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Abstract Considered here is the first initial boundary value problem for the 2D non-
autonomous g-Navier-Stokes equations in bounded domains. We prove the existence of a
pullback attractor in V, for the continuous process generated by strong solutions to the prob-
lem. We also prove the exponential growth in V, and in H 2(Q, g) for the pullback attractor,
when time goes to —oo.
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1 Introduction

Let © be a bounded domain in R? with smooth boundary I'. In this paper, we study the
long-time behavior of strong solutions to the following 2D nonautonomous g-Navier-Stokes
equations:

9
371: VAU - VIu+Vp = f(r)in (z, +00) X Q,

V- (gu) =0 in (7, +00) x L, (1.1)
u =0 on (r,400) x T,

u(z, x) =u;(x), x € 2,

where u = u(t, x) = (u1, uz) is the unknown velocity vector, p = p(¢, x) is the unknown
pressure, v > 0 is the kinematic viscosity coefficient, and u, is the initial velocity.
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D.T. QUYET

The g-Navier-Stokes equation is a variation of the standard Navier-Stokes equations.
More precisely, when g = const, we get the usual Navier-Stokes equations. The 2D g-
Navier-Stokes equations arise in a natural way when we study the standard 3D problem in
thin domains. We refer the reader to [17] for a derivation of the 2D g-Navier-Stokes equa-
tions from the 3D Navier-Stokes equations and a relationship between them. As mentioned
in [17], good properties of the 2D g-Navier-Stokes equations can lead to an initial study of
the Navier-Stokes equations on the thin 3D domain Qg = © x (0, g). In the last few years,
the existence and long-time behavior of weak solutions to 2D g-Navier-Stokes equations
have been studied extensively in both autonomous and nonautonomous cases (see, e.g., [3,
7-9, 13, 14, 16, 18]). In a recent work [4], we proved the existence and numerical approx-
imation of strong solutions to the 2D g-Navier-Stokes equations. The long-time behavior
of the strong solutions was studied more recently in [5] in the autonomous case in terms of
existence of a global attractor and stability of a unique stationary solution.

In this paper, we continue in studying the long-time behavior of strong solutions to 2D
g-Navier-Stokes equations in the nonautonomous case, i.e., when the external force f may
depend on time ¢, in terms of existence and exponential growth of a pullback attractor. To
do this, we make the following assumptions:

(G) g e Who°(Q) such that:
0 < mp<g(x)<My for all x = (x1,x2) € 2, and |Vg|x < mo)hi/z,
where A1 > 0 is the first eigenvalue of the g-Stokes operator in €2 (i.e., the operator
A defined in Section 2 below);
¥ fe L12OC (R; Hg) and satisfies

0
/ ™| f(s))?ds < 400 forsome pu € (0,2vyoh1), (1.2)

—00
WhCI’G)/():l—L"]o/OZ > 0.
mok,

When the external force f is time-dependent, to study the long-time behavior of strong
solutions to problem (1.1), we will use the theory of pullback attractors. This theory is a nat-
ural generalization of the theory of global attractors for autonomous dynamical systems and
allows considering a number of different problems of nonautonomous dynamical systems
under a large class of nonautonomous forcing terms. The existence of pullback attractors
has been proved for many dissipative partial differential equations. Recently, the regularity
and tempered behavior in various function spaces of pullback attractors have been proved
for the reaction-diffusion equations in [1, 2] and for 2D Navier-Stokes equations in [11,
12]. In this paper, using some ideas in those papers, we study the existence and exponential
growth of a pullback attractor for the continuous process generated by strong solutions to
problem (1.1).

The paper is organized as follows. In Section 2, we prove the existence of a pullback
attractor in V, by using an energy method which relies on the continuity of strong solutions.
The exponential growth of the pullback attractor in V, and in H 2(82, g) is studied in the last
section under some suitable additional assumptions of the external force.

In the rest of this section, we recall some notations frequently used in the paper (see
[4] for more details). Let L2(, g) = (L*(22))* and H (R, g) = (H, (2))? be endowed,
respectively, with the inner products

(1, v)g =/M -vgdx, u,velLl*Q,g),
Q
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PULLBACK ATTRACTORS FOR STRONG SOLUTIONS

and
2
((u,v))g = / ZW]' Vvjgdx, u=(ui,u2),v=(v1,v2) € Hy (X, g),
Q7
j=1

and norms |u|* = (u, u)g, Nul)? = ((u, u))g. By Hg, Vg, we denote the completions of
V={uecgE@)?:v-gu=0

in L2(, g) and H(} (2, g), respectively. We use ||.||« for the norm in Vé, the dual space of
Vg, and (., .) for duality pairing between V, and Vé.

Set A .V, — Vé by (Au,v) = ((u,v)g, B : Vg x Vg — Vé by (B(u,v), w) =
b(u, v, w), where

2
av;
b(u, v, w) = E /u-—jw-gdx.
ij=1"% Hox

Denote D(A) = {u € Vg : Au € Hg}, then D(A) = H*(Q,g) NV, and Au = —PyAu
for every u € D(A), where Py is the ortho-projector from L%(£2, g) onto H,.

2 Existence of a pullback attractor in V,

Definition 2.1 Given [ € L1, T; Hg) and u; € V,, a strong solution on (7, T') of prob-
lem (1.1) is a function u € L2(z, T; D(A)) N L®(z, T; V,) with u(t) = u., such that for
allv € Vg,

d
o (), v)g +v (W), v))g + v (Cu®), v), +b @), u@),v) =(f),v), 2.1)
where the equation must be understood in the sense of D'(z, T).

Remark 2.1 From the above definition, we see that if u is a strong solution of (1.1) on (z, T),
thenu’ € L3(z, T; Hg)and u € C([t, T]; V). Moreover, u satisfies the energy equality

t t
lu(n)* + 2vf ||u(r)||2dr+2v/ b<%,u(r),u(r)) dr
t
= |u(s)|2+2f (f(r),u(r)) dr. (2.2)

The following existence theorem was proved in [4].

Theorem 2.1 Suppose that f € L%OC (R; Hg) and u; € V, are given. Then for any T > T,
there exists a unique strong solution u of problem (1.1) on (v, T). Moreover, the map u, +—
u(t) is continuous on Vg for all t € [t, T], that is, the strong solution depends continuously

on the initial data.

Under assumptions of Theorem 2.1, we can define a continuous process U (f, 7) : V, —
V, as follows

Ult,Dur =ut;t,u) Yur e VoV <t

Ful @ Springer



D.T. QUYET

Denote by D,Ijg , the class of all families of nonempty subsets D= {D(t) :t e R} C P(H,)
such that

lim [e*® sup |v*]| =0.
T veD(r)

We now prove the following result.

Lemma 2.1 Foranyt € R and De D,Ijg, there exists 1| (15, t) <t — 3, such that for any
T < rl(ﬁ, t) and any u, € D(7), it holds

lu(r)I? < p1(0) forall r €[t —3,1],
[u(r)]]? < p2(t) forall r €[t —2,1],
p ) (2.3)
fr_l |[Au(0)|°d0 < p3(t) forall r €[t — 1,1],
[ W (©)2d0 < pa(t) forall r et —1,1],
where
B0 pr ,
0 =1+ [ ey, 2.4)
2vyort — 1 Jooo
r 1 2 "
o) = max 4|2 ——+ = / | £(0)2do 2.5)
reft—2,1] %0 v VO)‘l v r—1
vIVelotl? p1(r) 1 g >
Xexp| ————— +2000) | —— + 5 / | f(@)]°do |,
mo vvo o viygh ) Jr-a
1 . S vVeleor)? 2 (! 5
p3(t) = ;[pz(t) +2¢01(0)p5 (1) + ——————p2(0) + 5 | f@)|°do], (2.6
-2
31)2V 2 t
ps) = 20+ 363 Os(0) + 2 =) 43 [ 1) @7
0 -
Proof For each integer n > 1, we denote by u"(s) = u"(s;7,u,;) the Galerkin

approximation of the solution u(s; t, u;) of (1.1), which is given by
n
W'(s) =Y yaj()vj,
j=1

and is the solution of

% (" (). vj) , v (Au"(5), v)) , + v (Cu" (5), ), +b (" (), u" (5), v) = (f(5), V)
(2.8)

forany j =1,...,n, and (u"(1),v})g = (U, v})g.

Multiplying by y;;(s) in (2.8), and summing from j = 1 to n, we obtain

d n 2 n 2 n n n
%m O +20][u"O)|F =2 (f (), u (0))g—2v (Cu™©®),u (9))8, ae. 6 >r1, (2.9)
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PULLBACK ATTRACTORS FOR STRONG SOLUTIONS

and therefore
d
- (e |u™(0) %) + 2ve"?||u" (0)|*
= e [u"(0)1* 4 2¢" (£ (0), u"(0))g — 2ve (Cu™(8), u" (0)),

1 \Y
< el 012 + 2wt L E12
A moh,

A

" O)1* + 2" (£ (6), u" ().

Then, we have

d 1
— (™ [u" ()% + — e Quyors — ) |lu" )|
do M
no n eﬂe 2 eﬂe n 2
< 2" (£(0),u"(0))g < =————1FO)* + —Quyort — wlu" O,
2vyoht — [ Al

where yp =1 — 'vi 'ffz > 0. Hence, we deduce that
mo,

ne

d e
_ Me n 9 2 < 0 2
g (W OF) < 5s 1 fOF,
and therefore
1 r
MU () [F < e lug|* + 7f M FO)*do V>t (2.10)
2vprt — 1 J_oo

From (2.10), we see that for each r € R and De D,Ijg, there exists rl(ﬁ, t) <t —3such
that for any n > 1,

" (r; T,un) > < p1(t) Yrelt—3,1], t <t(D,1), u; € D(x), 2.11)

where p1 () is given by (2.4).
Now, multiplying in (2.8) by A;y,;(s), where A; is the eigenvalue associated to the
eigenfunction v;, and summing from j = 1 to n, we obtain

1 d n 2 n 2 n n n n n
E%HM O + v[Au"(©)]° + v (Cu" (0), Au (9))g+b(u ), u" (0), Au"(9))

= (f(9), Au"(9)), ae.0 > . (2.12)
By Lemmas 2.1 and 2.3 in [4], (2.12) implies that
ld . 2 2 7Y 2 1 2
- — 0 Au"(0)|]” < —|Au" (0 —|f(
2d9||u @I+ vIAu™(0)] _4I u (0)| +v|f( )]
V|Vgleo

+ e lu™ (@) | Au" ©) P73 ||u" (O)]] + =
0

[lu" @)1 Au" (0)].
Using Young’s inequality and Cauchy’s inequality, we obtain

1d
575 14" (@)]1> + v|Au"(0)*

v 1 v
< Z|Au"(9)|2 + ;If(9)|2 + Z'A”"(e)'z + S lu™ (@) *llu" @)1

1/2
A

V|Vgloo VIVgloo
2mg

|Au" ()] + " (0)°.

Zm())»i/2
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D.T. QUYET

Then, we have

IVgloo

)| Au™ (@)
moa L2

L @) P + vl
4 (1l —
a6

1/2
VIVelaohi/

% 2 ams 20,1 2 n 2
= SOr+ (262|u @l @ + )IIM OIF, ae. 6> 1. (2.13)

From this inequality, in particular, we get

2 r
" (PP < ||u"(s>||2+;/

r—

1 | f(6)I%d6

1/2
IVglooh)

+f 1 <2c§|u”<9)|2||u”<9)||2 +2 ) llu" (©0)]|*d6

forallt <r —1 <s <r, and therefore, by Gronwall’s inequality,

2 r
" )P < <||u"<s>||2+;/

12
- VIVelooh

X exp (/ <26/2|u"(9)|2||u"(9)||2+ VIVEloh )d@)
r—1 mo

forallt <r —1 <s <r. Integrating this inequality for s between r — 1 and r, we obtain

r 2 r
" (PP < </ 1||u"<s>||2afs+;f 1|f<@)|2d9)

12
r Vglooh
XeXp(/ l(20’2|u"(9)|2||u”(9)||2+v'gﬂ':;”)da). (2.14)

1 |f(9)|2d9>

By (2.9), we have
d 2v|Vg| 1
—g 1 OF + 20/l @)1 = ——F " @I + yov " @I + ——1 /O,
moA, YoVAL
or
4 r@p + vyollu" (O)|* < #|f(e>|2
do ~ YovAii ’
where yo =1 — % > (. Hence,
mohq
r 1 r
V)/o/ " (@)]17d6 < [u"(r — D> + —— [ | £(©)*ad6.
r—1 VOV)‘I r—1
Therefore, from (2.11) and (2.14), we deduce that for any n > 1,
" (r; T, u)|* < pa(r) forallr €[t —2,1], T < v (D, 1), u; € D(r),  (2.15)
where py(¢) is given by (2.5).
Now, by (2.13),
d
179“”"(9)”2 + vyol Au" (0))?
1/2

VIVglooh
mo

2
< ;|f<9>|2 + 25 |u™ (@) *1lu" 0)]|* + lu" (@)%, ae. 6 > .
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PULLBACK ATTRACTORS FOR STRONG SOLUTIONS

Hence

r 2 r
vJ/of AW @)Pd6 < 1" — DI + ;/ £ 6)2d0 + 26,
r—1 r—1

2

r N
< [P @tas + w/ " (8)]2d6
r—1 mo r—1
for all T < r — 1 and therefore, by (2.11) and (2.15), for every n > 1,
r
/ |Au™(0: T, ur)*d0 < p3(1) (2.16)
r—1
forallr e[t —1,t],T <14 (ﬁ, t), u; € D(t), where p3(t) is given by (2.6).

On the other hand, multiplying by the derivative y; () in (2.8), and summing from j = 1
until 7, we obtain

v d
W @)+ 2~ Ju MO + v(Cu" (), " (6)))g

2do 2.17)
+bW"(0), u"(©), ")) = (f©O), " ©®)))g, ae.0>r.
By Lemmas 2.1 and 2.3 in [4], and Cauchy’s inequality, (2.17) implies that
21" (@)1 tvg IIM O I(ld"(9))’|24r3|f(0)|2
1
+§|(u"(9)>’|2 + 3¢t Au" O) | |u" ©)1]7
1 2
+§|<u"(e))’|2+&|| "O) ae. 0 > 1,
mo
hence
2
" (6))')? tvog Ilu O)1> <31£O)1% + 3c|Au™ (©)*|lu" (O)]* + %II "(©)1)%.
0

Integrating this last inequality, we deduce that

f |<u"<9))/|2d9§v||u"(r—1)||2+3/ | £(©)1?do
r—1 r

" 2 r
IVels
+3c%/ |Au” (0))2]|u" (9)||2d9+78/ 1™ (0)]2d6.
=1 mo r—1

and therefore, by (2.11), (2.15), and (2.16), we obtain
r
/ (" (0))'17d6 < pa(t) (2.18)
r—1

forallr e[t —1,t],7 <14 (ﬁ, t), ur € D(t), where p4(t) is given by (2.7).

From the facts that u” converges to u(.; 7, u;) weakly in L%(t — 3, t; D(A)), (")’ con-
verges to u’(.; T, u;) weakly in Lz(t —3,t; Hg), and u(.; t,u;) € C([t —3,1]; V), using
Lemma 11.2 in [15], we can pass to the limit when n — 400 in (2.11), (2.15), (2.16), and
(2.18), and it turns out that (2.3) holds. O

ox
$OMy,
-
= |
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D.T. QUYET

Remark 2.2 1Tt is clear that under the assumptions of Lemma 2.1,

lim " pi(t) = 0.
t——00

In other words, the family {B, (0, p,/*()) : ¢ € R}, where By, (0, p;/*(1)) is the closed
ball in H, of center zero and radius ,o]1 /2 (1), with p;(¢) given by (2.4), belongs to D,Ijg .

We will denote by DZI o Ve the class of all families ﬁvg of elements of P(V,) of the form

Dy, ={D(t)N Vg : 1 € R}, where D = {D(1) : t € R} € DI Now, the following result
is immediate.

Lemma 2.2 Under the assumptions of Lemma 2.1, the family
A = 1/2 )
Doy, = {Bi, 0.9} @) 1V, : 1 € R

H, Vg - ~ H, . ~
belongstoD,,*" "¢ and satisfies that for any t € Rand any D € D,*, there exists (D, t) <

t such that

U(t, 1)D(z) C Doy, (t) forall T <7(D,1).

In particular, the family ﬁ(), v, is pullback D,I;Ig’Vg -absorbing for the process U in V,.

Now, we apply an energy method with continuous function in order to obtain the pullback
. . . Hg,V,
asymptotic compactness in V, for the universe D, ¢.

2
loc

Lemma 2.3 Suppose that f € Lj (R; Hy) satisfies the condition (1.2). Then, the process

U(t, ©) in Vg is pullback Dgg"/g -asymptotically compact.

Proof Letus fix t € R, a family ﬁvg e D:g’Vg, a sequence {t,} with t, — —o0, and
a sequence {ur,} C V; with u, € Dy, (z,) for any n. We must prove that the sequence
{u"(t) = u"(t; Ty, uq,)} is relatively compact in V.

By Lemma 2.1, we know that there exists a t; (ﬁvg, t) < t—3, such that the subsequence
{u" 11, < rl(ﬁvg, )} C {u"} is uniformly bounded in L*° (-2, t; Vg)ﬂLz(t—Z, t; D(A))

with {(u")'} also uniformly bounded in Lt —2,1; H,). Then, according to Aubin-Lions
lemma [10, Chapter 1], there exists an element u € L*(t — 2,¢; Vo) N L2(t —2,t; D(A))
withu' € L2(t —2,1; H o), such that for a subsequence (relabelled the same) the following

convergences hold:

*

u —u weak-star in L°(t — 2, 1; V),

u —u weakly in L2(t — 2, t; D(A)),

"y —u’  weaklyin L2(t — 2, t; Hy), (2.19)
u" — u strongly in L2(t —2,t V),

u"(s) — u(s) stronglyin Vg, ae.s € (t —2,1).
Observe thatu € C([t — 2, t] : V). Due to (2.19), u satisfies (2.1) in the interval (t — 2, ).

$ ) (zi “,
@ Springer W
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PULLBACK ATTRACTORS FOR STRONG SOLUTIONS

From (2.19), we also deduce that {u"} is equicontinuous in H, on [t — 2, ¢]. Thus, tak-
ing into account that the sequence {u"} is uniformly bounded in C([t — 2, t]; V,), by the
compactness of the injection of V, into Hg, and Ascoli-Arzela theorem, we obtain that

u" — u strongly in C ([t —2,1]; Hg). (2.20)

Again, by the uniform boundedness of {u"} in C([t — 2,t]; V,), we have that for all
sequences {s,} C [t — 2, t] with s, — s, it holds that

u"(sp) = u(sy) weakly in Vg, 2.21)

where we have used (2.20) to identify the weak limit.
Actually, we claim that

u" — u strongly in C([r — 1,1]; Ve), (2.22)

which in particular will imply the relative compactness. Indeed, if (2.22) does not hold,
there exist € > 0, a sequence {f,} C [t — 1, ¢] converging to some t,, such that

[lu" (tn) —u() =€ Yn =1 (2.23)

From (2.21), we have

lu(t)ll < liminf ||u" (#,)]]. 2.24)
n—00

On the other hand, using the energy equality (2.2) for u and all 4", and reasoning as for the
derivation of (2.13), we have that forallt —2 < s <sp <1,

52 2 52
IIM"(82)||2+VV0/ |Au"(r>|2drs||u"<s1>||2+ff ) 2dr
S1 51

" VIVelaohl? o2 (225)
+2C’2/ |u”(r)|2||u"(r)||4dr+m71/ IIM"(r)||2dr,
s 0

1 S1

and

2 2 2
||u(52)||2+v)/0/ |Au(r)|dr < ||u(s1)||2+;/ |f(r)|2dr
51 S1

i 12 (2.26)
2! 2 2 4 VIVglooh| 2 )
+2¢, lu() " u)|"dr + ———— [u(r)||~dr.
s mo 51

1

Then, we can define the functions

2 5 N

Jnls) = ||u"<s>||2—ff |f(r>|2dr—2c’2f ORI () dr
VJi—2 =2

12

v|V A S
_M/ ||u"(r)||2dr,
mo =2

2
J(s) = ||u(s>||2—f/
v

11—

N N
|f(r)Par —2c;f lu(r)Pllur)|[*dr
2 t—2
12

v|V A $
_%/ ||u(r)||2dr.
mo =2

Fus &\ Springer



D.T. QUYET

It is clear from the regularity of # and u”" that these functions are continuous on [ — 2, t].
Moreover, from the definition of J,, and (2.25), we have

2 52 852
Iu(s2) — InGs1) = 1 I~ f \f () Pdr — 26, f WP () dr
t

=2 —
12
v|V A 52
_%/ ||u”(r)||2dr
mo -2
2 S1 851
e ooIP + 5 [ 1R +2¢, [ @RI o)l
— 11—
12
V|Velahl/2 o
$ ISR [ Par
mo -2

2 [
u" (s)1* — " (sDII* — ;/ | f(r)dr

5]
12
2 V[Vgloohl/2
26, f W) Pl (e — L8l f " ()| Pdr
N mO 5

1 1

IA

$2
—vy0 / |Au" (r)|dr
51

0 forallt —2<s1 <s <t,

IA

and therefore all J,, are non-increasing functions in [t — 2, ¢]. Arguing similarly as above,
we deduce that J is also a non-increasing function in [t — 2, ¢]. Observe now that by
the last convergence in (2.19) and (2.20), ||u"(s)|| — |lu(s)|| and [ ()| ()||* —
lu()2|lu(s)||*, ae. s € (r — 2,t). Moreover, as the sequence {u"} is bounded in
L®(t —2,t; Vg) C L°°(t — 2,t; Hy), we have that the sequence {lu™ ()2 |u" ()||*} is
bounded in L*°(t — 2, t). Therefore, from the Lebesgue dominated convergence theorem,
we deduce that

/ |u"(s)|2||u"(s)||4—>f lu())?[|u(s)||* foralls € [t — 2, 1].
=2 =2

Thus
Jo(s) = J(s) ae. se(@—2,1).

Hence, there exists a sequence {?}c} C (t —2,t,), such that 7, — 7, as k — +o0, and

lim J,(1) = J(%) forall k.
n—-+00
Fix an arbitrary value § > 0. By the continuity of J, there exists ks, such that
~ 8
(k) — J (1)) < 3 Vk=ks.
Now consider n(ks) such that for all n > n(ks) it holds
~ ~ ~ 8
ty = tka and |Jn(tk3) - J(tks)l < E

Then, since all J,, are non-increasing, we deduce for all n > n(ks) that

Jn(tn) — J(t) < Ju(iky) — J(t)
< [n(try) — J (1)
< | n(try) — J ()| + 1 () — T (1)] < 6.

@ Springer i ms



PULLBACK ATTRACTORS FOR STRONG SOLUTIONS

Thus
lim sup J,, (t,) < J(t);
n—oo

therefore, by (2.19),
lim sup |[u" ()] < [lu(t)]]
n—oo

which joined to (2.24) and (2.21) implies that u”" (#,) — u(#,) strongly in V,, in contradic-
tion with (2.23). Thus, (2.22) holds and the relative compactness of {u(; T, u,)} in Vg is
proved. O

Theorem 2.2 Assume that [ € L%OC(R; Hyg) satisfies (1.2). Then, the process Ul(t, t)

defined in V, has a pullback ng Ve _attractor
AD‘IZg,vg = {AD‘IZg,vg t):te ]R} .

Proof The existence of the pullback attractor is a direct consequence of Theorem 7 in [6],
Lemmas 2.2 and 2.3. O

3 Exponential growth of the pullback attractor

We now prove the exponential growth of the pullback attractor
.ADIIL{g,vg = {Apfgvvg (r):te R}

in the spaces V, and H%(Q, g) = (HZ(Q))Z.

Theorem 3.1 Suppose that f € L? (R; Hy) satisfies

loc
N
sup (e_’“/ e“0|f(9)|2d9> < +00. (3.1
s<0 —00
Then
lim e  sup  ||*]| =0.
——00

veEA g, v, (1)
pye s

. 2 H, . . .
Proof First, note that .4 s Ve € D,.®. The result is now a consequence of the invariance
i

of ADHg,vg , the second estimate in (2.3) and the tempered character of the expression (2.5).
"

Since f € L120C (R; Hyg), condition (3.1) is equivalent to

s
sup/ |£(0)]?d6 < +oo Vi€ R.
-1

s<t

O

Lemma 3.1 If f € WIL’CZ(R; H,) and satisfies (1.2), then for each t € R and D e D,Ijg
there exists 1| (ﬁ, t) <t — 3 such that

AU (r, T)u.|> < ps(t) forallr €[t — 1,11, T < t(D, 1), us € D(1),
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D.T. QUYET

where
4 2 2C/1 2 IVglooh 1/2
pe(t) = —— <,05(t) + max |f(r)] ) +—p1®p3(1) + ————p2(1), (3.2)
v yO re[t—1,z] VYO 2m0y
and
ps(t) = <P4(t) + 7/ |f (9)|2d9> exp ( /Oz(l)) (3.3)

Proof As f € wl 2(R; Hy), we can differentiate with respect to time in (2.8), and then

loc
multiply by v, j (s), and sum from j = 1 to n to obtain

d n 72 n 12
-5 | @) + 201" ©)]
2(f/6), W' (©)), = 2v (CW"©)), @"(©)), = 2b (W"(©)), u"(6), " (6)))

svauw»n—+ |fwn+a 'ﬂﬁm ")
+2¢1|(u" (9))|H(u"(9))|H|u”(9)H. (3.4)
Thus
d n 112 n 1112
gyw<mn-+mWMuw»n (3.5)
< vpoll@"©))'|1? + uxen-+vmnw )1 + - |w"w»|nw O,
where yp = 1 — 'vi—‘f/g > 0. Then, we obtain
mohq
2
Ku(m)V |f(®V ;JW”wDWﬂKM%ﬁﬂﬁ- (3.6)

Integrate the inequality
2 2 1 " 2 C% " 2 2
[ ()'1° < 1" (s))'|” + 7f Lf'(0)17d6 + 7/ (@™ (©0)'1°11" (0))]1°d6
VoAl Jr—1 VYo Jr—1
forallt <r — 1 <s <r. Thus, by Gronwall’s inequality,
2 2 1 ' 2 C% " 2
1@ ()17 < (1" ()| + 7/ |f(0)1°d6) exp */ (" (0))1°de
VVO}‘-I r—1 VYo Jr—1

forallt <r—1<s<r.
Now, integrating this inequality with respect to s between r — 1 and r, we obtain

n 72 4 n 712 1 ’ / 2
Kum|sU'W@MM+——/|ﬂww>
r—1 1))/0)\1 r—1
c12 4 n 2
xm;%ﬁyuwwe
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forall T <r — 1and any n > 1. Therefore, by (2.15) and (2.18), we deduce for any n > 1

that
| (1) (r; T, ur)|> < ps(t) forall r € [t — 1,1], © <7t(D,1), u; € D(),

where ps(¢) is given by (3.3).

3.7

Finally, multiplying again in (2.8) by A y;;(r), and summing once more from j = 1 to

n, we obtain

(@"(r)), Au”(r))g +vlAu"()* + v (Cu" (), Au"(r))g

b (u"(r), u"(r), Au" (r)) = (f(r), u”(r))g )

Using Lemmas 2.1 and 2.3 in [4], we have
vlAu () = (f(), Au" (1), = (@" (")), Au" (1)),
—v (Cu"(r), Au" (), — b (" (r), u" (r), Au"(r))
< (FO), A" (), — (W' (), Au" (),
V|Vgloo

s (U AW ()] + crlu (12 u" ) [ Au™ ()2

Using Cauchy inequality, we obtain

V|Vgloo

VA" (NP < (F(), Au" (), = (@' (), Au" (1)), + e |Au” ()
Vel 12
P VSIoOR iy 12 g ] 21 ) A" 2,

dmg

or

vyol Au" (NP < (f(r), Au" (r)g — (" (1), Au" (1)

312
v|Vg|
+erlu (V2w () 1| Au" ()P + %II u" ("%,
where yp = 1 — gf/"z > 0.
mo
Using Cauchy 1nequa11ty and Young inequality, we have
VY0 2
vyolAu" () < ?|Au”<r>|2+—|f<r>|2
VYo
+?|Au”<r>|2 |<u ) 1* + |Au r)?
/.n 2 n 4 | g|°° 1/2 n 2
+ci lu™ () |u" ()] +TII (.
Therefore
Y0 2
Zad P == (1F O +10"0)'?)
VYo
2
/N ATER ) 4 | g|°° 1/ n 2
+ " ) P () + SR ey

4mg

(3.8)
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for all T < r. Thus, since in particular f € C(R; Hy), from (2.11), (2.15), and (3.7), we
deduce for any n > 1 that

|Au"(r; T, ur) > < po(t) forallr €[t — 1,1, © <7 (D,1), ur € D(r), (3.9

where pg(?) is given by (3.2).

The result now is a consequence of Lemma 11.2 in [15] and (3.9), taking into account
the well-known facts that u"(.; t, u;) converges weakly to u(.; t, u;) in Lz(t —1,1; Vy),
and u(.;T,ug) € C([t —1,1]; Vy). (I

Now, we can obtain a result about exponential growth in H?($2, g) of the pullback
attractor.

Theorem 3.2 Suppose that f € WIL’Cz(R; Hy) satisfies (3.1), and moreover

t
lim (M / | f/(0)|2d9> =0, (3.10)
t——00 —1
and
lim (e’”|f(t)|2> —0. G.11)
t——00
Then
. ut 2 _
tl}Too € sup ||v||H2(Q,g) =0.

UEADSS'V&’ (1)

Proof Observe that
172

t
lfOI = 1fr—=Dl+ </ |f’(9)|2d9) forallr e [r —1,1].
t—1

Thus, taking into account (3.10) and (3.11), we get the result from the invariance of ./ZLDHg, Ve
Lemma 3.1, (2.4), (2.5), and (2.7). "o

Remark 3.1 In fact, we obtain the exponential growth in V, and H 2(Q2, g) for any family

A Hy . . .
D € D,,* invariant with respect to process U (¢, T), not necessary to be a pullback attractor.
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