
(S,X) arg  min

For a given S, € Us,p = 1,2,...,c, let us define the
corresponding ng X 2 equivalent matrix H,, = HS,,. Then,
(2) can be reduced to the following equivalent system:

Y=,/H,X+N “4)

Applying the ML detector to (4), we are able to detect X for
a given S, to obtain X,, as follows:

X, = arg min ||Y — VIH X, (5)

Since the Alamouti’s STBC codeword can be represented
in the form of a linear dispersion code as:

<[z %]
To ]
4
= {R{w}A; + S{w:}Bi}, 6)
=1

The detection of Xp amounts to the detection of the signal
pair (21, Z2,) based on the following equation [3]:

(il,pv i72,p) = arg Xnel(IJI; hp(va)- (N
where
2
hp (Ya X) = Z |xz — Tip 27 (8)
i=1
. R{tr(YPH,A;}  S{tr(Y'H,B,} ©
i“wp — -
VAIH,|® VAIH, |12
Let us define
Ly =y IH|* b, (V. X,) 15[ (0)
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where ) IV. NEwW UPPER BOUND
K, = Z | p|27i =1,2 (11) In this section, we present a novel theorem and the corre-
i1 sponding proof in order to derive the new upper bound for the

The index of S, can be recovered according to:

p = argmin L,,. (12)
P

Finally, the transmitted codewords are obtained as follows:

~ s

N N T1p5 —T5 -

s:sﬁ,xz[yp A,}P].
T2p Ty -
2,p 1,p

From S and X estimated above, we can estimate the transmis-
sion matrix C that corresponds to the (2m + [) data bits.

B. The Union Bound

In this subsection, we formulate the union bound in a closed
form for the STBC-SM scheme. This bound can be derived
by evaluating their pairwise error probability (PEP) similarly
to the evaluation in [1] and [7].

The PEP P(C; — C;) is the probability of deciding STBC-
SM matrix C; given that matrix C; is transmitted. The PEP,
conditioned on the channel H, is given by [6]

o(|/3ecc)
where Q(z) = -

37 Ja e~ 2% dt is the Gaussian tail probability,
and d?(C;, C;) is the modified Euclidean distance between C;
and C;.

Let us define A\,,n = 1,2 as the 2 eigenvalues of the
codeword distance matrix C(i,j) = (C; — C;)#(C; — C;).
Since C(i,j) is nonnegative-definite Hermitian matrix [6],
An > 0. Following the approach in [7], [10], the PEP of the
STBC-SM system is obtained as follows:

71'/2

/H

n=1

—NRr
do.
[ 4sm29}

Each of the transmitted 2m + [ data bits corresponds to one
of a total T = cM? = 22"+ STBC-SM codeword matrices
C1,Cy,....,Cr, ie., 2m+I1 = log,T'. By using the PEP in (14),
the union bound for the average bit error probability (BEP) is
given by:

P(C; = C;) (14)

5)

erw (Ci = Cj)

(2m+ ==

where 7; ; is the number of error bits, caused by estimating
C; when C; is transmitted. In fact, r; ; is Hamming distance
between C; and C;.

Because P(Cl — CJ) = P(CJ — Ci)7ri7j = Tji and
r;,; = 0, the union bound in (15) can be reduced to:

er” (Ci — Cj).

i=1 j=i+1

1
2m+l (16)

STBC-SM scheme.
Theorem: Given a transmitted STBC-SM codeword matrix
C; = S, X; with X; defined as follows:

X, — | @ +ybe —ctgdy | | me —wdy
t — - . - *
ce+jdy ap — jby Top Ty
where 14,204 € Uz, S, € Ug, Xy € Ux and t =

1,2,...,2%™. Define
Vi ={X) € Ux|z11 # 14, %2 ) # T2} (17)
and
Ui=Uc—{C; € Uc|C; =8,X,,X, € V}}  (18)

Uc is the set of the total T codeword matrices C. The new
upper bound for the bit error probability of the STBC-SM
scheme is given as follows:

T
1

i=1 CJEUZ

19)

Proof: Assume that the receiver decides the signal matrix
C; = S;X € Uc — U; when the codeword C; = S,X, is
transmitted, where X, # Xy, i.e., &1, # X1, T2k F T2
According to (7), we can clearly observe that as both C; and
C; have the same S,,, the detector estimates X as X, instead
of Xt.

In order to prove (19), we need to prove that the PEP
P(C; — C;) is irrelevant in the calculation of the average
error probability P,.

Let us define:

T,k _333 ¢
X, = ’ i cUx —V, 20
n l: Ty ‘Tl,k :| X t ( )
and
Tip  —Tyy
X, = ’ cUx —V,. 21
q |: vak x’it :| X t ( )

From Section III, we can see that h,(Y,X}) is the minimum
value among {h,(Y,X)|X € Ux} because X, is the solution
of (7). In order to exclude P(C; — C;) from the union bound

(16), we have to prove either
hp(Y,X5) < hyp(Y, Xy) (22)

or
hp (Y, Xg) < hp(Y, Xy). (23)
This is equivalent to showing that:
(Y[R (Y, Xg) min} C {Y|hp (Y, Xn) < hp (Y, X)) (24)
or
{¥|hy (Y. X)) min} € {¥|h, (¥

Xg) < hp (Y, X¢)}. (25)
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Similar to the proof of Verdu’s theorem [2], we first investigate
the following equation:

hp (Y, Xk) - hp (Y, Xn) - hp (Y, Xq) + hp (Yv Xt) =
2

2
= Z |z % — xi,p|2— Z %5 — xi,p|2—
i=1

i=1

2 2
= Nwig = wipl Y Jwis — iy
i=1 i=1
From equations (20) and (21), we can see that x;, =
T1 ks T1,g = T1,t, T2, = T2, T2,q = T2,%. Thus, we obtain:
hy (Y, X)) —hy (Y, X)) —hy (Y, Xy) +hy (Y, X;) = 0. (26)

Since h,(Y,Xy) < h,(Y,X,), or equivalently, h,(Y,X,) —
hyp(Y,Xy) > 0, it follows from (26) that

hp (Ya Xt)_hp (Y7Xn) = hp (Ya Xq)_hp (Yv Xk) > 0. (27)

2

This means that (22) is proved.

Similarly, (23) is proved since h,(Y,X,,) —h,(Y,X;) > 0.
Therefore, the theorem is proved. [ |

Next, we will compute the number of the PEPs which is
excluded from the union bound (16). According to (17), we
choose x1 1,22 € U, such that x1 # T14,Tak # To:.
Since |U,| = 2™, both z1 % and xs have 2™ — 1 choices.
Thus, we obtain:

Vil = (2™ — 1) (28)
In addition, from (18), the cardinality of U; is equal to:
\Ui| = [Uc| — Vi
= 22mHl _(9m _1)2, (29)

Therefore, the total number of PEPs to be evaluated in the
new upper bound (19) is given by

T(T _ (M _ 1)2) _ 22m+l(22m+l _ (2m _ 1)2) (30)

In other words, there are a total of 22™+!(2™ — 1)2 PEPs to
be eliminated from the union bound (16). As a consequence,
when the modulation order is large, the number of excluded
PEPs, increase. In such cases, we expect that the new upper
bound gets tighter than the union bound.

V. NUMERICAL RESULTS AND COMPARISON

In this section, we compare the new bound with the union
bound and simulation results a number of STBC-SM config-
urations. For the sake of convenience, a MIMO system with
np transmit antennas and np receive antennas is denoted as
(np,ng) system.

In Fig. 1, the union bound, the new upper bound and
simulation results for the BER of the (4,1) STBC-SM system
using 16-QAM modulation are illustrated. As we can see from
Fig. 1 that both the union bound and the new bound are very
close to the simulation curve in sufficiently high SNR regions.
However, the new bound is closer to the simulation curve. At
BER = 1072, the new bound is tighter than the union bound
by an SNR gain of approximately 0.5 dB.

10 T T T T
: —@— Simulation Result: STBC-SM, (nT,nR)=(4,1), 16-QAM
—— Union Bound: STBC-SM, (nT,nR)=(4,1), 16-QAM

—%— New Upper Bound: STBC-SM, (nT,nR)=(4,1), 16-QAM. . . |

BER

1075 1 i i i i
10 15 20 25 30 35 40
SNR (dB)

Fig. 1. The new upper bound, the union bound and simulation curve for the
BER of the (4,1) STBC-SM system using 16-QAM modulation.

Fig. 2 shows the union bound, the new upper bound and
simulation results for the BER of (4,2) STBC-SM system
using 64-QAM modulation. We again observe from Fig. 2 that
the new upper bound is closer to the simulation curve than the
union bound. Specifically, at BER = 10~2, the new bound is
tighter than the union bound by approximately 1 dB in SNR.

—o— Simulation Result: STBC-SM, (nT,nR)=(4,2), 64-QAM
—s— Union Bound: STBC-SM, (n,n.)=(4.2), 64-QAM
—k— New Upper Bound: STBC-SM, (nT,nR)=(4,2), 64-QAM|

BER

12 14 16 18 2 2 2 2 2 30
SNR (dB)

Fig. 2. The new upper bound, the union bound and simulation curve for the
BER of the (4,2) STBC-SM system using 64-QAM modulation.

10'5 i I i

From both Fig. 1 and Fig. 2 we can also see that the higher
the modulation order is used, the tight the new upper bound
is. This confirms our expectation presented in Section IV.

VI. CONCLUSION

In this paper, based on the Verdu’s theorem in [2], we
derive a new upper bound for the bit error probability of the
STBC-SM scheme. It is shown via analytical and simulation
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results that our new bound is not only tighter but also less
computationally complex than the union bound. It is worth
emphasizing that the new upper bound can also be applied
to the high-rate STBC-SM in [7] or the SM-OSTBC in [3].
However, the new upper bound is still loose in the low SNR
regions and not remarkably tighter than the union bound when
[ is comparable to m. These issues are left for our future work.
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